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SUMMARY 

In the analysis of modern electrical machine systems there has been 

a trend towards the use of various components of the variables and 
parameters of the system, examples being the use of symmetrical com- 
ponents and direct- and quadrature-axis quantities. Such quantities 
may be considered to be different “reference frames’? to which the 
various currents, fluxes, etc., are referred. Kron has shown that such 
transformations may be expressed i in a general way when the equations 
of a network or machine are written in tensor form. 
_. Transformations may then be carried out to any one of a number 
of reference axes, which may be stationary or rotating with respect to 
the windings of the machine or network. In particular it has been 
found that in certain cases there are advantages in analysing machines 
with respect to axes rotating with the flux. 

The purpose of the present paper is to investigate the tensor form 
of the equations of electrical machines, to demonstrate the differences 
between tensor and non-tensor terms and to show how these terms are 
interpreted in application to simple cases. The equations of a 
primitive machine are examined in both stationary and rotating axes 
and the equations of a 3-phase series impedance and a 3-phase induction- 
motor are derived in both systems of reference. 


LIST OF PRINCIPAL SYMBOLS 


Tensor Notation 


dices: 
a, b, c = Quantities in axes fixed to the machine stator and 
rotor windings. 
k, n, m = Quantities in axes all relatively stationary. 
a, B, y = Quantities in axes fixed or free on the stator and 
rotating freely on the rotor. 
s, t = Quantities associated with the mechanical rota- 
tional effects in the machine (e.g. generated 
j voltages and torque). 
u,v, Ww = Quantities in a general equation. 


ectrical parts of the equations: 
fay etc. = Electrical voltage vectors in axes denoted by 
indices. 


en cence on Monographs is invited for consideration with a view to 
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xk, x%, etc. = Electric variables. The electrical charges in 
machine windings, referred to axes denoted by 


indices. 
X* (equivalent to i*) = Electric current vector, in axes denoted 
by indices. 
Ry = Resistance matrix, in axes denoted by indices. 
L,., = Inductance matrix, in axes denoted by indices. 


G,, = Generated voltage coefficients, in axes denoted by 
indices. 


Mechanical part of the equations: 
ff, = Mechanical force. 
x’ = Mechanical variable 0, the angular position of the 
machine rotor during rotation. 
x5 (equivalent to i‘) = Angular velocity of machine rotor. 
Ry, = Mechanical friction coefficients. 
L,, = Moment of inertia of machine rotor. 


General symbols: 
e = Generalized force vector (voltage or mechanical 


force). 

R = Generalized dissipation matrix (resistance or 
friction). 

L = Generalized inductance matrix (inductance or 
inertia). 


i = Generalized current vector (electric current or 
angular velocity). 
Ck = Connection matrix between quantities in axes 
denoted by indices. 
C = Direct notation for C*, etc, 
C, = Transpose of matrix C. 

O28, = “Non-holonomic object” containing functions of C, 
in axes denoted by indices. 

[x8, y] = A “connection” term containing functions of Ly, 
in axes denoted by indices. 

T'.e,~ = A “connection” term containing both [«f, ] and 
Q,6,. in axes denoted by indices. 

Dae Rotational ‘or torsion tensor containing the anti- 
symmetrical part of I’,,,, in axes denoted by 
indices. 

Sknm = Tensor components of T;,,,, giving the terms G,,,,. 

B = Flux-density matrix, a tensor. 
cp = Flux-density matrix, a non-tensor. 
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Synchronous Machine Notation 


er = Field voltage. 
e, = Direct-axis terminal voltage. 
€, = Quadrature-axis terminal voltage. 
i¢d = Direct-axis current. 
if = Quadrature-axis current. 
R-= Field resistance. 
R,= Armature resistance in direct axis. 
R, = Armature resistance in quadrature axis. 
L, = Self-inductance of field winding. 
f= = Armature self-inductance in direct axis. 
L, = Armature self-inductance in quadrature axis. 


q 
M = Mutual inductance in direct axis (field-armature). 


(1) INTRODUCTION 


The recent increase in complexity of electrical power networks 
such as control systems and interconnected power-transmission 
systems has led to the introduction of systematic methods of 
analysing the behaviour of networks and machines. The 
powerful methods of symmetrical components brought about 
rapid methods of solution of problems associated with unbalanced 
polyphase circuits; the introduction of the two-reaction theory 
into synchronous-machine studies has simplified many aspects of 
the analysis of power-transmission systems. In dealing with 
complicated problems the trend has been towards the use of 
components of the quantities involved which, while they are 
entirely fictitious, lead to elegant solutions.!7:18 In such cases 
the actual variables and parameters of the system (currents, 
impedances, etc.) are transformed into the required components. 

In 1934 Kron, in America, developed a technique! for dealing 
systematically with such transformations. In his analysis Kron 
ensures that the electrical power in a network is invariant under 
a given transformation to new components. He does this by 
introducing the methods of the tensor calculus. Tensors are sets 
of quantities which are functions of a set of variables and are 
subject to certain laws of transformation when the variables are 
changed (see Appendix 10.1). The subject was developed in the 
field of the geometry of generalized spaces and consequently the 
terminology in the literature is largely geometrical; for example, 
the variables are referred to as co-ordinates. The following two 
properties of tensors are invaluable in application to any group 
of transformations: 


(a) A set of functions usually written in the form gap is associated 
with tensor transformations, where a and b range over the x variables. 
This set of functions determines an invariant, which has the same 
magnitude in all reference frames. 

The element of the invariant is usually written in the literature 


as dl and then 
(dl)? = gapdx4dx® 


where dx¢ and dx® are differentials of the variables. 
this tensor is demonstrated in Appendix 10.1. 

(6) If an entity is a tensor and exists with a non-zero value in one 
reference frame (or system of variables) then it has non-zero values, 
usually with different components, in all reference frames. Quan- 
tities which are not tensors may arise in one system of reference and 
become zero in another; in other words, they may arise because of 
the particular reference frame chosen. This effect occurs especially 
when there is relative motion between the reference axes. 


The use of 


Kron takes a primitive or elementary representative network 
which has comparatively simple equations; these are written in 
tensor form and transformed to give the equations of the required 
system. 

A wide range of machines can be considered as a group of 
interconnections of the windings of the primitive machine shown 
in Fig. 2, and the equations of any of these may be obtained by 
transformation of the primitive-machine equations. ru 

The expression “reference frame’ denotes the system of 
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4 
measurement from which the variables and parameters are deter- 
mined. In a static electrical network a change of components 
from branch to mesh currents is a change of reference frame. 2 
In the case of a slip-ring induction motor, stator currents will be 
measured from stationary terminals and rotor currents from axes 
rotating with the rotor. In commutator machines the reference 
axes are relatively stationary. Park’s application of Blondel’s 
two-reaction theory simplified synchronous-machine theory by 
converting the stator and rotor quantities to relatively stationary 
axes. Kron’s analysis deals systematically with equations of 
machine systems having either stationary or relatively moving 
reference axes, the transformations in all cases following the 
routine laws of matrix algebra and tensor calculus. His work 
has introduced to engineers wider concepts of transformation, 
invariance and theory of groups, all of which have been invaluable 
in analysis of complex systems in various branches of physics. 
The purpose of the present paper is twofold, namely to bring 
together some of the scattered works dealing with Kron’s methods 
and present a continuous account of the development of the 
subject, and to analyse in detail the distinction between tensor 
and non-tensor terms in machine equations. 

The analysis starts from the dynamical equation of Lagrange.° 
As is shown in Appendix 10.2, Lagrange’s equation gives the 
relation between the potential and kinetic energies in a system 
and the applied forces, in terms of generalized co-ordinates. In 
electrical form the corresponding relations are those between the 
magnetic energy and the applied voltages, in terms of generalized 
variables which are the electrical charges in the network. This 
equation is very suitable for certain classes of transformations 
of co-ordinates, but it has been found that under the conditions 
of transformation obtaining in electrical machines a modified 
form of Lagrange’s equation must be used. The modified 
equation was developed by Boltzmann and Hamel!3 to cover 
certain conditions of constraint in dynamical systems and, as 
Kron has shown,°® the Boltzmann—Hamel equation can be used 
to form a basis for tensor analysis of electrical machines from 
the dynamical viewpoint. 


(2) MACHINE EQUATIONS 


The first type of primitive electrical machine to be considered 
is shown in Fig. 1. The rotor is assumed to be smooth and te 


Fig. 1.—Primitive machine with axes fixed to windings. 


have on it a symmetrical 2-phase winding sinusoidally dis 
tributed. The field is fixed in space and consists of windings d@ 
and gs in the stator—direct and quadrature axes respectively| 
Iron loss and saturation are neglected. The armature axe 
a’ and b’ are fixed to the armature and rotate with it. Three 
phase machines may be analysed by resolving the resultan 
armature current and flux vectors along two similar axes.” 

The inductance of phase a’ of this machine may be written: 


Phase a’ self-inductance = L, + Lg cos 20 


“where L, = (Ly, + ee 
; Dy = Le — L,){2 
L,, and L,, are the Pe taductances of rotor phase a’ when 
] in the direct- and quadrature-axis positions respectively. The 
ee onding values of mutual inductance, rotor to stator, 
are M, and M,. 
The equations of this machine may be derived from the 
dynamical equation of Lagrange:* 
d/o0T or OF 
Boe) Bega on sO) 
‘In electrical machines the generalized variables x¢ are the 
electrical charges in the circuits and the rotor angle 0. The 
_ quantities x¢ therefore represent the currents i¢ and the rotor 


angular velocity d0/dt. T, the stored magnetic energy, is given by 
dx? dx? 
ir a (3) 
Fr the dissipative force, is given by 
dx dx? 
=1 SA aes 
aoa a 4) 


For the above machine* 
T = 3(L, + Lz cos 20)(i2)? + HL, — Lz cos 20)(i%)? 
+ 4L,,(i%)? — Ly sin 20i9’ib’ + M, cos Oi4si2’ 
— Mysin biti’ + M, sin 0i95i5’ + M, cos Gi9sib’ 
ce ., ©) 
Fie 4[R,, 2"? > Ree (io? aR “Rylit)? i R, i) (6) 
Substituting eqns. (5) and (6) in eqn. (2), the Brpaplets set of 
equations for the machine may be written 


i\ @ se SIS yy) fe a era 2) 
d 
where (p = =) 
_ In matrix form these are? 
j | ds a’ 


pM, cos 0 


Ry + p(Lg, cos? 8 + 
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It is shown in Appendix 10.3 that in tensor form the equations 
of Lagrange are Peat 


dx® dx> dx? 
Listga + label Get Rag —f » « 00 
BL et Olas. OL 
where [ab, dats =e or <2) ; (11) 


The voltage equation is obtained by allowing the free index c 
to cover the electrical range of variables, the other indices ranging 
over the electrical and mechanical parts :1 


Poe a) Cee dxs dx? dx? 
o> Lise dz + [as,c i ide + [sb,c] ana a Rep dt (12) 
or = pee < se [as,c]itis + [sb,clisi® + Rigi? . (13) 


From eqn. (11), 


[as,c] = 


1 Hie deve oL,s 
p) on +5 ox =) 


Since there is no mutual coupling between an electrical row and 
a mechanical column : 


ha a 


ox? Oxe 
EAs ass lids: 
1aS == Cara = Cara 
= haat dis 82 3ar Ae 
1 dL, 
Sib —  _.. 
[sb,c]isi anes (15) 
Thus Lagrange’s equations give 
: He = Tillie 
e. = Rai? + Las 4 st (16) 
jb d ib 
or é, = R18 + gee! }) (17) 


This is, of course, Maxwell’s equation as shown in eqn. (7). 
The equation of torque is obtained by allowing the free index 


L,, sin? 8) 


b’ qs 


—pM, sin 0 


P(Ly, — Ly) sin 0 cos 8 


pM, sin 0 


D(Ly, — Ly) sin @ cos 8 


pM, sin 8 


| 


clude the mechanical inertia. 
The general inductance matrix is therefore: 


OK j a b’ 


—M_,cos 8 


—M,sin 0 


Ly, cos? 0 + L,, sin? 0 (Lp 


— L,,) sin 8 cos 8 


wr + P(Lg, sin? 8 + L,, cos? #) | pM, cos 0 


pM, cos 8 


Note.—The index associated with each current value is written as a superscript since this is required by the index notation used in tensor calculus. 


_ From egn. (8) the inductance matrix may be written as below. An additional mechanical row and column s may be added to 


qs Ss 


(Lor — La;) sin 8 cos 8 


M, sin 0 M, cos 0 


Ly, sin? 0 + L,, cos? 0 is : aN a) ss 9 (9) 


here L,, is the moment of inertia of the rotor. 
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to cover only the mechanical ie of the range of variables,! 


thus fy = Kyi? + pik oP Moat [ab,s]i2i® (18) 
iy os 
where [ab,s] = — 229 
rv POET Ob. 
= erie 19 
Therefore ff, Rut se bes qn 3 ae (19) 


0 
R, bee = frictional torque 


Lah; 
d6 ; 
Lea = = inertia torque 
POL ae 
lectrical torque 
and —3746 == }9)> = electric q 


The second form of the primitive machine considered here is 
shown in Fig. 2. The rotating axes a’ and b’ of Fig. 1 are here 


Fig. 2.—Primitive machine with stationary axes. 

resolved along the direct and quadrature axes. All axes are now 
relatively stationary. This primitive machine has been used by 
Sabbagh, Stanley, Kron and others7-!! as the basis of the 
analysis of many derived machines. The equations may be 
written down by inspection when the resistance voltage-drops 
and induced and generated voltages are considered. In matrix 
form these are written 
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Fig. 3.—Primitive machine with axes rotating freely. 


In synchronous-machine studies the quadrature-axis stator 
(field) coils are omitted unless amortisseur windings are being 
considered. Here sinusoidal flux distribution is considered and 
M;= M,, ete. 

Eqns. (20) may be obtained from those of the previous form 
of primitive machine using the relationship 


iv’ = id cos 6 + iv sin 5} 


ie (22) 


i” cos 0 — i4 sin 8 


I 


In index notation the stationary-axis ee” may be written? 


Voltage, e,, = be Tee oe he Gyini”DO « (23) 
d?0 fe! 
Torque, f, = R,,i? + Lr — G,imi” (24) 


Using the concepts of the tensor calculus these two equations 
are written by Kron? as one electro-mechanical equation, 


di” os 
poke dt ap ee: wt 


(20) 


The voltage vector contains impressed voltages in all axes. 
The generated voltage coefficients are written, for example, 
Mp0 as compared with M,p for the induced voltages since the 


flux waveform may not be sinusoidal. When the flux waveform 
is sinusoidal the maximum voltage generated by rotation of a 
coil in this flux at synchronous speed will be equal to the maxi- 
mum voltage induced by this flux linking the coil and Mjp0i 
is equal to M,pi and M; = M,. Eqns. (20) are seen to include 
those for a synchronous machine according to Park’s two- 
reaction theory.!8 These as used by Concordia!2 are written: 


Impressed field voltage, er = ifRp + L,pif + Mapi® 


Generated voltage, 


eg = — Mypif — Ri” — Lypit + L,pbir eel) 
Generated voltage, By 
€g = — Mypbif — Lipbie — Riv — L, pia 


voltage e,, = R,,,i" 4 


Le ibe Dpsaed eo Pion tS 


torque f, = R,,it a eet 


Lear f 


The equation of Maxwell, eqn. (17), does not give these equa: 
tions directly since it does not include generated voltages. Thi 
following Sections show that the connection I", arise: 
naturally because of the dynamical relationship between the twe 
types of primitive machine, this being quasi-holonomic an¢ 
non-integrable. Fig. 4 shows the form of the connection I’, , 
when written as a matrix in the form of a cube, together with thi 
arrangement of matrix multiplication leading from eqns. @s ' 
and (27) to eqns. (23) and (24). 
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y 
k t a k t 
m —m| Rink aK . gi LinkP A ‘a as 
4 Lp” ae ect 
a t 
; t 
) 
in i i | 
j t t 
E vi Qentnt ” ‘oR 2Gyyni' PO e€ 
; 
t t 

| Lap | ti tht joshi kia oo Sal YU 
} 
4 e, Race Ly pi® hee 
; Fig. 4.—Machine tensor equation written in matrix form. 
A 
4 (3) NON-HOLONOMIC TRANSFORMATIONS TN an. 
q The currents in the armature axes a’ and b’ in Fig. 1 may e J , F 
be resolved along “‘d” and “‘q” axes shown in Fig. 2, the relation- d| dx cos x* | —sin x* a’| dx 
ship being or = (30a) 
q\ dxv sin xs cos xs b’ | dx’ 


4 iar = ja’ cos 6 — ib’ sin 8 
. (28) 


[ . ia” = j@’ sin 8 + ib’ cos 6 
Since the variables in Lagrange’s equations are the charges, x, 
ns. (28) represent a transformation of differentials of the 
variables, where dx?/dt = i¢, etc. ‘These are equations of con- 


straint among the differentials of the variables x*, and the 
ansformation must therefore be written 


dxér = dx’ cos 6 — dx®’ sin 8 
dx? = dx” sin 0 + dx>’ cos 0 


q hey obtain at a given instant and cannot be integrated to give 
relationship among the charges. There is no corresponding 
lationship 


(29) 


xa ae fect’, ioe 0) 
ff such a function existed the following results would be 
obtained :? ] 


er ofr 
ar —— aan b/ 
dx 5 at sxe 
¥ ofr ; 
if ae 
30% : off gfe r 7 0Ce 
0 sin 8 aaa’ 3x00 x 


uch non-integrable relationship between sets of variables is 
lly treated in Reference 13. 
In matrix form the transformation is written 


dxk = Ck dx. (30) 


where x° is the geometrical variable 0. 
The dot in front of the index a indicates that a is a column 


index. The inverse transformation may be expressed 
d= Eardx 
an avk d qd k\. 
@ | dx* cos xs sin x$ d| dx4a 
or = (31) 
b’ | dx’ —sin x5 | cos xs q| dxv 


Since the relationship is non-integrable and only the differentials 
of the charges x* arise in the equations, 


oxk 
k tas 
Chet 5 (32) 
also, as shown in Appendix 10.3, 
ON ES 
Dat Ox 


Such a relationship is non-holonomic.!3 The non-holonomic 
form of Lagrange’s equations was developed by Boltzmann 
and Hamel.!3 This is written 


BoE aT, OE >c4 9c oF 
Bis We UE Ged (eae = we Ree al 
at 9) xe ae at) + Dye 


+ =f. GA) 
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This is seen to consist of Lagrange’s eqn. (2) with the addition 
of terms containing the non-holonomic transformation and its 


inverse. If the relation between variables is holonomic, 
DCE 4 aCe iS 
Ox" xk Ge? 


Eqn. (34) may be written in tensor form in a manner similar to 
eqn. (10), and as shown by Kron® and Gibbs® it contains terms 


which retain the non-integrable relations of eqn. (33). The 
tensor form of the equation is 
d?x4 dx* dxb dx@ 
f= ca 2 + [ab,c cy Vi: + Rua (36) 

where now 

b fem cb ae La ola | (@) | O (@) (37) 
[ab,c] HezEe: yxb yxe T 84ch,a T 84ca,b ‘ab,c * 
where Que = Q4,Lac (38) 

Ce VOCs 

and O4, = 4C8Cs(<* — <2) . (39) 


(4) QUASI-HOLONOMIC SYSTEMS6 


The machine axes transformations in Section 3 are not entirely 
non-holonomic because 'the angle 6, the mechanical part of the 
generalized variable x‘, arises in the analysis and transforms 
holonomically; i.e. the mechanical part of the transformation is 
one of variables and not of differentials. This simplifies the 
analysis considerably. 

In transforming from the rotating-axis machine to that with 
stationary axes the transformation may be expressed 


dxas = dx4ds 
dx” = cos x5 dx4 + sin x8 dxv 
dx’ = — sin xSdx4 + cos xSdxv 
dx? = dx (>: 
dxs = dxs 
or dxt = C4 dxk 
an k ds dr qr Gsa 7S 
(41) 


There are two distinct parts of the range of the old variables, 
namely x?, the electrical variables, and x2, the geometrical 
variable 6. The L’s and R’s, whether electrical or mechanical, 
depend only on x2 and do not contain the electrical co-ordi- 
nates xP. Such an absence of specific co-ordinates in the 
components of geometric objects is called in geometry a “‘cylinder 
condition.”!6 

In a holonomic reference frame the geometric objects are 
expressed as functions of the co-ordinates x*, and in a new 
holonomic system they become functions of new co-ordinates. 
In a non-holonomic system, however, there exists instead of a 
set of new co-ordinates, a set of new differentials. Relative to 
a non-holonomic reference frame the geometric objects are 
expressed as functions of new differentials, and coefficients, 
which are functions of the old co-ordinates. In general) there- 
fore, the new equations carry forward the original holonomic 
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co-ordinates in these coefficients, along with the new differentials. 
In this analysis of machines, however, the geometric objects of 
the new frame may be expressed without carrying forward the 
old co-ordinates, because the coefficients are functions only 
of 6, which transforms holonomically to the same value in the 
new reference frame. 

Thus, even though the new equations have been derived by 
non-holonomic transformation, there is nothing in their final 
form to characterize them as being in a non-holonomic reference 
frame. Therefore, as shown in Section 5, the final equations of 
the stationary-axis machine may be considered to be holonomic, 
with a connection [’,,,,, which differs in form from that of the 
first holonomic machine. It is for this reason that a further 
non-holonomic object may be set up between the machine in 
reference frame (iii) in Section 5 and that in frame (ii) (considered 
as holonomic). 

The equations of the second primitive machine (with stationary 
axes) are now written 


a d?xk 1 Lae OLnk Lyn 
Im = Emi ape E ck + den ma) 
dxk dxn dxk . 
ate yank + O nk n oe dt mk Tp (42) 
where Link = LacC4,Ch - (43) 
dxt = Codie. (44) 
Ick, REF 
and QLank = = pe (ee yxb —— Lx ENA, . (45) 
From eqns. (41) and (43) 
m\k ds dr qr qs Ss 
Eas 


(46) 


Thus the terms 0L,,/dx,,, etc., in eqn. (42) are zero since the 
inductances are not functions of either charges or angles. 

It is obvious that the term C/ may be differentiated only with 
respect to the mechanical part of the range of variables, x°, anc 
the expansion of the non-holonomic object is therefore simplified 
For example, in eqn. (45), either a or b must be x5 (or 9). Let the 
values of a, b, m, and n range from 1 to 5 to cover the five row: 
and columns of C7”. The only values of C# and C?# inside thc 
bracket of eqn. (45) which can be differentiated to give non-zerc 
values are 


a=5, b=2or3 

b= 5, (a—rors 

Since either a or b must be 5, the following possible values o| 
C2.C® may be written down 

CCE RGR 

C3C2 C3CGR 


CC 
C3C§ 


C3C3 
C3C3 
It is further seen by inspection that when a and b are both ‘ 


Q/, is zero, and when a and b are unequal, one being 5, on. 
term of the bracketed quantity is zero. 


The general equations are therefore 
\ 


IC Gh 

Dare = CA mO3> 538 (47) 
oCe 

Qn = — CT - (48) 


‘The possible non-zero values of Q%,, may be written down by 
inspection and are shown in the following array: 


q m\n 1 2 3 4 5 


A similar array may be written for Q3,,, Also 


20,,= GPF = 2,3) 


= sin? x5 + cos? x5 = by xe ele (50) 


Similarly 22 


=-1 
Hi 203.) =] tes ey \ eds, OL) 
‘ ; 203. =i! 
_ All the other values of Nun are zero. 
_ The resulting object is Q%,,. or Q%,, according to whether m 
orn a the geometrical angle co-ordinate value, xs: 


AN Teas dr qr qs Ry 


. (52a) 


. (528) 
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In the equation of Lagrange the ‘Christoffel symbol’’ is 
written [ab,c]. In the non-holonomic form of the equation the 
corresponding connection is 

[uv,w] + hyo, =e QL yuo — ae tone: 4 (53) 
This is made up of the es, part [uv,w] and the skew- 
symmetric part (Q,,,., + Quy — Qyy,»), these together making 
an asymmetrical connection? written ee 

The non-holonomic equation of motion of the machine is 
therefore written as in eqn. (25): 

d?x? dx dx 
Cw = Re ae =e Ly Hix ++ Dw a “at . . (54) 
The electrical and mechanical parts of the equation are shown 
in Section 2, eqns. (26) and (27). 
The symmetrical part is zero since L,,, is independent of 


x5 (which is equivalent to 0). The connection has then the 
following components: 


Ltt = LT 
where, for example, 


|e ie == (© 


Pati oa Ree lie ed WSS | Mn |) 


Oe Eo Leen, 6) 


‘mn,s 


where Ms aoe 


The term Quan, ; iS seen from eqns. (45) and (48) to be zero, and 
since Q.,, m iS Skew symmetric in the indices s and n, the term 


Q.,,,misi” is also zero. 


Therefore eee deo Tell yD lec) on KD) 
Dee ee a. A (98) 
VP ee = 20), iki" . . . . . (59) 


Thus the electrical equation becomes 


rele ae Te “ 20, ns bt Sty et aese (60) 
and the mechanical equation is 
f= Rit + E ml ai 2 a Ae ee AGL) 


The last terms in eqns. (60) and (61) are found on expansion, 
using eqns. (46) and (52), to be 


m\k ds UP ips LGB aah 


a 20k (62) 


Eqn. (60) is now seen to be identical with the matrix eqn. (20) 
written down by inspection in Section 2. The equations for the 
commutator or stationary-axis machine have been derived by 
transformation of the dynamical equation of motion of the 
holonomic rotating-axis or slip-ring machine. 
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If now a further transformation be carried out to axes rotating 
at any arbitrary angular velocity pO, it is found that some of the 
terms of the equation transform tensorially while additional 
voltage terms arise which are due only to the measurements from 
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Eqn. (65) is shown in Section 2, eqn. (7). The inductance tensor 
is shown in matrix 9. From the inductance matrix and eqn. (11), 


[ab,cli2i® = [sb,clisib'+ [as,cliais = 2[as,clizis 


the new reference frame. Tensor analysis separates the tensor and 2[as,cliais = Lea dO, 
quantities which arise in all reference frames, from those quan- 06 dt 
tities which may arise in one reference frame and disappear in From matic 9 Lea FA 
others. The nature of the connection I’,,,,, is examined by > 00 
c\a ds a’ b’ gs 
—M, sin 0 —M, cos 8 
2(L,, — Lay) sin 8 cos 0 (Ly — La,)(cos? 6 — sin? 8) 
(67) 
(L,, ~ Lycos” 0 — ‘sin? 0) —2(Lyy — La, cos 4 sin 8 
M,, cos 0 —M, sin 0 
ACN Bich Ono x 
The equation is therefore = Ree pis 4 Y) FE (68a) 
This may be written €, = Rogi? + Leghit + Vegitp? + G.gitp (685) 
where 
c\a ds a’ b’ qs 
—M,sin 0 —M,cos 0 
(Lo — Lg,) sin 0 cos 6 —L,, sin? 9 — Ly, cos? 0 
Vs (68c) 
L, cos’ 0 Lz, sine0 —(L,, — Lg) sin 8 cos 8 
M, cos 8 —M, sin 6 
ds 
a’ (Lor — Lz, sin 8 cos @ L,, sin? 0 + L,, cos? @ 
Gog = (68d) 
b’ —Ly, cos? 6 — L,, sin? 8 —(Ly, — Ly) sin 8 cos 6 —M, sin 8 
qs 


The 


considering the transformation to general rotating axes. 


objects I’, ,, and Q», have the following laws of transformation :?»> 
3Cu, 
Dye, we ler wou Coy + Ly, WF x0" (63) 
Mam 86 XC. 
and Oy, = OCECRCY + 5(< — << )CuCe . 4) 
The quantities T’,, ,, and Q,,,,, are therefore not tensors. 


The equations of the electrical machine with general rotating 
axes are derived in Section 5. 


(5) THREE REFERENCE FRAMES 
. (5.1) Electrical Equations 
(5.1.1) The Holonomic Frame. (i) 
Co = Regi® + pL eal? 
&, = Rit +L, pit -- lab, elise 


ENAKGS) 
-, (66) 


(5.1.2) The Stationary Axis Frame. (ii) 


From Fig. 2 it is seen that the transformation from frame (i) 
to frame (ii) is given by 


dxe = C¢_dxm 
where 
c\m_ ds dr qr qs 
| 
Cn = (69) 
| 
The equations for frame (ii) are 1 
where D enmiki® == Le ee ee (71 


\ 


‘mk,n Qua miki p 


= 20) 


isik (72) 


'ms,k 


Sy 
M,,cos 0, 
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Also Dy miki” = [kn,miki" + Quin pe + Q 


and Lo = LpgoSC* 
This becomes 
Sy 


qs 


Ly, cos? 6; + L,, sin? 6, 


(Lor — Lg,) sin 8; cos 0, 


(Ly, — Lay) sin 6; cos 8; 


ds 
ds lige 
S; M, cos 0, 
. S> —M, sin 6, 


qs 


; 


Ly sin? 6; + L,, cos? 0, 


M, sin 0, 


M,, cos 0, 
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(79) 


The terms L,,, and 2Q,,,,;, ate shown in Section 4, matrices 46 
-and 62. The equations may therefore be written 


The geometrical variable x* transforming holonomically 
remains 6, from matrix eqn. (40). 


3 Le Tey e 
(5.1.3) The Frame having Rotor Axes Rotating Freely. (iii) oxt oxe oxy 
_ The transformation matrix from frame (i) to frame (iii) is and [sB,y]isi® + [as,y]ixs = 2asyy]iais . (82) 
aa ds AY Sy qs yL IL va 
aS cae Gy ( ar =) ene 
= “i898 
Pe Co, = (74) 
a _ Lye 9; dO, 
4 06, dO dt 
. ; de OBE dO): 
: Therefore Q[os,y itis = —X% — So 
where, from Fig. 3, By =6 = 0). ne lee ee 061 ae (83) 
; v¥\% ds ° Si S» qs 
—M,sin 6, —M,,cos 9, 
—M, sin 0, 2(Lyr — Ly) sin 8, cos 9, Ly, cos? 8, i L,, sin? 0, : 
5 dL —L4, cos? 8, + Ly, sin? 0, 
; Xoo (84) 
O61 —M,,cos 9, 10s? 09 — Tsim 0, —2(L,, — Lg,) cos 9, sin 9, 
a. —L4, cos? 8; + Ly, sin? 0; 
M,,cos 8, —M, sin 6, 
_ The equations in frame (iii) are From eqns. (38) and (47) 
Ate 20)... .fi% = Ce Cer, les 
ep Rigl® + Lyqpi* + Vag.iri® (75) taney aS ork 

: he oe er ajs 4. T, jaj6 16 dcr! do. 
where Dap it? = Tp i818 + Do, yiti® + Dap, f% (76) a CLerz i (85) 
and Dyo.i%i® = {[«B,y] + Q One = 0,518 2 07) a 
d aye" {[aB Y] + SQ2y 6.0 -F S2v0,8 a,-v} Therefore 20.5 iit Gy ~ C, La bie (86) 

he i f th ation therefore becomes f 

Hae ey ees ; where C, is the transpose of matrix C%, (matrix 74). 20s 
C, = Ry Bg pi® + {2[os,y itis + 20,7} . (78) is then 
y¥\@ ds S; S> qs 
—M,,sin 0; (Ly, — La) sin 8, cos 8; Ly, sin? 6, + L,, cos? 4, he 


—M,, cos 8; 


DY ee ae 
—L,, cos? 0, — Ly, sin? 4, 


—(Ly, — L4,) sin 4, cos 8, 
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The equations may therefore be written 

Cy = Ryol® Dye pi* + Veyqi*p8, + Gyod pO, + Gyed*DO, 
Coy = Rygi* + Ly pit + ViyqitpO, + Goi . 


The equations of the machine in reference frame (iii) may also 
be obtained by transformation of the reference frame (ii). 
From Fig. 3 the transformation matrix is 


m\y ds So 


(88) 


or (89) 


Sy 


qs 


Cc" = (90) 
Diya = Ln C2Ck = matrix 80 (91) 

The equations may be written 
6, = Rigi” Fe Lye + Woe 3 (92) 
where LV ie.7 = laBsy] + Qye eg + Qing — Que y (92a) 


The terms Q.8,7 are non-holonomic objects of the frame (iii) 
with respect to the holonomic frame (), and 


MER” RIER 
248. = QinmCEOBCE + ee os =E)CKCBLay - 03) 
Now Dag,yiti® = {2[as,y] + 2Q.,, si%p8 (94) 
Ong = 20 yp, BOC, + ecko 95 
Also 2 si) ae ms, kC% sv~k xs oS Sy (95) 
and 20, . = matrix 87 
where Oc = ee pO ECs (96) 
oc} 
And sp Chow pb = 6, Ch cer pO, 
9c 
WO, —CkLs, = minus matrix 87 (97) 
2[as,y] = matrix 84 (98) 
The equations therefore may be written 
Cy = Rygd* + Lygpit + Veygi@PO, + Gyaitp 
+ Gyai*p — Gyqi%p8; (99) 
or a. = Teese =r reap onhe? F Vai as G,i%p0 (100) 
(5.2) Equations of Torque 
(5.2.1) Frame (i). 
dé d0 
f,= Raa + Ly + [ab,s]iai® (101) 
d@ fe et fees Ry Bex, 
= cee Diab 
or ie Ruz ae Lex 3991" (102) 


An asymmetrical matrix A may be written as the sum of sym- 
metrical and skew-symmetrical parts, thus? 
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Using this relationship it may be shown that 


1 OL,y., pees 5 
ey Gyitee (103) 
do d?0 a 
thus = Rue + Li — Git? (104) 
(5.2.2) Frame (ii). 
dé d?0 Py 
i, Pa Rug ape LwaR a G,,,i7i* (105) 
(5.2.3) Frame (iii). 
do d0 aay fe 
= Ruz = Pre [xB,s]ixi® + 20.6 i718 . (106) 
dé CL il Mh, 
j= Rea zs Ler 5 stint — Gpiti® . (106a) 
1 OL 1 dILupg dO 
N OB coe _— (3 1; i% i 
Ow 26 1% 20, rl (107) 
. ocr! dé 
and Ca= : Crag hoe (107a) 
do dé, 4 ai 
Thus fj = Rye + pee e Goa( Gat + i iii? (108) 
do d6 a 
or os oi Ri ap Ly dt a Gyyiri® (109) 
(5.3) The Torque Tensor 
It is seen from eqns. (62) and (87) that 
Gi = Cg CU Grae (110) 


It is also found on examination of the matrices in the previous 
Sections that 


Gn: = GegCS,C8 (11) 
and Gyan = GagCSC4 (112) 


The torque matrix therefore transforms as a tensor and is 


associated with the holonomic variable 9. The equations of 
frame (ii) may therefore be written® 


em = Rea Sl Lingpik alg 
where T,,,,;, is a tensor; or 


Cn Riad + LmiPi® 1 (=e 


Te 


ag Sae We Sram i" 


but the negative of, Q,,,,,. The negative value is chosen in order 
that the tensor here defined will be that given by 


aCe 73 Cie : 


the skew-symmetric part of D',, »: 
proved by the equations of tensor calculus.!4 This is a well- 


known tensor quantity in geometry of n-dimensional spaces and | 


is there termed the “‘torsion’ tensor. In terms of the torsion 


tensor the equations of frame (iii), derived from frame (ii), | 


may be written 


= Rid® + L,.pit + {loBsy l= Sypa — Syap 

+ Sapy + Qyp,a + Qyag — Que ji? . (116) 

0c 

where O87 = — ——~ — SN CCH, : (117) 


(113) 


| 
! 


(4) 


where S;,,,, 1s defined as a tensor having components equal to, | 


(115) 
That this is a tensor may be 


< ee 


The terms (-— S\paSy — a8 ah Supy) and Org + O38 = Qe.) 
may be compared with eqn. (93) where on the right-hand side 
there are a tensor term and a non-holonomic object. 
It is thus shown that in any of these three frames the following 
terms transform as tensors, e, i, L and G; also, G is associated 
with p@ the rotor speed. The generated voltage term due to V 
arises because of the choice of reference frame and is a function 
of the angular velocity of the frame with respect to the direct 
axis. If the angular velocity pO, becomes zero, 6, becomes 0 
and the equations of frame (iii) give those of frame (ii). If Pp), 
becomes p90, O, becomes zero and the frame (iii) equations give 
those of fa (i). 

These relationships may also be derived by transforming I’ as 
a whole? using eqn. (63), instead of transforming the components 
of I’ as has been done here. This method, however, does not 
show so clearly the mechanism of the transformations. 


(6) APPLICATION 


The tensor equations of electrical machines may be used in two 
ways.! In the first, a comparison is made between the primi- 
tive machine and another type of machine whose equations 
are required; for example, a metadyne, Schrage motor, etc. 
This aspect of Kron’s work has been extensively treated.?»>»!9 11 
In such analysis the connection matrix C is set up between the 
currents in the primitive machine coils and those in the inter- 
connected coils of the derived machine, and the equations of the 
primitive machine are then transformed as shown by Kron, 
Gibbs and others, to give the required equations. The second 
application has been used more recently.2° This consists of 
transformations among the reference frames of a given machine. !> 
A familiar example is that of the synchronous alternator which 
may be analysed by setting up the equations with respect to 
quantities appearing at stationary 3-phase armature terminals, 
or alternatively by using Park’s equations which contain quan- 
tities arising with respect to rotating direct- and quadrature-field 
axes. The d- and g-axes quantities are, of course, fictitious, but 
this reference frame leads to linear differential equations, often 
with constant coefficients, and is therefore widely used. It has 
been found,??:21 however, that Park’s form of the equations 
becomes very complicated when rotor oscillations occur in the 
machine. In hunting studies a more suitable frame is one which 
rotates freely at synchronous angular velocity and is independent 
of the rotor oscillations. The equations in this form, of course, 
become identical with Park’s equations when the rotor has a 
uniform angular velocity with no oscillations or acceleration. 
It is not proposed to discuss the oscillations of machines here, 
nor indeed to deal in detail with the use of the synchronous- 
machine equations, but simply to present the concepts of changes 
of reference frames using the tensor technique developed by Kron. 
_ The reason for changes of reference frame is apparent from 
examination of Park’s equations. In a rotating-field alternator 
the d- and qg-axes of reference rotate synchronously with the 
field structure relative to the armature. Under balanced steady- 
state conditions the fluxes and current and voltage vectors along 
these axes will be constant in magnitude and rotating in space. 
Thus the steady-state equations of the alternator are obtained 
from eqns. (21) by putting terms such as Lp equal to zero, where 
p operates on a current component, retaining the p terms 
Where p operates only on @ to give the angular velocity. The 
Beeay-state equations are then 


er = Ryif 
= Ryi? + L,poiv 
€, = — R,iv — M,pbif — L,pbie } 


It is obvious that if differential equations are to be set up for 
7 ‘ 
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any machine or network to which the alternator is connected, 
these must be expressed along the same reference frame, the 
operator p must have the same significance and the steady-state 
equations must therefore be obtained as before when terms such 
as Lp become zero. In most equations of a.c. machines and 
networks, with sinusoidal voltage and currents, the steady-state 
equations are obtained when Lp becomes jwL. In this case a 
transformation of reference frame is required if these machines 
and networks are to be analysed in conjunction with inter- 
connected synchronous machines. Two very simple cases will 
illustrate the required transformations, namely the equations of 
a simple series impedance having resistance and inductive 
reactance, and those of a 3-phase induction motor. Both of these 
have been analysed by Kron, but the analysis as set out below 
demonstrates details of the general method of using tensor 
equations for this purpose. The transient equation of a simple 
RL series impedance may be written 


e= Ri+ Lpi 


Under steady-state conditions, with sinusoidal voltage applied, 
the equation becomes 


e€= Ri+jwLi 


which may be obtained from the transient equation by putting 
Pp equal to jw. When a 3-phase system is being considered the 
instantaneous line currents and phase voltages and impedances 
may be resolved into Clarke components.??_In order to conform 
to the phase positions and direction of rotation shown in Fig. 1, 
the current components may be defined as follows: 


io’ = 4(24 — jB — jc) (119) 
ja’ = Jy — iC) (120) 
i? = 4(i4 + iB + iC) (121) 


where i4, i, i© are the instantaneous line currents (Miss Clarke 
uses indices « and f instead of b’ and a’ as written here). Zero- 
sequence currents i° are those residual currents in the neutral 
connection to an unbalanced load or point of fault. To simplify 
the analysis a balanced system will be considered with no zero- 
sequence currents. In a machine wound for three phases these 
instantaneous components i’ and i’ lie respectively along the axis 
of phase A and along the common axis of phases B and C in 
quadrature with phase A. These are the same as the axes b’ 
and a’ used in the holonomic primitive machine, Fig. 1, and are 
stationary with respect to the armature phase windings. The a’ 
and b’ components of an external 3-phase network would be 
connected to the machine axes as shown in Fig. 5(a). It is there- 
fore possible to define for either a machine or stationary network 
a set of currents iS! and iS? expresséd along axes rotating with 
uniform angular velocity with respect to the axes of the Clarke 
components. From Fig. 3 the relationships among such 


currents may be written 
iv” = iS! cos 6, + iS? sin 0, (21) 
ib’ = — iS! sin 0, + iS2 cos 0, 


For a stationary network the holonomic (Lagrangian) equations 
in terms of a’ and b’ components are 


i 


wr. wv @’ 
ae, a’ R + Lp 
Da ey b’ R+ Lp 
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ic 
Fig. 5.—(a) Synchronous machine with external network. (6) Clarke 
components of a balanced 3-phase system. 
or in index notation 
eu Rf? te pie 
where 
wv a’ b’ WUD a’ b’ 
| 
al Ri ole | 
R= and L 
b’ | R b' 


In the free frame the equations become [see eqn. (78)] 


@, = Rygit +E Lygpit: + 2fasyy Wit + 2s Geis 


where [from eqn. (121)] 


“peice, ie 
RN Bole 


and 
(CY is the transpose of C®,) 
Ryo = Ry CPC? 


ey = Ce, 


Dive = Liye C¥C2 
It is found that in this case 
Rya = Ryy 
Lye = a 
OL 
on as Levy Ms \ oe 
Thus 2fys,a] = (sam + <1 — <=) =0 


and therefore e, = Rygit + Ly,pit + 2Q,, aiSi* 


(123) 


(124) 


(125) 


“ of a A 
where = - 200, ,i81* = 203 L5,i%p8 = Sy 6, Ci’Lgqi*pby . (126) i 
: ‘ 4 Pl Oren 
In direct notation C*, = C and 203, = Se j (127) 
Sg 
S, 41 
Thus 203 = <p 
ny be | 
and 20) a (129) 
Thus é, = R,i* + Lp Vee (130) 
A rotation matrix may be defined by4 
Vu pl (131). 
where p& = 20 (132) 


This is the rotation matrix used by Kron.”4. 

In eqns. (132) above it is not a tensor, being part of the: non- 
holonomic object Q.,,. A similar matrix arises in connection : 
with the formation of the torsion tensor defined in Section 5, and 
this is then referred to as the “rotation tensor” (there is an 
algebraic connection between this tensor and the coefficient of — 
rotation defined by Ricci!*). | 

The equations of the 3-phase network in terms of axes analogous | 
to the rotating d and g axes of Park thus become 


WX Y¥\e Si Sy aN 
R+Lp| Lp6, S; 


where 


C5, = Cg, COS Oy — e,, sin By } 


€s2 — Cg sin 6, + (a cos 6, | 


| 
By trigonometrical substitution it may be shown that in the 
steady state, when e,, = E, cos wt and e,, = je,,, 
es, = Egekor-o 7 €s2 = Jest 
jS1 = JAgi(ot— 6s) (135) jS2 — grt 


When the rotating reference frame has synchronous angular 


velocity, pO; = a, 
es = Eg 
jS1 = JA 


The balanced steady-state equation may be written down by | 
putting p = 0 in eqns. (133) and using eqns. (136). Thus 


(138) 


| 
| 
| 
| 
(136) : 
: 
| 


(137) 


is, = RIS! + juwLiSt 


- And at synchronous angular velocity v = 1, and 


€5,; = RiS! + jXxiS! (139) 
The operator p has therefore the same significance in the transient 
eqns. (133) as in Park’s eqns. (21). 


(6.1) The 3-Phase Induction Motor 


A 3-phase induction motor has been analysed by Stanley? by 
“expressing the equations in terms of an equivalent 2-phase 
machine. The 3-phase rotor and stator currents, voltages and 
flux linkages are resolved along two axes, namely the axis of the 
__ stator phase A and the common axis of the stator phases B and C 
_in quadrature with phase A. Since both rotor and stator 
quantities are resolved along the same two axes these are relatively 

' stationary and fixed on the stator as in Fig. 2. 
The equations for a balanced symmetrical motor with voltages 

applied to the stator may therefore be written 


ds dr qr 
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stator appears to rotate synchronously backwards and the rotor 
to rotate backwards at the angular velocity of slip. 

The relationship among the currents in the stationary axes 
and those in the free framé may be written 


id — {53 cos 0, — i84 sin 0, 
id = iS1 cos 0, — iS2 sin 0, 


or ¢,, = Rit? © LiPi® + Ven ni ti". 


_ where R, = Stator resistance per phase. 
- R, = Total rotor resistance per phase. 
L, = Stator phase inductance. 
L, = Rotor phase inductance. 
M = Maximum value of mutual inductance stator/rotor 
phase. 


In balanced steady state i¢’ = ji%, i4* = ji?” and p becomes jw, 
and L,(p — jp0) becomes L,(jw — jp) = jswLz, wheres = 1 —v 
angular velocity of rotor 


and v = : 
synchronous angular velocity 


Eqns. (140) therefore become, in balanced steady state, 
Cds = (R, + jX,)is TRA yee (141) 
O = jsX_i% + (Ro + jsX2)it (142) 


When an induction motor is associated with a synchronous 

_ machine the motor equations may be written in terms of axes 
rotating with the flux as in Park’s equations. In the balanced 
_ steady state, in this case, the vectors representing voltages, 
currents and flux linkages, are constant in magnitude and rotate 
synchronously in space around the stator of the machine, As 

_ shown in Fig. 3 there are two axes, S, and S4, in quadrature on 
the stator, and two, S, and S, in quadrature on the rotor. The 

_ stator and rotor axes are both rotating synchronously and are 
again relatively stationary. One would therefore expect to find 
_ that the equations in this frame have a form similar to those of 
_ Stanley and Park. This is, in fact, the case. Both induced and 
_ generated voltages appear in the equations, but as in the 
synchronous-machine equations the steady-state equations of the 
motor are now obtained by putting such terms as Lp equal to 
_ zero, and only generated-voltage terms remain. It will be seen 
from the free-frame equations that, relative to these axes, the 


: 143 
iv = iS1 sin 0, + iS2 cos A; oe 
iv = i53 sin 0, + i54 cos 0; 
or EB se OUTS ago! 2 (144) 
m\y S; Si S> S4 
ds 
dr 
where C”, = (145) 
qr 
qs 
qs 
The equations in the free frame are, as before, 
ey = Rygi* + Lygpit + 2[as,ylizp8 + 2Q,,..i%p0 . (146) 
where ey = CMe, 
Rye = Ry CrCk 
| brig iw Dra Gis: Oke 
L,,~ 18 Shown in matrix 46. 
It is found on carrying out the transformation that 
Dive fai Link 
Rya an Rink 
therefore again 2[as,y] = 0 
N 20, QO ms Ck oC}, ‘m 
ow sce diggs BO OLCE + ay] CTL ge, (147) 
and [eqn. (62)] 
mk ds dr qr qs 
2 in (148) 


This term of the right-hand side of eqn. (147) is seen to transform 
tensorially (in this case to the same matrix) 
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4 


20 ns, KCNCE = Eqn. (154) may also be derived by starting from the holonomic, _ i" 
machine in frame (i), Section _ 5, the relationship among the 
¥\« S3 Sy So Si currents is then (Fig. 3) 
ids = {53 cos 6, — i$4 sin 0, | 
ja’ — jS1 i iS2 9j 
a ee (155) 
snd Doe (149) RA es iy) sin if + 1°2 cos ie 
, is = {53 sin 0, + i54 cos 0, 
OD = Ce ie: 
This is the term referred to (by Kron) as the “torsion tensor,” 
the name being taken from geometry. 
5 (156) 
Now EG Ct CBL gap) = = ee CAL s.DO es «Sey oo) 
1 \ 
and 
Y\d _S; Si Sy S4 
The equations in the free frame, when transformed directly 
from the holonomic equations are [see Section 5, eqn. (78)] 
Cay, (151) Cy = Rygi* + Lg pit + Los, Allaah 2 eee at 
Ay ie cae where in this case 
oc 
20.0 = Cisq bee  - » . Cie 
This is the single non-holonomic object arising between the 
Therefore holonomic frame and the non-holonomic free frame. 
y¥\« 83 S, S> S4 Again Tyg, = L,,C5 CE 
Ryo = RegClee 


For a symmetrical ein motor represented by Fig. 3, the 
inductance matrix 9 in Section 2 becomes 


eS@ ds a bf qs | 


oe (158) 
Thus (20,40 + Spec eanP es) 2 
Y¥\% S83 Si S> S4 
y¥\ S; S; S> S4 
(153) 
(159) 

where po’ is the angular velocity of slip, namely p0, —pé 
(which is equal to —p6,). In the free frame the equations of the 


machine therefore become 


S3| ess 
Si 0 
S, 0 
Ss] esq 


- 
prom matrix 156 


; W355, S; So Ss 
oc;8 
. 3p (160) 
oc;8 0 
And Cy 9 a Bives matrix 153. 


It is seen that the induction-motor equations in a free frame 
‘rotating at uniform velocity, when derived from the stationary 
_teference-frame equations, assume the form 


h Cy = Rygl® + Lg pi* + pyLqi%pO + poly ip); (161) 
(162) 
(163) 
pi Lyo, is matrix 149 and pL. is matrix 152. 
Eqn. (161) may be written 
y Cpa Pea L. pie  Gygi@P0 + Voip, (164) 
or in terms of flux vectors 
e=Ri+ph+ Bpb + ppb, (165) 


Synchronous-machine equations in this form are discussed by 
-Kron!5 and used in his hunting analysis.”° 
In balanced steady state 


jS4 = jiS3 $2 = jiSI (166) 


‘The Operator p is zero when this operates on the steady-state 
3 currents (but pO, = vw). 
___ Thus, eqns. (154) become 


i C53 = (Ry + jowL)i83 + juwMiS! 
= 0 = jswMiS3 + (Ry + jswLr)iS! 


When the reference frame rotates at synchronous speed with 
pect to the stator winding, then pO, = w and 


gy = Chy + jX)i*? + jX,,15! ) 
0 = jsX,,i53 + (R2 + jsX2)i§! if 


(167) 


(168) 
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In this reference frame the operator p has the same significance 
as in the two-reaction theory of Park, and the free frame equa- 
tions for a motor or network may be combined with those of 
synchronous machines when an interconnected network is being 
considered. 


(6.2) Inductisn-Motor Torque Equations 
The motor torque is given by eqn. (106). 
Since [«$,s] = 0, the equation (neglecting the mechanical 
friction term R,,) becomes: 


d0 


Impressed torque f, = L,,—— @ oO) G girls (169) 
and at constant angular velocity 
Generated torque = — 20. ,,i°i* 
where, as in eqns. (62), Qo, is the negative of Q., . 
0c 
Thus Q.6.0 — CZ PY alee 
a\ BS; Si So S4 

(170) 
ie = (171) 
Ong i1* = iS1i94M — 1S2153M (172) 
or Oo iit = yi? — yp,i4 (173) 


where %, and y, are the flux linkages in axes S, and S2 . 
respectively. 

The generated torque given by 0,6, ad Pi% is seen to be that 
given by 


Sf = GypiVi* . (174) 
where ya = Pi Lie 
or8 Si (175) 


where i* is the conjugate of iY. 


(7) CONCLUSION 
The analysis of electrical machines may often be simplified by 
transforming the variables and parameters from the real phase 
reference frame to real or fictitious stationary or rotating reference 
axes. Changes of reference frames similar to those demon- 
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strated in the paper have been used by Kron and Ku in the 
derivation of equivalent circuits for electrical machinery.3-?3 
Tensor analysis is a most useful mathematical tool for handling 
such transformations. Tensor equations look complicated when 
first used because the notation is comparatively new to engineers. 
In practical application, however, when the equations of a 
machine are written in tensor form they are fairly simple and the 
technique of transformation and calculation of phenomena 
become a matter of routine procedure. 

This method of handling machine problems ensures that the 
analysis is systematic and the equations are of a form that often 
leads to clearer concepts of the interactions of the various 
currents and fluxes in the system. It is possible to distinguish in 
the equations between terms that have existence in all reference 
frames and those which arise because of the reference frame 
chosen [compare for example the terms Gy i%p0 and Vxi"p9, 
in eqn. (164)]. 

It is intended that the foregoing presentation of Kron’s work on 
the tensor equations of electrical machines should provide a 
groundwork on which may be built a more complete mathe- 
matical and physical analysis of machine stability problems by 
investigating the phenomena in various reference frames. 
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(10) APPENDIX 
(10.1) Tensor Transformations!? 


Tensor analysis of electrical machines is largely concerned with 
transformations of machine equations. 
Tensors are sets of quantities, often represented by matrices, 


which are (a) functions of a set of co-ordinates (variables) and | 


(b) subject to certain conditions of transformation when the 


co-ordinates are changed. The basic laws of transformation are 


set out below. 

Let P be a particular value given by m co-ordinates x! 
(i = 1,2,...n) in one reference system and by x/(j = 1,2,...m) 
in another system. Let Q be a value close to P, given by ~ 
x! + dx! and x/+dz/. The two sets of differentials in the two 
co-ordinate systems are connected by the equations 


dil = oe axl (176) 


The infinitesimal displacement PQ gives an example of a “‘contra- 


variant” transformation. The indices are written by convention, 
as superscripts. 

Another form of transformation is given as follows. Con- 
sider a scalar A which is invariant in all co-ordinate systems. 
The partial derivatives of A with respect to the co-ordinates x? 
in one reference frame are given by A; = dA4/dx!. In another 
system with co-ordinates x/ the partial derivatives will be given by 


dA 

3H an 
igh 
>So 


The vector whose components in the x’s are partial derivatives 
A; is the gradient of the scalar A (grad A). This is an example 


j 


I Set Fae 


Consequently == Baty 


Transactions of 


(178) 
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i a “covariant” vector, or tensor of the first order: it has one 
| a written as a subscript. In general terms the two different 
forms of transformation may be written!? 


_ First-order tensors (vectors): (189) 
: m Oxs 
biG Contravariant a/ = uF Winns ieee CARO) 
(The column index of mairices such as C%, is preceded by a dot.) 
: xn In Cartesian co-ordinates the length of the vector OP is given by 
Covariant #,=v,—, . . . . (180) 
as (2S G2 4G? a 190) 
‘Second- and higher-order tensors: This length is invariant with respect to any change of co- 
ee ce ordinate system. In the new co-ordinate system, by substitution, 
6 ie ae x x ; 
Contravariant 7% = u Coe aul bee (181) (Aj2 = ylyl(alal + ata?) + 2y!y2(@a? + ala!) 
+ yy(alal + aad) . (191) 
gabe ei OX? OX? O46 182 2 iho ily Ql Dao) 
ie aap Yor AP SH ayy + epy'y? + apy +enyy? . (91a) 
£e where gy; = (alal + ata), go = (ahah + ah) 
Covariant 3, = (hee ie i ai (183) and 812 = &21 = (@a? + ala!) 
i. OXT OXK OXL- = 1,2 
Vikm ~ Umeursy gk dam Gs) In matrix notation (A)? = gy,x%x6 | Be a . (192) 
. In Cartesian co-ordinates 
aXe A 2 
1 1 
2, 1 
and gygx%x® Is 
\ ell 2 
x! 5 
F A . i i i forms 
Gat , rectil Mdanalaicotondinatest The quantity Sag 18 a covariant double tensor and trans 
; Fig ——. according to eqn. (183); thus from eqns. (183) and (188) 
(10.1.1) Example of Simple Linear Transformation. ges SOO el at et ah a MOOD 


_ Let P be a point located by Cartesian co-ordinates x! and x? 
as in Fig. 6. A linear transformation to new rectilinear co- 
ordinates is given by the relation 


(196) 
Coal aa (185) 
Be uny! +: aby? 
(the transpose of matrix 188) 
or eee es Gh ORY and gd 
" SIN 2 
a 
where (187) (197) 
¥ @ a 
; 4 
azaz + ahah 
(188) . (198) 


Veal DADs ttyl D2 
2 | ahal + aga? | ala} + aszas 
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which gives eqns. (191) when uw and v each take the values 
1 and 2. 

The tensor g,,. Or 24g is called the “fundamental tensor” or 
“metric tensor” of the system. The metric tensor is necessary 
in order to calculate invariant properties of vectors or tensors, 
for example, the length of vectors, the angle between vectors and 
parallel displacements. 


(10.1.2) Non-Linear Transformation. 

An example of a non-linear transformation of variables is 
given by the change from Cartesian to polar co-ordinates. In 
this case the transformation must be one between differentials 
of the respective co-ordinate systems. From Fig. 6 it is seen that 


= A cos 6” a 
= A sin 0” (29%) 
dx! = — A sin 8’’d0” + cos 0”’dA 
vt Mt la : (200) 
dx? = A cos 0’d” + sin 0”’dA 
Now dx* = C%,dxk (201) 
CaN kN. 
where dx* = ak = 
and (202) 


Calling the invariant line element of length of any vector, in 
Cartesian co-ordinates, dl, 


(dl)? = (dx!)* + (dx?)? = gupdx%dx® (203) 
where g,, is given in matrix 193. 
In polar co-ordinates 
(Gy == gaan? .. (204) 
_ where Sin = Sap CEC$, (205) 
k\n 1 2 
1 1 
thus 2in = (206) 
az (A)? 
and Sun dxkdx" = g,,dAdA + gyd0"d6" (207) 
&2,= 821 — 0 
therefore 
(dl)? = dA}? + (AP(a8")? = (dx! + 2? . 208) 


(10.2) Lagrange’s Equation®.13 


In dynamics the behaviour of a system may be calculated 
provided that the parameters of the system are known, i.e. the 
masses, inertias, etc., together with the forces and constraints 
acting on the system. at 

Certain properties of the system will be invariant under a 
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transformation of co-ordinates, one of these invariants is the 


kinetic energy in the system. Re, 
Kinetic energy T = 4mv2.~* 
Now (dl)? = g,,dx¢dx® 
dly2 dx dx® 
therefore ( =) =U = oe “- = = 4 X7x? (209) 
Thus T = 4g yx? (210) 


Lagrange’s dynamical equation in generalized co-ordinates 
x¢ for a free system acted upon by forces f, is written (neglecting 
potential energy in this case) thus: 


oT 
~ Oxe fe 


aaolk 
dt aa 


oT 
Oxe 


OS qpX2X?) 


Pa § 
zm ; 
Ox 


Ox x 
aes vb ng a 
ZINE apX xe + AME gpX' sae 


oe FMB gyXPOS BE dng X02 


= dng4x® + dng,,,X4 (211) 


where 1 
tl () See = 0; 


2 Bac. 


B= C 


dx? ¥ 
s ca + dmg yx + 4mg qx? 


DE axe 
eS ¢ b 
ae dt ili 


(Ee = )* 24k? Ong (212) 
} 
OF = Am epiti®) = dm Eebzass (213) 
Thus 
; 
d/dT oT Weep , Of Ogee ‘ 
di 3) ee m( se 1 aol se oa 


= ml[ab,c)x¢x® + mg.,x° 


= m{[ab,cleax> + 924% (214), 


The expression in compound brackets in eqn. (214) is that for 
the acceleration of a particle in terms of generalized variables or 
co-ordinates. The quantities mg,, define the metric tensor L,, 
in dynamics. This term comprises the moments of inertia of 
the system. 
Lagrange’s equation may therefore be written as in Section 2, 
eqn. (10): 
f, = Lk? [epee (215) 
While neither of the terms on the right-hand side is a tensor 
by itself, the expression on the right-hand side as a whole is a 


tensor. This is illustrated by a transformation to new co- 
ordinates, 

fy = Cf, (216) 
and fy = LygX® + [oByy laure . (217) 
where [L,,,x% + (aB,y)x*x®] = [L,,%% + (ab,c)x2x"]C° . (218) 


“In an electrical network the equation corresponding to eqn. 
215) becomes 
dq" dq 


Bet tow 


EBD 3 dt dt GY) 


Pi ey 


di” Ve 
or ey = Law + [uv,w]iri? . (220) 


vhere the metric tensor L,,, comprises the self- and mutual 
nductances of the network elements. The voltage drop due to 
esistance may be added as an extra term R,,,i”. 

(10.3) Conditions necessary for an Equation to be Integrable?5 
Mit Adx + Bdy + Cdz=0 (221) 
as an integral f(xyz) = 


vhich on integration gives 


eae + Vay + ae ai 
= oS 4 a. Hi SN 
Hence Sac) = = Fae oe °(@B) 
e. a(S = a sy oo 0 
nd = (a0) - 5c ae . 2 a E ae 
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Therefore a(S — 5 =) +B ce =0. [222(a)]} 
Similarly a(S = =) + : G = [222(b)) 
and or 4 Ey eae <— BS = [222(0)} 


Multiplying eqns. [222(@], [222(6)] and [222(c)] by A, B and C, 
respectively, and then adding, 
0A «(OB 
Caran! 


OBE OG SC 0A 
4-5) +0 -%) 

Oz oy We Ox oz + 
If eqn. (221) is integrable this condition must be satisfied. 


Eqn. (221) may be written 
A,dx! + A,dx? + A,dx3 = 0 


(223) 


and the condition for integrability becomes 


0A, __ 0A; 0A; 0A, oA; m8 
(533 xe) *\dxt a) ac ae 0 oho 
(224) 
or in general pare Oy Amn, Spm A yp Os (225) 
oA 0A 
Ss ee Se 226 
where Ars te oor (226) 


If, therefore, a set of equations, such as 
dx2 = C2 dxm 
OCU OCe 


a sé __9 
Dxe 


is not integrable, then = 
ate - oxo 
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SUMMARY 


Elementary methods, avoiding the manipulation of determinants, 
are used to prove theorems, not previously enunciated, on the voltage 
and current gains obtainable from a resistance network, and to deduce 
therefrom some properties of the algebraic expressions for the voltages 
and currents in the network. 

After a brief survey of known properties of general LRC networks, 
in terms of the complex frequency variable, A, the above results are 
used to obtain properties of general networks without mutual in- 
ductance, and in particular a simpler formulation and proof of some 
properties of RC networks than were given in a recent paper by 
Fialkow and Gerst.3 

Finally, attention is drawn to a neglected paper of Kirchhoff,!° in 
which the foundations of the topology of networks were laid down, 
and use is made of Kirchhoff’s results to obtain explicit expressions, 
not involving determinants, for the various network parameters. 


LIST OF PRINCIPAL SYMBOLS 


a, B, y, 6 = Elements of chain matrix. 
b = Number of branches. 
D = Network determinant. 
I or J, = Input current of a resistance network. 
i;, iy = Currents at sides 1, 2 of a general 4-terminal network. 
I, [;, = Currents in branches R,, R,. 
I,q = Current in branch pq from p to q. 
A = Complex frequency variable = o + jw. 
m = Number of independent meshes = b — n + 1. 
p. = Complex variable, such that A = p?. 
n = Number of nodes. 
N;,, = Minors of D, to which the J, are proportional. 
. = Nodes of a resistance network. 
R = Load resistance. 
R,, R;, = Branch resistances. 
R,q = Resistance of branch pq. 
T = Voltage-gain, V,/V;. 
T,,2(R) = Voltage-gain in load R when placed at side 2 
7 = Current gain, [,,/J. 
T1,2(R) = Current gain in load R when placed at side 2. 
V;, V, = Input and output voltages of a resistance network. 
V1, V2 = Voltages at sides 1, 2 of a general 4-terminal network. 
Vq = Potential fall from p to q. 
Ae = Elements of admittance matrix. 
= Elements of impedance matrix. 
Branch impedance in a general network. 


PQ 


2,03 = 


(1) INTRODUCTION 
In the last few years 4-terminal RC networks have come to 
be used more and more in place of LC (reactance) networks for 
transmission purposes. In a number of recent papers where 
various properties of RC networks are mentioned, the reader is 
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generally referred for proofs to Cauer’s classical paper,! or t 
Guillemin*—who himself quotes Cauer. Recently, Fialkow anc 
Gerst? gave necessary and sufficient conditions for a rationa 
function of the complex frequency variable (which we shal 
denote by A) to be the transfer function of a 3- or 4-termina 
RC network. The conditions relate to poles and zeros of thi 
function, and to its values for real A. To prove the necessity o| 
the conditions, except those relating to the poles, the author 
resorted to a manipulation of determinants. Moreover, thei| 
enunciation of these conditions was unnecessarily complicated 
and it obscured the essential fact. For the conditions on thi 
poles they referred to Cauer, who, however, did not prove then’ 
a priori, but himself quoted Routh5 for results on the roots 0) 
det (R + AS) and its principal minors, where R and S are matrice| 
of positive-definite quadratic forms, namely in the present cas) 
the total dissipation of energy and twice the total] electrostati 
energy in the network (cf. Reference 4, p. 224). 

The object of the present paper is to establish all the above| 
mentioned results, and others besides, by relatively simp] 
means. For the most part they follow from theorems 0} 
resistance networks, which are intuitively obvious and must surel| 
be known, but which the author has never seen explicitly statec| 
The reason why such theorems are applicable to general network) 
is simply that any LRC network without mutual inductanc| 
behaves like a resistance network for each real non-negativ 
value of A. | 

The remaining results are here deduced from well-know 
properties of reactance networks, including Foster’s theorem,| 
These are applicable since every RC network can be change 
into an LC network with closely related network functions b- 
replacing every resistor R by a coil of inductance equal to R 


NETWORKS 


We consider a network containing a finite number of node 
linked together in any way by branches of resistance R, wher _ 
0<R<o. The extreme values R = 0 (short-circuit branct 
and R = oo (open-circuit) are allowed at present so that th 
most general results may be obtained for later applicatior 
Values of R other than zero and infinity will be described ¢ 
finite values;.zero and infinity will be called non-finite value 
If any 2, 3 or 4 nodes are singled out, they become the termina , 
of a 2-, 3- or 4-terminal network. 

We shall restrict discussion to connected networks, i.e. suc 
that between any two nodes there is a path along branches ¢ 
the network. Two nodes will be said to be directly linked if the 
are connected by a finite branch, or by several branches i 
parallel. If the network can be divided into two parts havin 
just one node and no branches in common, the parts will t 
called complementary sub-networks, hinged at the common nod 

If voltage or current is applied to such a network, curren’ 
will flow in the branches, and differences of potential will t 
established between the nodes. Let V,, denote the fall in potenti: 


| 
| 
(2) THE VOLTAGE-GAIN THEOREMS FOR RESISTANC f 


fn any node p to any node g. Then if p, g, r are any three 
| a 
; Mee HM pgertalhigere Pot iatiag, 3) sand) 


if p and q are directly linked, = a branch of resistance R,,, the 
aka from p to q along R,, is given both in sense and in 
gnitude by Ohm’s law: 


PENN Wap em tse MOOR AI(2) 


We take for granted Kirchhoff’s voltage or mesh law [which is 
a corollary of eqns. (1) and (2)] and his current or node law. 
No appeal will be made to topological results, but a few simple 
arguments of a topological nature will be used.* 

_ Let 0, 1, 2 be any three nodes of a resistance network (see 
Fig. 1). Taking 1 as the input terminal, 2 as the output terminal 


vi V, 


Fig. 1.—3-terminal resistance network. 


and 0 as a joint input-and-output terminal, suppose that an input 
voltage V; = Vi is applied between 0 and 1, and let the resulting 
‘output voltage be V, = V9. . Defining the voltage gain, 7, as 


our basic result is contained in the following theorem: 


(2.1) Theorem 1 
If T is the voltage-gain of a 3-terminal resistance network, 


O) <P ao es aa ee ona 


The extreme values T= 0 and T= 1 can occur only if at least 
_ one branch resistance is non-finite, or if the output node belongs 
_ to a sub-network hinged at one of the input nodes and not con- 
q taining the other. 


Assume for definiteness V; > 0, and suppose first that the 
network resistances are all finite. 

If node 2 belongs to a sub-network, hinged at node 1 as in 
Fig. 2, V, = V, and T =1; if hinged at node 0, 7=0. (The 


0 


; Fig. 2.—Hinged networks: special configuration in Theorem 1. 


| 


latter case is not illustrated.) If neither of these special cases 
occurs, suppose if possible that T > 1, and consider the node 
or nodes p for which V,9 has its maximum value in the network. 
(if maximum V,) = V;, include node 2 but exclude node 1.) 
ince the network i is connected, and the special configurations 
are excluded, at least one of these nodes, say P, is directly 
linked to one or more of the remaining nodes q (including node 
0 but excluding node 1), for which Veg = — Veo — Vin > 0. 
, by Ohm’s law, all branch currents issuing from P are 


_ * The topology of networks has been fully discussed in a number of recent papers, 
¢.g. by Ingram and Cramlet,’ Synge,® Percival.? Actually, all the essential results, on 
independent meshes, etc., were given by Kirchhoff!¢ in an important but neg- 
d paper, in which he showed how to write down the current in any branch of a 
ance network by a topological inspection of the network, without using deter- 
nts. Kirchhoff’s results are not used in the body of the present paper, but they 
quoted in an Appendix, where, by their aid, it is shown how various network 

neters can be similarly written down by inspection, without the necessity of solving 
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non-negative, and at least one is positive. Their sum is then 
positive, which contradicts Kirchhoff’s current law. Hence 
Tiel 

Now, by solving the Kirchhoff equations, T can be found as 
a rational and therefore continuous function of the branch 
resistances. Since 7 <1 when every resistance satisfies 
0 < R < @, this must hold also in the limiting case when some 
of the resistances have the value zero or infinity. 

The remaining inequality, T >0, may be proved in the same 
way, or else by noticing that (as pointed out by Fialkow and 
Gerst?) the complementary quantity T’=1— T is the gain, 
Vy;/V49, when 1 is taken as the joint terminal, so that T’ <1. 

The limiting cases are illustrated by Fig. 3. Here, T = 1 if 
Riz = 0 or Ro = CO; Tia Oita Rio co or Ro = 0. 


Fig. 3.—Network example for illustrating Theorem 1. 


As regards a network of finite resistances without sub-networks 
hinged at either of the input nodes, Theorem 1 shows that the 
maximum and minimum potentials in the network can occur 
only at the input nodes. This may perhaps be compared with 
the fact that the maximum and minimum values of a non-constant 
function harmonic in a closed domain can occur only on the 
boundary. 

Consider next the 4-terminal network shown in Fig. 4. 


Fig. 4.—4-terminal resistance network. 


Suppose V; is applied to the input terminals 1’, 1 and V, is the 
voltage produced at the output terminals 2’, 2. Clearly, 
V; = Via V, = V2.0" = Voy Vary, so that the gain is 

Ve 


Urol sail Wrens 


t 


where 7, and T, are the gains in the 3-terminal networks having 
terminals 1’, 1, 2 and 1’, 1, 2’ respectively, with 1’ as joint 
terminal in each case. From Theorem 1 we deduce at once 
Theorem 2: 


(2.2) Theorem 2 
If T is the voltage-gain of a 4-terminal resistance network, 
rl FAT eRe arene PFU e LA (4) 


The extreme values J = + 1 can occur only if at least one branch 
resistance is non-finite, or if the two output nodes belong to separate 
sub-networks hinged to their respective complements at the two 
input nodes (as in Fig. 5, for example). 


Fig. 5.—Hinged networks: special configuration in Theorem 2. 
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It may be remarked that in both Theorems 1 and 2, if T has 
one of its extreme values because of the presence of non-finite 
resistances, the elimination of the latter by removing every 
infinite-resistance branch and merging the end-nodes of every 
zero-resistance branch will result in sub-networks of the appro- 
priate kinds. For example, in Fig. 3, T is zero if Rj is infinite; 
and if R,, is removed, Ro forms a sub-network hinged to its 
complement, formed by Ro, at node 0. 


(3) THE CURRENT-GAIN THEOREM FOR RESISTANCE 
NETWORKS 
Suppose that an applied generator impresses current J (positive 
or negative) into node 1 and out of node 0 of a resistance network 
(see Fig. 6). By Ohm’s law and Theorem 1 it is clear that, if 


Fig. 6.—Resistance network. 


V; > 0, non-zero currents in branches ending at node 1 must 
in fact be all outward from the node, and at node 0 all inward. 
The sum in either case is equal to J. Thus if V, is positive, so 
is I, which is obvious anyway since V,J, the power dissipated, 
must be positive. (What is not obvious physically, without the 
help of Theorem 1, is that every single branch current at node 1 
must be outward, and at node 0 inward.) 

Next, let p be any other node at which there are non-zero 
currents. By Kirchhoff’s current law, at least one of these must 
be inward to p, and at least one outward. Choose one of the 
branches carrying outward current, say the branch pp,. The 
current in pp; is non-zero and inward to p,. Let p;p> be similarly 
one of the branches carrying current outward from p,, and so on. 
Assuming the network resistances are all finite, we obtain in this 
way a sequence of nodes p, pj, p>, . . . with steadily decreasing 
potentials. Since the number of nodes in the network is finite 
by hypothesis, the sequence must ultimately, and in a finite 
number of steps, reach the node 0 which has the lowest potential. 
(If there is a sub-network hinged at node 0 and not containing 
node 1, all its nodes are equally at this minimum potential, but 
since there is zero current in all its branches, the sequence cannot 
reach any of its nodes.) 

We have thus shown how to construct a path “following the 

current” from any node p, at which there are non-zero currents, 
to the node 0. Similarly one can always construct paths moving 
“against the current” from node p to node 1. Moreover, if pq 
is any branch of the network carrying positive current from p 
to q, we can always construct paths following the current from 
1 to 0 via pq. 
If the current in any branch pq is I,,,, positive or negative, from 
p to q, while J is the applied current, the current-gain 7 in pq is 
defined as the ratio J,,/J. 
With the above preliminaries, it is easy to prove Theorem 3: 


(3.1) Theorem 3 
If zt is the current gain in any directed branch of a resistance 


network, 
lige  Tecy 13 ee a ee pe). 


and in the 3-terminal case when the branch begins at ‘hie positive 
input node or ends at the negative input node, 

Oe el (Sa) 
The extreme values, +1 in eqn. (5) or 0, 1 in eqn. (5a), can occur 
only if at least one branch resistance is non-finite, or if the branch 
considered is the sole link between two sub-networks to which the 
two input nodes respectively belong (or, in the 3-terminal, case, 
between one input node and a sub-network containing the other). 
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Suppose first the network resistances are all finite. Taking 
general, 4-terminal, case, let pg be the branch considered, wi 
current J,,,, positive or negative, flowing from p tog. Assume for | 
definiteness that J, taken positively, flows as in Fig. 6, i.e. V; > 0, 
and that J,, > 0. Consider all possible paths “following the 
current”’ from q to 0, and let S be the set of all nodes included in 
these paths. There are now two cases: either all inward currents, | 
other than J,,, reaching the nodes of S arrive from other nodes 
of S, or else this is not true. In the first case, every inward 
current at every node of S except qg is an outward current at 
some other node of S. Consequently, if we express Kirchhoff’s | 
current law for each node of S in the form 


(sum of inward currents) = (sum of outward currents) 


and add all the equations, all inter-node currents cancel out | 
and we find that J,, is equal to I. Since, |by definition of S, all 
outward currents from nodes of S (except node 0) lead to other 
nodes of S, while in the case considered no inward currents reach | 
nodes of S (other than gq) except from other nodes of S, it is clear 
that the nodes of S and their interconnecting branches form a | 
sub-network containing node 0 and hinged at q. 

In the second case, there is a surplus of uncancelled inward 
currents when the node equations are added, whence /J,, < I. 
In this case there must be nodes of S other than g linked with ) 
nodes outside S. 

By considering similarly paths “against the current” from p | 
to 1 we find that I,, = I if there is a sub-network containing 
node 1 and hinged at p; otherwise I,, < I. 

The theorem thus follows if all network resistances are finite. | 
If any are non-finite, the result I,, <J must still hold, by 
continuity. 

The proof for the 3-terminal case is much simpler and will be | 
omitted. The network in Fig. 7(q) illustrates the situation when | 


a enn 


I 0=q I 
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Fig. 7.—Special configurations in Theorem 3. 
(a) 4-terminal case, (6) 3-terminal case. 


Iq = I in the 4-terminal case if all network resistances are finite, 
or after any non-finite resistances have been eliminated. Fig. 7(b) 


illustrates the same situation in the 3-terminal case. 


(4) ALGEBRAIC CONSEQUENCES OF THE GAIN THEOREMS 

Consider a resistance network as in Fig. 6, having n nodes. 
and b branches (assumed now to be all of finite resistance), 
including the generator branch between 0 and 1. Applying the 
current law to each node we obtain m equations involving only 
the branch currents, say J,, in arbitrarily assigned directions. 
Of these equations only n — 1 can be independent, for the sum 


ia 

the equations gives an identity, since every current is 
inward at one node and outward at another. Any n — 1 of the 
equations are in fact independent, for any set of p nodes, 
p <n — 1, has at least one node, say p, linked to a node, say q, 

‘outside the set: J,, then occurs in only one of the p node 
quations, so that these cannot all be explicitly involved in a 

linear relation. 

| Next, Kirchhoff’s voltage law gives an equation of the form 


2 + Rt, = V,0r 0 


for each mesh (closed circuit) that can be traced in the network, 
the right-hand side being V, if the generator occurs in the mesh, 
otherwise 0. Suppose that the maximum number of inde- 
pendent equations, i.e. the rank of the set, is m. We then have 
altogether m+ n—1 independent equations, not all homo- 
geneous, for the 5 branch currents, so that m+n—1 <b, 
If m + n — 1 <b, there would be solutions in terms of one or 
more parameters. In this case we could, by suitable choice of 
the parameters, either reverse the sign of the input current, J, 
which as we have:seen is impossible for physical networks, i.e. 
those containing positive resistances; or if J should happen to 
be independent of the parameters, make one of the branch 
currents arbitrarily large, in violation of Theorem 3. In other 
words, for positive resistances the equations must have a unique 
solution, and m = b —n + 1.* 
On solving the equations we obtain 


Tp Ns oy 
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where D, the network determinant, is of order b, the elements 
in its kth column being +R,, +1 or 0, and N, is a sum of deter- 
minants of order b — 1, involving all columns of D except the /th. 
Thus N,, does not involve R,. Examination of the forms of D and 
the N, shows they are homogeneous polynomials in the R, of 
degrees m and m — 1, linear in each individual R,, ie. they are 
sums of multiples of products of m or m — 1 different R, values. 
_ If we take the input current J as J,, say, the input resistance of 
the network, between nodes 0 and 1, is 

ee 2) 

4 See ty OO 
__ By Theorem 2, every |R;J,| is equal to or less than V;. Thus 
if V; is finite, so is every J,, and hence also the input current J, 
which is a sum of branch currents. Conversely, if J is finite, so is 
every I;., by Theorem 3, and hence also V;, which can be expressed 
in the form & + R,J,. 

Assuming, then, positive resistances, and finite V; and J, 
the currents J, must be unique and finite, and therefore D cannot 
vanish. It follows that all terms in D must have the same sign, 
for otherwise D, being linear in each R,, could be made to vanish 
for suitable positive R,, values. Since the sign of D changes if 
any two of the equations, are interchanged, we may assume all 
terms of D have positive signs.+ 
_ If p and q are any two nodes, there is a path from p to q along 
branches of the network, and by eqns. (1), (2) and (6), 


\ 
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ummation being along the path, and the signs being positive or 
sgative according to whether the pre-assigned sense of I, 


This holds, of course, whatever the values of the resistances, and is in fact a 
of Euler’s topological formula. 

Consideration of the form of D shows that the coefficients must be integers. In 

they are all equal to unity (see the Appendix). We do not, however, need this 
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follows or opposes the path. In particular we may write the 


voltage-gain in Theorem | as 
lars, te} 
Ti Veep 
where C, like D, is homogeneous of degree m in the R, and 
linear in each R,;. We shall now show that every term in C is 
a term of D, with the same coefficient. 

First, suppose the term R,(1) Ray - - - Ray) APPears in C but not 
in D. By making all the Bay © =i, m) large compared 
with the remaining R,, we can make this term large compared 
with every term of D, since no such term can have more than 
m — 1 of the factors Rx. Thus we can make T indefinitely 
large, which is impossible by Theorem 1. Next, suppose D has 
the term aR). - - Ram) (@ > 0) and C has bR,q)--- Rag): On 
making the R,,,) infinitely large, T tends to b/a. Now if any R, 
tends to infinity, I, tends to zero since | R,J,| < V;, by Theorem 2, 
so that the removal of R, has no effect on the network. Con- 
sider the network remaining after the R,,. are removed. This 
has T = b/a for all values of the branch resistances. Now there 
must be a path from node 2 to node 0 or 1: otherwise T would 
be indeterminate. If there is a path to node 0, by making all its 
resistances zero we can make JT = 0; similarly, if there is a path 
to node 1, we can make T = 1. It follows that b = 0 or b =a. 

Thus finally we may write 

Db’ 
Dy = D . 


(8a) 
where D’ comprises some of the terms of D. 

Since 7 for a 4-terminal network is the difference between the 
gains of two 3-terminal networks, we have for a 4-terminal 
network 
Dy Ai DY 


D (85) 


T= 


where D’ and D” each comprise some of the terms of D. 

Again, N, cannot vanish for positive R, values, and must be 
a sum of positive terms, since J, >0 when V,;>0. If the 
branch considered in Theorem 3 is R,, then 


(9a) 


where N’ and —N” are the sums of the positive and negative 
terms in N,, and by Theorem 3 it is easy to prove that N’ and N” 
both comprise some of the terms of N;. (Starting in the same 
way as above, we obtain a reduced network having t = b/a for 
all resistance values. If 5 is not zero, there is a path following 
the current between the input nodes, via pg. Making all 
resistances infinite except those on this path gives 7 = + l, 
ie. b = +a.) Moreover, if R, ends at one of the input nodes 
(the 3-terminal case), and the direction of J, is appropriately 
prescribed, then 


tte Cee ae ere oe OD) 


where N’ comprises some of the terms of ,. 

It is of interest to note that all the results of Sections 2 and 3 
continue to hold even if the network resistors are non-linear, 
i.e. if the voltage drop V,, in the branch k is an arbitrary function 
of the current J, flowing through it, provided that the “resis- 
tances” V,/I, are always positive. This is true even if the 
“slope resistances” dV,/dlI,, are sometimes negative; but if the 
latter is the case, then the uniqueness, demonstrated in the 
present Section, of the current system produced by a given 
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applied voltage, need no longer hold. For example, if an e.m.f. 
of 6 units is applied to two resistors in series, having respectively 
the voltage laws V = I and V = 10//(/* + 1), then the resulting 
current J can be equal to 1, 2, or 3 units. 

However, if dV,,/dl,, is positive for every resistor, then it is not 
difficult to show that the current system is necessarily unique. 
For suppose that with a given applied voltage (or even a given 
set of applied voltages and currents) two different systems of 
network currents and voltages can result. Let the differences 
between these, in any branch k, be represented by i, and v, 
respectively, and write r, =—v,/i, Then for each branch, 
r, > 0, since dV,/dI,, > 0. If now the set of node and mesh 
equations satisfied by one system is subtracted from that satisfied 
by the other, all the applied quantities will cancel, and the 
resulting set of equations will be the same as for a system of 
currents i, flowing in a network of positive resistances r;, with 
no applied voltage or current. The determinant of the set must 
be positive, as proved earlier in this Section, and the equations 
cannot be satisfied by currents i, not all zero. 


(5) PROPERTIES OF GENERAL NETWORKS 


We now consider networks containing not only resistance but 
also capacitance and inductance. There are three possible ways 
of analysing such networks, namely (a) application of Kirchhoff’s 
laws as in Section 4, (6) node analysis, i.e. use of the current law 
together with Ohm’s law, and (c) mesh analysis, i.e. application 
of the voltage law to independent meshes in which fictitious 
circulating currents are assumed to flow. Method (a) has the 
disadvantage for theoretical purposes that it does not readily 
yield the reciprocity theorem or an equivalent, which is an 
essential result for passive networks, (b) may be awkward to 
apply if mutual inductances are present, while (c) requires a 
topological consideration of the network. For our present 
purpose, method (c) is the most convenient. 

Consider, then, a general 4-terminal network as in Fig. 8. 


Fig. 8.—General 4-terminal network. 


Select m independent meshes, including incomplete meshes 

through the input and output nodes, as indicated, and let cir- 
culating currents i,, i, = — i, i3,...i,, flowin them. Assuming 
that all currents and voltages in the system are proportional to 
et, where A is the complex frequency variable ao + jw (i.e. 
assuming steady-state working), the mesh equations may be 
written thus: 


EZ Mi =; 


EAE = — (10) 


EZ MAE, = On) ot = Sag 


Here, each Z,,(A) is of the form L,A + R,, + 1/C,,A, and takes 
into account ‘elements common to meshes r and s, and also, 
through L,,, any mutual inductance between coils of r and s. 
As is easily seen, the matrix [Z,,] is symmetrical. If we wish to 
consider a network with only two terminals, say 1’, 1, Wr omit 
mesh 2 and the second of the above equations. 
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Solving the equations, we obtain, in the 2-terminal case, is 


P ] 
i, = YAY, = Zo"! (it) 


and in the 4-terminal case, dropping the argument A for brevity, 


ty = Vy + Vy2V2 
1k ela } (12) 
— in = by = YoY, + Y22@2 
Here, since [Z,,] is symmetrical, 
V2 St (13) 


which is equivalent to a form of the reciprocity theorem. 
Solving eqns. (12) for v,, v2, and noting eqn. (13), we obtain 
Vy = Zh + Zy2h, | 

V2 = Zyl + Zaghy | 


4) 


where, among other relations between j,;, etc., and z,;, etc., 


we note that 


; 
napeyere (15) 
Vi 222 ; 
Alternatively, we may solve eqns. (12) for , i,: 
VY, = AV, = Biz (16) 
i, = Y02 + 0ig 
Here* 
| it a plea le i ale 241222 a ay) 
y 6 Vy2L122 — Vio Yur Z2L 1 299 
Obviously, ad —Py=1. (18) 


which is a consequence of eqn. (13) and thus also equivalent to 
the reciprocity theorem. 

All the functions of A introduced in these equations are clearly 
rational and real. 

In Fig. 8, if a resistance R is connected across the terminals, 
2’, 2,2 = Ri, and, by eqns. (16), the gains from side 1 to side 2 
are, with an obvious notation, | 
| 


voltage gain: T, (R) =—* = >= 1/(a @ + ax ga 


current gain: 7, (R) = , = 1/(6 + Ry) (20) 

; 
Similarly, if R is connected across 1’, 1, the gains from side | 
to side 1 are 


T>(R) = 1 / (8 ae ee T2,(R) = 1f(« + Ry) 


We may note that the voltage gain T at any pair of nodes of a 
network becomes 7; (00), i.e. 1/x, on taking the terminals 2’, 2 
at the nodes, while the current gain 7 in any branch becomes) 
7,2(0), ie. 1/ 5, on taking 2’, 2 both at one end of the branch. 

‘In the A eerminal case [see eqn. (11)], the ratio of input voltage 
to input current is the input impedance function Z(A), and its. 
reciprocal is the admittance function Y(A). Z(A) is a Positive 
function, i.e. 


RZ(A) > 0 for RA >0 (21) 


as was first shown by Cauer,! by energy considerations. Rational 
functions such as Z(A) which are real and positive were called 


* This notation is similar to that normally used for these network parameters 
differs from that adopted for special reasons by the author in a previous paper. if 


; 


positive-real by Brune.!*_ Clearly, if Z is positive-real, so is 
Y =1/Z. Also, it follows from the definition that 


ZA) >0ifA >0 (22) 


In Fig. 9, the input impedances at 1’, 1 when terminals 2’, 2 
are left open or are short-circuited, are z,, and 1/y,, respectively. 


Fig. 9.—4-terminal network under working conditions. 


Thus y,;,; and z,;, and similarly yz. and zp», are positive-real. 
As a particular consequence, 


t Vi» Y22 21» 222 > 0 for A >0 (23) 


} Using eqn. (21), Brune showed that if Z(A) is positive-real 
it cannot have poles or zeros in the half-plane RA > 0, and 
that at conjugate imaginary poles, say +/jwp, the residues are 
positive and equal, so that Z has a real partial-fraction term of 
the form 


) k k 2k. 


: A—jw A+t+ijwo baa (24) 


A _&>0 
9 


| (6) REACTANCE NETWORKS 

_ A reactance network is one composed only of coils and con- 
densers. Every Z,, in eqns. (10) is then an odd function, and so 
are Y and Z in eqn. (11). Such functions, i.e. positive-real and 
odd, are called reactance functions. All their poles and zeros 
must lie on the imaginary axis, for if A,, in the left half-plane, 
is a pole or zero, so is —A,,. in the forbidden right half-plane. 
Thus, if Z(A) is a reactance function, it must have an expansion 
of the form 


iy Za = a Sy ey BN (ess Gy (25) 


A202 
Z has a zero at the origin if ko = 0, otherwise a pole; and a 
zero at infinity if kK, —0, otherwise a pole. The residue at 
tjw, is k,, and at 0 is ky. For the sake of uniformity k,, will 
be called the residue at infinity. (This differs from the usual 
definition in function theory.) 
- Clearly Z(jw) is imaginary, say jX(w), where 


ko 2k,w 
Fy es hal ie eee 


J 


Obviously dX/dw > 0* and it is easy to deduce Foster’s theorem,¢® 
the essence of which is that the poles and zeros of Z(A) alternate 
on the imaginary axis. 

- Coming next to a 4-terminal reactance network, it is clear 
that ¥1;, ¥22, 211, Z22 are all reactance functions; y,, and z,, are 
odd, but not necessarily reactances. However, by eqn. (15) 


2 24 = 21222 — 2222 
where Z = 1 /y;. All functions on the right are reactances and 
hav simple poles on the imaginary axis. These include all the 

oles of z;, which must therefore also be simple, and if the 
residues of 2,1, 21, Z22, Z at a pole of any or all of them are 
11> K12, kz, K, then 


q kik T+ kz, = Kk . 


(26) 


* This follows also directly from (21). 
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i.e. the determinant of the residues of the z’s is non-negative. 
It follows that z;, can have a pole only where z,, and z,, have a 
common pole. Similar results hold for the y’s. One consequence 
is that a, 1.€. 214/212 or —Y/Y12, and 5, es Z99/Z42 or —yy/Vi2 
can have zeros only at zeros of their numerators. Their poles, 
on the other hand, may be either numerator poles or denominator 
Zeros. 


(7) PROPERTIES OF GENERAL NETWORKS WITHOUT 
MUTUAL INDUCTANCE 

The impedance of any branch of a network is of the form 
Z;, =IX+R-+1/CA, where L, R and C are non-negative. 
For any real non-negative A, Z, is real and non-negative, and 
it is clear that if there is no mutual inductance to upset the 
relation V, = Z,I,, (generalized Ohm’s law) for each branch, 
then for each real non-negative A the network is equivalent to a 
physical resistance network with branches of resistance Z,(A). 
The gain theorems may be applied to eqns. (19) and (20), where 
R may have any non-negative value, and we may therefore state, 
in addition to eqn. (23), which holds for all passive networks: 

For a 3-terminal network without mutual inductance, if A > 0, 
0 <T,, (8), 7,2(R) <1 for all values of R equal to or greater 
than zero, whence 


Pdi Os phe <aiat,.0) <i ep (27) 
In terms of the y’s and z’s, these give: 
0< N2 <M Ya» 0 << 242 < 241, Z22 - (28) 


For a 4-terminal network without mutual inductance, if A > 0, 
—1 <T,(R), 71,2(R) < 1 for all values of R equal to or greater 
than zero, whence 


Bla, vid >0, 1 <]al, |d] . (29) 
(while «/5 = y5/y,, > 0 by eqn. (23), so that «, B, y, 5 must be 
all non-negative or all non-positive). In terms of the y’s and z’s, 


Ry 11s 22) 1) Ss 22 


—~ 211, — 222 212 SZ 222 


The same overall results are obtained by using T,, and 72, 
instead of 7; , and 7; >. 

If a network is “‘crossed,”’ i.e. if the two input or output nodes 
are interchanged, then «, 8, y, 6 all change sign. If a 3-terminal 
network is crossed it becomes effectively a 4-terminal network. 

In all cases above, if we assume that none of the network 
branches is identically a short-circuit or an open-circuit, the 
extreme values indicated can be taken only for X = 0 and A = 0 
(the only non-negative values of A for which any allowed Z, 
can be equal to zero or infinity), unless one of the special con- 
figurations mentioned in the three gain theorems occurs. 

Again, all the results of Section 4 (except for the last two 
paragraphs relating to non-linear networks) may be applied, with 
every R, replaced by Z,(A). Polynomials in the R’s become poly- 
nomials in A, divided by a power of A. All coefficients in every 
term of D and JN, are positive, and we can deduce at once, 
from eqns. 8(a) to 9(b): 

For a 3-terminal network without mutual inductance, the 
voltage gain T can be expressed in the form 


Dane ba! Ae wy. a ok Gy 
Gk? ARO SE A ae 
0 <a, <¢,(i=0,1,... nt (31) 


The current gain rt in any network branch ending at one of the 


where 


+ If the numerator and denominator have common factors, this form may not 
persist after their cancellation. 
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input nodes has the same form, and the inequalities in eqn. (31) 
again hold (if the branch-current direction is suitably prescribed). 

For a 4-terminal network without mutual inductance, the 
voltage gain can be expressed in the form 


byt + BA" SO ch Oi 
CONDE ep mile tte 
where — 6) <b en —0. 1. ur) (32) 


The same holds for the current gain in any network branch. 

It may be remarked that if four numbers «, 8, y and 4, all of 
the same sign, are given, satisfying eqn. (18), and such that 
|x| and |6| are equal to or greater than unity, then it is possible 
to construct a 3- or 4-terminal resistance network having these 
as parameters: a T-network, having horizontal arms (|«| — 1)/|y|, 
(|8| — 1)/|y| and vertical arm 1/|y|, and crossed if a, etc., are 
all negative, may, for example, be used. It is therefore unlikely 
that further properties of general networks without mutual 
inductance can be deduced by the method of this Section, 
i.e. comparison with resistance networks. 


(8) PROPERTIES OF RC NETWORKS 
All the results of Section 7 hold, in particular, for all RC 
networks. Additional results are obtained by noting that the 
impedance of a typical branch containing R and C in series is 
Z,(A) = R + 1/AC, while the impedance of the same branch 
when the resistor is replaced by a coil of inductance equal to 
R is Z#() = RA + 1/AC = AZ,(A’)._ It follows that in any RC 


network, any 2-terminal impedance Z(A) =e, *(), Where 


A =p? and Z* relates to the corresponding LC network. 
Similarly any admittance Y(A) = wY*(u).t 

Now Z*(u) has simple alternating poles and zeros on the 
imaginary j-axis including a pole or zero at » = 0. Thus Z(A) 
has corresponding poles and zeros alternating on the negative- 
real A-axis, A < 0, the first (at or nearest to A = 0) being a pole. 
Z(A) cannot have a zero at A = 0 or a pole atA = oo. Similar 
results apply to an admittance Y(A) (with “pole” and ‘‘zero” 
interchanged). Moreover, if 


ks aii 
* * > en le KS 
ANS pee wee 
*' then ZA) = sat Koo ot x i (33) 
A+ w2 


where ky = kj BF ok 
Z(A) are positive, 
_ For an admittance Y(A), however, it is Y/A, not Y, that has 
the form of eqn. (33). Thus Y has non-negative “‘coefficients” 
Ko, etc., but its residues, —k,w? and k,,, are all negative except 
the last. 

If the same pie nee is made to a 4-terminal RC net- 


work, z,(A) = b. yA) = 


to the corresponding LC network. The previous results apply, 
of course, to the zeros, poles and residues of 2,(A), z2(A) and 
of ¥1;A), Yoo(A). Moreover, the poles of z,.(A) must be common 
poles of z;; and 2, since those of zj§(w) are common to zi 
and z},. Also, the residues of the z, iA) at any pole are twice the 
residues of the z#(u) at either of the corresponding conjugate 


= es k, = 2k*. Thus all the residues of 


HY; (LY), where zi and Vy relate 


+ If the numerator and denominator have common factors, this form Yeap! not 
persist after their cancellation. 

t This technique is ceeccibed by CAuER, W.: “Theorie der Tineaens s Wacksal- 
schaltungen”’ (Leipzig, 1 41), p. 204; also by Bove, H. W.: ‘Network Analysis and 

Feedback Amplifier Benign (Van Nostrand, New York, 1945), p. 214. 
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J 


\ 


imaginary poles (or equal, in the case of poles at A = 0). tt 

follows by eqn. (26) that the determinant . a residues of 
z,(A) is non-negative. * Similarly for the »,,( 
The open-circuit voltage gain from side 


t= (an 


which, by the above, can have poles only at the zeros of 2,,(A). 
We may therefore state, using eqns. (28) and (30), that for a 
3-terminal RC network: 

(a) The poles of T are distinct negative numbers, and 
(6) 0 <T <1 for A >0, with T=0 or 1 possible only for 
A equal to zero or infinity, unless the special configuration men- 
tioned in Theorem 1 occurs. 

For a 4-terminal RC network, (a) holds as before, while (8) is’ 
replaced by (b’) — 1 <T <1 forA >0, with T= + 1 possible’ 
only for A equal to zero or infinity, unless the special configura- 
tion mentioned in Theorem 2 occurs. 

All the conditions in Theorems 1 and 2 of Reference 3 follow 
immediately from (a), (6) and (6’) (although the special con- 
figurations are not mentioned there). The present enunciation) 
is of course much simpler. 

Results similar to (a), (6) and (0’) apply to the current gain, t, 
in any branch. Furthermore, all the results of the present 
Section apply equally to LR networks without mutual inductance, 
if impedances are replaced by admittances and conversely. ) 
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(10) APPENDIX 
(10.1) Direct Evaluation of Network Parameters 


_ In a paper already mentioned,!° and strangely neglected for 
ore than a century, Kirchhoff not only laid the foundations 
f the topology of networks, but gave a rule by which the 
jumerators and common denominator of the branch currents 
in a resistance network can be written down, term by term, by 
a topological inspection of the network. An interesting alterna- 
tive statement of Kirchhoff’s results was given by Feussner,'3 
who pointed out that Kirchhoff’s work seemed then (1902) to 
ave been forgotten for over fifty years, and he showed how to 
duce the work involved in writing down the terms. (Percival’s 
work? is in effect an extension of Feussner’s.) Apart from a 
light reference by Ingram’? to the topological elements in 
chhoff’s work, the author has seen no other mention of the 
fesults except by Cauer,!4 who independently proved them. 
this Appendix, we state Kirchhoff’s results, and show how to 
r expressions for the network parameters «, f, etc. 
_ Kirchhoff’s rule may be stated as follows: 
If a voltage generator V, is inserted into a branch of a con- 
\ resistance network with n nodes and b branches, and J, 
the current in any branch R,, 


of = Ee ee eee ero ©) 


C eD= =Z RayRagy-- N,= — = ae RyRy - - - Racng_1): 
ere, M=b—n-+1, — is the total number of independent 
hes; [Racy yp - ++» Ray] tepresents any set of M branches such 
after their removal from the network, no closed circuit 
ains; and [Ry - - -» Racag_1)] Tepresents any set of M—1 
; hes such that after their removal just one closed circuit 
ains, which includes both V, and R,, the associated sign 
ing positive or negative according as the pre-assigned sense 
I, is or is not in agreement with the polarity of V; in this 
uit. In D and N, summation is over all possible sets. 
Now suppose a voltage V; is applied externally, through a 
ance R;, to a 3- or 4-terminal resistance network with 
eters a, B, y and 6, and let R, be an external load resistance, 
E aia in Fig. 9. 
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Then it follows easily from eqns. (16) that 


; =o¢R, +B + yR,R, + 5R, (34) 
Now let the inner network have m independent meshes: the 
complete network has M = m + 2. We shall use the symbol II, 
(where t >m) to denote the product of a set of t resistances 
Riwy - - +» Rag) in the inner network whose removal destroys all 
closed circuits in it, and has extra effects as indicated in each 
case. By applying Kirchhoff’s rule to J, and separating the 
terms of D into four groups according to whether they con- 
tain both, one or other, or neither of R,, R», it follows by 


eqn. (34) that 
(a, B, y, 5) = (a, b, c, Dlg 


where: 

a = XIL,,.,, where (after removal of the resistances involved 
in II,,.,) no path 1’1, ie. between nodes 1’ and 1, remains (in 
the inner network); 

b = XII, +>, where neither a path 1’1 nor a path 2’2 remains; 

c = XII,,, where just one path 1’1 remains; 

d= XII,,.,, where just one path 1’1 remains, if 2’ and 2 
are short-circuited; 

g =X + IL,,.;, where just one path 12 and one path 1/2’, 
or else one path 1’2 and one path 12’, remain (and the sign is 
correspondingly positive or negative). 

We can analyse these expressions further: suppose 

p = XII,,.,, where just one path 12 and one path 1’2’ but 
no path 1’1 remains; 

g = XII,,.,, where just one path 1’2 and one path 12’ but 
no path 1’1 remains; 

r = XII,,.,, where no path 1’1, no pair of paths 12 and 1’2’, 
and no pair 1’2 and 12’ remains; 

s = XIIL,,.,, where just one path 11, but not a pair 12 and 
1/2’, nor a pair 1’2 and 12’ remains. 

It is clear that these four groups of terms are mutually ex- 
clusive, and that: 


a=p+qtr 
d=p+qts 
and g=p—gq. 


Moreover, in the case of a 3-terminal network, where 1’ and 2’ 
coincide, clearly g = 0. 

The y,, and z,, can be expressed immediately in terms of these 
various sums through the relations in eqn. (17). 

In conclusion, it should be noted that the three gain theorems, 
and all the results of Section 4, are simple consequences of the 
formulae just obtained; and that all the results of this Appendix 
apply equally to general networks without mutual inductance if 
the branch resistances R;, are replaced by Z,(A). 
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SUMMARY 

A method is described of directly measuring voltage standing-wave 
ratios (v.s.w.t.) at a fixed input power and frequency by means of a 
directional coupler, in which the errors introduced by the coupler 
are compensated. The directional coupler is used to measure the 
power reflected by the load, which is a function of its y.s.w-t- 

The main purpose of this development has been to afford a means of 
directly measuring the v.s.w.r. of low-level detector crystals. In 
this application it is necessary to have an input power level of not 
more than about 5uW, below which the y.s.w.t. is substantially 
constant, and it is required to measure v.s.w.r.’s of the order of 0-80 
to an accuracy of +0-01. 

Unless the coupler has infinite directivity and one arm is perfectly 
matched, an error is introduced into the measurement which depends 
on the phase of the voltage wave refiected by the load. Since it is 
difficult to obtain a tightly-coupled directional coupler suitable for use 
at low power levels (of the order of 5 uW) in which the error due to 
imperfect directivity is negligible, the treatment adopted is to cancel 
out the voltage waves which produce the error. 

An instrument developed on these principles is used to measure 
the v.s.w.r. of crystal rectifiers at 3-20cm over a range of power levels 
from 5 to 650uW. The accuracy is better than +0-01 from 0-90 to 
ZETO V.S.W.T. 


(1) INTRODUCTION 

In measuring the voltage standing-wave ratios (v.s.w.r.) of 
detector crystals the input power level must not be more than 
about 5uW, and it is required to measure v.s.w.r.’s of the 
order of 0-80 to an accuracy of +0-01. 

The paper describes an instrument which has been developed 
to give direct readings of v.s.w.r. over a narrow bandwidth 
centred at 3-20cm, at power levels down to SuW. It will be 
understood that this wavelength can be varied by a simple tuning 
arrangement, and, moreover, that the method is not limited to 
_ the X-band but is applicable over the whole frequency band 
associated with waveguides. 

The basic equipment required for the measurement of v.s.w.r. 
by reflected power is shown in Fig. 1(a). A klystron oscillator 
feeds r.f. power modulated at 3kc/s via a wavemeter, variable 
attenuator and directional coupler to the load. The reflected 
power from the load is sampled by a crystal detector in one arm 
of the auxiliary waveguide of the coupler, the other arm of the 
auxiliary waveguide being terminated in a matched load. The 
output from the crystal consists of a square wave of the modula- 
tion frequency, the fundamental of which is amplified and 
detected by the selective amplifier and appears on the output 
meter. The meter can be calibrated directly in terms of the 
v.s.w.r. of the load provided that some known value of v-.s.w.r. 
is available as a reference, and this is most conveniently provided 
by substituting a short-circuited termination for the load. 

To achieve the required sensitivity from a directional coupler 
it is necessary that the coupling factor shall be high, of the order 
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of 10dB, so that the gain of the selective amplifier may be suffi- 
ciently low for noise troubles to be avoided. 

It is extremely difficult to make a directional coupler witha 
high coupling factor which also has a directivity good enough C 
achieve the required accuracy—directivity being defined as the 
tatio of power appearing at the correct outlet to power appearing 
at the incorrect outlet. This is particularly true if it is required 
that the coupler shall be used at some predetermined wavelength, 
on account of the greater difficulty in predetermining the wav 
length at which the maximum directivity occurs. A directivity 
tather wis than 40dB would be required to obtain the d esirec 
accuracy.! 

In addition to the error arising from imperfect directivity a 
further error occurs if there is an imperfectly matched termination 
at the arm opposite to the detector crystal. This will be serious 
unless the match is better than 0-99 v.s.w.r. 

On account of the error-voltage waves combining in ie 
detector arm with the wave reflected from the load, the magnitude 
of the detected signal varies with the phase angle of this reflection, 
and the variation is the more serious the better the v.s.w.z. | 
the load. ; 

It is shown later how it is possible to cancel out the error- 
voltage waves by means of a voltage wave derived from a mis- 
matching device arranged to reflect a fraction of the pee | 
wave with the appropriate magnitude and phase. The c 
signal then depends solely on the power reflected from the 
and is independent of the phase angle of the reflection. 


4 
(2) CANCELLATION OF ERROR-VOLTAGE WAVES 
Let us consider an uncorrected directional coupler which is 
subject to the errors described and is set up for v.s.w.r. : 
ments as in Fig. 1(a). =| 
Let the gain of the selective atte was oan 
output-meter reading corresponds to some chosen value of| 
v.S.w.r. to which a variable load has been set. This load r 
conveniently consist of a series combination of phase 
single-stub mismatcher and matched termination. 
If the phase of the load reflection is varied, it will be found 
that, to maintain the output-meter reading at its original valu 
the v.s.w.r. must also be altered. On plotting the locus of the 
load admittance for a constant output-meter reading with : 
to any arbitrary reference plane on a Smith admittance d 
gram,*-3 the result will correspond to a circle offset from the 
centre of the diagram by a certain conductance and 
To obtain the plot of load admittance for constant output 
meter reading it is necessary after each adjustment of the loac 
to remove the entire load combination and measure its admitta 


Fig. 2 shows such a locus obtained experimentally for 
particular directional coupler on a partial Smith diagram. I 
will be clear that, if to each one of the readings a fixed admitta: 
is added, the locus corresponding to constant output-me 
reading will be a circle of constant standing-wave ratio, W 
will correspond to an ideal directional coupler. 


MODULATED 
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(a) Basic details. 


Furthermore, with this added admittance the locus corre- 
sponding to any other meter reading will be a circle of constant 
y.8.W.I., and conversely, the meter reading will depend only on 
the v.s.w.r. of the load. Thus the error-voltage waves will be 
zancelled. It follows that if the load is a perfectly matched 
fermination the output meter will read zero. This leads to a 
sonvenient method of achieving the desired compensation. 

_ It will be clear that a fixed admittance to compensate for the 
srrors can be inserted immediately in front of the load in the 
‘orm of a mismatcher, since both the error-voltage waves and 
the compensating wave will be proportional to the incident wave. 
It is also conceivable that the errors could be compensated by a 
nismatcher inserted before the matched termination in one arm 
of the coupler, although whether sufficient correction could be 
achieved by this means would depend on the magnitude of the 
strors to be compensated for, and on the value of the coupling 
actor. 

a A convenient form of mismatcher consists of a four-stub device 
n which the stub screws are situated one-eighth of a guide wave- 
ength apart. The variation in admittance produced by intro- 
jucing each of the stubs in turn when such a device is placed 
efore a matched termination is shown in Fig. 3 for an arbitrary 
eference plane and for standing-wave ratios between 0:5 and 
nity. 

With respect to the plane of each stub the admittance locus 
‘ollows a semicircle of i increasing positive susceptance and unity 
onductance. Owing to the spatial separation of the stubs the 

Oci are spaced round the diagram at intervals of one-eighth of a 
vavelength. It will be seen that any value of mismatch can be 
ichieved by using two of the four stubs. 
ein correcting for errors in the coupler the most convenient 

rocedure is therefore to set up the equipment using as load a 

d matched termination joined to the coupler via a four-stub 
nismatcher in which the stubs are initially withdrawn. On 
ecount of the inherent errors the amplifier output meter will 

, icate some finite reading. This reading can be reduced to a 
inimum by introducing to the correct depth in turn either the 
Ir t or third stub and the second or fourth stub, the gain of the 
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Fig. 1.—Block schematic of direct-reading v.s.w.r. equipment. 
(6) Complete equipment. 
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amplifier being increased to make the minimum position more 
easily detectable. 

When the minimum reading is obtained the two required 
stubs are locked in position and the other two holes are sealed. 
This mismatcher is used thereafter as an integral part of the 
coupler. If the matched termination is removed and the equip- 
ment is set up using some arbitrary load, the output-meter 
reading will be independent of the inherent errors in the coupler. 


(3) METHOD OF CALIBRATION 


By the definition of voltage standing-wave ratio the reflection 
factor of the load, r, is given by 


y= (G4) ee 


where V; = Incident voltage wave at load. 


V, = Reflected voltage wave at load. 
p = V.S.W.R. of load. 


Hence the reflected power, P,, may be written in terms of the 


incident power, P;, as 
1—p 
B= Ps ve SOR eeey Co 
es (2) 


Thus for constant input power the output power is a simple 
function of the y.s.w.r. If the device for detecting the reflected 
power is a square-law crystal feeding into an amplifier with a 
linear output meter, the meter reading will be proportional to 
the reflected power. If R is the meter reading and C is a constant 


of proportionality 
Spe 
ok Case ee) ee) cs is 3) 


Lip 


If the gain of the amplifier is set so that a certain meter reading 
corresponds to some chosen v.s.w.r., C may be evaluated for this 
setting, and hence the meter reading corresponding to any other 
V.S.W.I. 

In an instrument which has been developed on the above 
principles primarily for measurements on crystal rectifiers, a 
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Fig. 2.—Admittance locus for constant output-meter reading. 


Partial Smith diagram. V.S.W.R.—0:75: 1. 
(Full diagram: 31-5 in diameter.) 


convenient value at which to set the gain is such that a v.s.w.r. 
of 0-80 corresponds to 0:4 times the full-scale meter reading. 
The meter scale can then conveniently be used to read off values 
of v.s.w.r. between 0-90 and 0-70, the latter corresponding to 
full scale on the meter. 

In order to increase the range it is convenient to insert a fixed 
attenuator step in series with the selective amplifier. A 10dB 
step will extend the range to 0°52 v.s.w.r., 20dB to 0-29 v.s.w.r., 
and a short-circuit would give a reading of 0-324 times full scale 
with 40dB attenuation inserted. The most convenient method 
of setting up the equipment is to adjust the gain of the amplifier 
until the above reading is obtained with a short-circuited termina- 
tion. The stepped attenuator may conveniently consist of an 
inter-stage tapped resistance chain within the selective amplifier. 


(4) RANGES OF OPERATION 


With the equipment set up as described, the various ranges 
which result are given in Table 1. 


Table 1 


RANGES OF V.S.W.R. CORRESPONDING TO DIFFERENT 
ATTENUATIONS 


V.S.W.R. 


Attenuation 
Minimum | 


Maximum 
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Fig. 3.—Admittance loci corresponding to mismatcher stubs. 


ee Smith diagram. 


V.S.W.R.—0:50: 1. 


Full diagram: 13-5in diameter.) 


The equipment can be used down to at least an input power 
level of 5uW. The maximum power at the detector arm occurs 
with a load of zero v.s.w.r. For a 10dB coupler this will be 
):5z.W with an input power of 5W at the load, and this is well 
within the square-law region of any detector crystal. 

‘At much higher levels care should be taken that the detector 
srystal is not operated outside the region over which it has a 
square-law characteristic, which will depend on the particular 
rystal, but an upper limit of 5W may be taken as a guide. In 
order to ensure this it may be necessary to use a waveguide 
attenuator in front of the detector crystal. The detector should 
be reasonably well matched to the holder, a condition which can 
be achieved with the aid of a four-stub mismatcher such as has 
been described. 


(5) ACCURACY 

A comparison of experimental results has been: made on a 
range of 18 shielded-type crystal rectifiers having a variation in 
yS.W.T. between 0°89 and 0-29. Two readings obtained on 
f 


i 
» : 


each crystal, using the equipment which has been described, 
were compared with two similar measurements given by a moving- 
carriage standing-wave detector. Between readings the crystals 
were removed and re-inserted in the holder. 

It was found that the r.m.s. variation between the pairs of 
readings on the equipment described was 0-0028 compared with 
an r.m.s. variation of 0:0024 using the moving-carriage standing- 
wave detector. The r.m.s. variations between the first set of 
measurements on the direct-reading equipment and the two sets 
of measurements on the moving-carriage standing-wave detector 
were 0:0048 and 0-0052, respectively. It is thus seen that the 
discrepancy between readings obtained by the two methods is 
of the same order as the accuracy to be expected of either method. 

The above results were obtained at 3-20cm at a power level 
of 6504W and using a 20dB waveguide attenuator in front of 
the detector crystal in the direct-reading method. On removing 
the waveguide attenuator the equipment could be used at 5u4W 
input power level with a similar detected signal, for any value of 
v.s.w.r. as at 650uW and with the gain setting of the selective 
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amplifier at nearly the same value. Thus similar conditions, so 
far as the accuracy is concerned, were obtainable at 5uW. 


(6) OTHER NOTES 


The equipment is reasonably stable after an initial warming-up 
period of half an hour. 

The method described has been developed for the production 
testing of crystal rectifiers, but is also suitable for determining 
the v.s.w.r. of other microwave equipments. 

A useful refinement to the equipment is shown in the com- 
plete block schematic of Fig. 1(b). The input power is supplied 
via two variable attenuators separated by a directional coupler 
which monitors the input power. By means of the first of these 
attenuators, the detected signal may be set to any convenient 
value and the second attenuator set to give the required power 
at the load. Should any variation in source power occur once 
the equipment has been set up, this may be compensated by 


h 
varying the first attenuator to return the monitored signal to it, 
original value. 
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Hi, SUMMARY 

_ An analysis is made, and numerical results are tabulated, of the pro- 

cesses of addition and multiplication of signals (comprising tone or 
noise) in the presence of random-noise backgrounds. These processes 
may be carried out on the input signals, in which case coincidence in 
time and phase of the signals is required, or on the signals after they 
have been rectified and smoothed (i.e. on the envelopes), in which case 
coincidence is required only in time. If the backgrounds are un- 
| correlated with one another, then the addition or multiplication of 
two or more scans together results in an increase in detectability of 
ithe signal. It is shown that, in general, multiplication is not more 
|advantageous than addition from the point of view of signal/noise 
|fatios, and as it is more difficult to perform in practice, it cannot be 
‘universally recommended. But it is undoubtedly better than addition 
/in certain cases, notably those in which long-term stability of adjust- 
‘ment is required and constant or predictable phase relationships 
‘permit multiplication of the inputs before rectification. 

Some subjective evidence is brought forward and discussed in relation 
to the difficult question of whether the better signal/noise performance 
given by a quadratic response as compared with a linear response is 
Teally indicative of a higher probability of detection. The conclusions 
are not clear, but it is possible that this is the case. 


LIST OF THE MORE IMPORTANT SYMBOLS 
tf R, = Input signal/noise ratio. 
V,, = Input noise voltage (r.m.s.). 
V, cos w,tf = Coherent input signal. 


Rat 
Ra = Detectability criteria defined in Section 2. 
Bi 
: Rp 
f Vy = Output voltage. 
b Vo = Output noise voltage (r.m.s.). 
Ro = Output signal/noise ratio. 
4 cos (w, — w,)t pS 
By cos @,= o.) 5 Shek - Typical components of background noise. 


Zcos(w,—aw)t = Typical component of noise signal. 


; 
(1) INTRODUCTION 
The signal/noise performance of a detector may often be 
improved by multiplying or adding together two or more “scans” 
. which the signals coincide in time or are correlated, and in 
hich the noise backgrounds are uncorrelated. The adding 
acess is quite familiar and occurs in radar systems by virtue 
of the afterglow of a cathode-ray-tube screen; it can also be 
arranged by means of storage tubes or magnetic-drum or -tape 
stems, and there is no theoretical limit to the number of 
dditions. In practice, the signal generally moves in the time 
cale, and so there is a practical limit to the number of scans 
hich can be added with effective coincidence of signal position. 
The adding process is often referred to as integration—or pulse- 
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to-pulse integration, or scan-to-scan integration—by analogy 
with the similar results of filtration, which is a true integration 
process. 

Multiplying scans together is a less familiar process, although 
it occurs in the interferometer techniques used in radio- 
astronomy!:2 and elsewhere. In such techniques, the “‘scans”’ 
which are multiplied are those obtained simultaneously on two 
separate arrays. But obviously successive scans of a single 
array may be multiplied together if a storage system is used. 
The multiplying-type detector is often referred to as a correlation 
detector, because its d.c. output represents the correlation 
coefficient (or function) of the two input signals. 

‘Multiplying or adding may be performed on single-array 
systems without storage devices if two or more independent 
scans can be simultaneously obtained by using, for example, 
different frequency-bands. Thus it can be seen that the scope 
for multiplier or addition detectors is quite wide. 

Multiplying or adding may generally be done on the incoming 
signal or after rectification, although when different frequency- 
bands are involved, as in the previous paragraph, there is no 
choice but to process the signals after rectification. If the 
processing is done on the incoming signal, attention must be 
paid to phasing of the signal. 

The purpose of this paper is to examine the signal/noise per- 
formance of these processes. No other aspect will be considered 
in detail. The analysis is based on a simplified representation of 
noise by a series of small but equal-amplitude tones of different 
frequencies, and lack of correlation between two noise wave- 
forms is shown by taking different series, each with a quite 
independent set of frequencies. This representation, while 
possibly not rigorous, is thought to give no error in the present 
application. The signal/noise criteria are those defined in a 
previous paper,’ and take no particular account of special 
probability distributions of the noise. As the author is con- 
cerned mainly with narrow-band pulse systems—i.e. those with 
optimum input filtration—in which there is little scope for post- 
detector integration (i.e. low-pass filtration), there is no dis- 
cussion of the effect of such integration. However, it is through- 
out assumed that the h.f. components (e.g. the input frequency- 
band upwards) are removed from the detector outputs, imme- 
diately after rectifying. 

The general conclusions reached are that multiplying is not, 
in general, more effective than adding, and being more difficult 
has often, therefore, little to recommend it. It does have a 
slight advantage due to its square-law dynamic response, but 
this can more simply be obtained by using square-law rectifiers. 
When done on the unrectified signal, multiplying has the big 
advantage of giving a final output which contains no d.c. com- 
ponent in the absence of correlated signal. This is very important 
when the background is liable to vary, since then, in a system 
using addition followed by rectification, the fluctuating d.c. 
background may be difficult to bias out, and will often more 
than offset the advantage in signal/noise performance this system 
has at low input-signal/noise ratios; but the multiplier, having 
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Fig. 1.—Oscillograms of noise waveforms from various detectors. 


Outputs are smoothed to leave only envelope frequencies. | 
(a) Outputs of linear (top) and square-law (bottom) detectors for the same input waveform. | 


(b) As (a), but with slower time-scan. 


(c) Output of multiplier (multiplying unrectified signals) when the two noise inputs are uncorrelated. | 
(d) As (c), but when noise inputs are completely correlated (i.e. same waveform applied to both inputs). | 


no d.c. background, will be free from such difficulties. This is 
the main advantage of the multiplier over the addition system 
in radio-astronomy. Figs. 1(a)-1(c) are oscillograms of typical 
background (white noise) waveforms at the output of a linear 
detector, square-law detector, and multiplier (multiplying two 
-uncorrelated noise inputs without prior rectification). The zero 
voltage axis is shown in all three waveforms, and the absence 
of a d.c. output in the multiplier is clear. For completeness, 

Fig. 1(d) shows the multiplier output when the noise inputs are 
correlated exactly; a d.c. output now exists. 

- The analysis is in terms of one addition or one multiplication, 
but evidently the processes can be repeated as long as the signal 
pulses can be added in phase or in coincidence, and the end 
results are easily deduced from the analysis and Tables presented 
here. 


(2) RESULTS 

Details of the analysis of the signal/noise performance of the 
various detector arrangements (except for those previously 
published3.4) are given in the Appendices, and numerical results 
over the range of R, (input-signal/noise ratio) from 0-1 up to 
4 are given in Tables 1 and 2. 

It should be noted that some of the arrangements analysed 
give dynamic characteristics which are, at least nominally,* 
linear; others are basically quadratic, while one or two have a 


* “Nominally Jinear” because at low signal/noise ratios the behaviour of the ‘linear 
rectifier is effectively quadratic. 


quartic response. Table 1 includes those cases which are 
nominally linear, and Table 2 those which are quadratic. The | 
cases of quartic-type response (e.g. multiplication of the outputs | 
of square-law rectifiers) are not worked out numerically, since | 
they are not thought to be of very great interest; but their analysis’ | 
is included in the Appendices, so that all basic information is | 
available should numerical results ever be required. 

The criteria of signal/noise performance used are those defined | 
in a previous paper,? namely 


(d.c. output due to signal and noise) + (r.m.s. output of | 
1.f. noise when signal present) 


Seite d.c. + r.m.s. value of 1.f. output when signal absent. 
Root mean square of d.c. plus 1.f. components when signal | 
R present 
42 ~ Root mean square of d.c. plus 1.f. components when signal | 
absent 
poke Change in direct current on application of signal 
et If. noise when signal present 
R Change in direct current on application of signal 
Bie 


l.f. noise when signal absent 


The coherent detector4 has been included among the linear | 
detectors (it is obviously applicable only to coherent-tone signals — 
and not to noise signals) for comparison. The outputs of two. 
coherent detectors with uncorrelated backgrounds can evidently | 


ADDITION (OR INTEGRATING) TYPES OF DETECTOR 
Table 1 


DETECTORS WITH LINEAR DyNAMIC RESPONSE 


A = Linear rectifier. 

B = Addition followed by linear rectifier. 
C = Addition after linear rectifiers. 

D = Coherent detector. 


X for coherent signal. 
Y for noise signal. 


Table 2 


DETECTORS WITH QUADRATIC DYNAMIC RESPONSE 


Square-law rectifier. 
- Multiplier. 
= Multiplier after linear rectifiers. 
= Addition after square-law rectifiers. 


X for coherent signal. 
Y for noise signal. 
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be added together or multiplied just as with other detectors, and 
in the case of the Rp criteria, an addition gives an improvement 
of 4/2 (i.e. 3dB) just as with linear or square-law rectifiers. But 
these cases are not included in the Tables. 

In Table 1 it can be observed that whichever criterion is used, 
adding before rectifying is generally better than adding after 
rectifying. On criteria Rp, and Rg, the improvement relative 
to a single rectifier is a factor of about 4/2 at high signal/noise 
ratios; but at low signal/noise ratios, adding before rectifying 
profits from the square-law nature of the linear-detector response 
at low ratios and doubles the values of Rp, and Rg, while adding 
after rectification merely continues to give the 4/2 improvement. 

In Table 2 it can be observed that: 

(a) On criteria R4,; and R,>, multiplying the input signals 
together is far better than multiplying after rectification—in fact, 
the latter is little better than a single output. 

(6) On criteria Rp, and Rg», there is little to choose between 
multiplying the input signals together, multiplying after rectifi- 
cation, or adding after square-law rectifiers—except Ry, with a 
noise-signal, which is a case of no practical significance, as Rp, 
is not a suitable criterion for noise signals—but all three cases 
are about 4/2 times better than a single square-law rectifier. 
Clearly, adding before square-law rectification gives a doubling 
of the values of Rg, and Rg, (this case is not tabulated, being 
obvious) and is therefore superior to all other cases. 

The significance of a comparison between Tables 1 and 2 is 
not immediately clear, and one aspect of it is discussed in the 
next Section. 


(3) LINEAR VERSUS QUADRATIC DYNAMIC RESPONSE 

It is clear from Tables 1 and 2 that those detection circuits 
with a quadratic dynamic response have considerably higher 
values of R4;, R47 and Rg» at the upper ranges of R;, and notice- 
ably higher values at the lower ranges, than those circuits with a 
linear response. It is tempting to think that this means that 
better detection is obtained by using circuits with quadratic (or 
higher-order) response instead of linear circuits. In a previous 
paper? doubt was cast on the truth of this conclusion, and the 
relationship between subjective probability of detection of a 
signal against noise and the objective signal/noise ratio and its 
derived criteria (such as R, and Rp) has never been clear. There 
can, of course, be no unique relationship between probability 
of detection and signal/noise criteria, because subjective detection 
is a function of many factors, such as display efficiency, operator 
fatigue, environment, any pattern or shape in the signal as seen 

‘on the display, assistance by aural presentation, etc. The real 
question is whether, for any given set of display and operating 
conditions, signal/noise criteria can be used to compare the 
merits of different kinds of detector circuit. They are useful 
criteria only if they can be so used. 

Recently, subjective measurements of threshold-detection 
performance have been made, and a limited measure of support 
for the use of signal/noise criteria has been obtained. So far 
as intensity-modulated displays are concerned, it has been shown 
—theoretically? as well as practically—that contrast, obtained 
by the use of bias, leads to better detection when the dynamic 
range of the display, measured in terms of “‘just-noticeable 
differences,” is limited; criterion R, (Le. either Ry, or Ry»), 
which has been considered appropriate for intensity-modulated 
displays, does in fact give higher values when contrast is applied, 
and to this extent may be considered a reliable criterion. But 
the problem of the performance of intensity-modulated displays 
is very complicated and no comprehensive data are yet available. 

The problem of detection by A-scans is much easier, and 
comparative results of linear and square-law detectors using an 
A-scan display are available. Experimental results obtained for 
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probability of detection of a pulse of 20 millisec duration ag 
“white” noise restricted to a 200c/s bandwidth, using A 
cathode-ray-tube display with a scan duration of 250 mill 
and averaged over several hundred observations by se 
different observers, show no large difference in detectz 
between single linear and square-law detectors. Fig. 2 s| 


Probability of detection, % 


Input seule ratio {R), dB 


2.—Subjective detection results for three operators. 


® Sauzre-law detector. 
4 Limear detector. 


graph of percentage probability of detection against imput | 
signal/noise ratio (R;) for the average of a hundred observations 
at.each value of R, by each of three observers on each type of 
detector, using for each observation a single scan on a long=| 
persistence cathode-ray tube. The pulse, which was of coherent. 
tone, was applied in one of ten positions on the scan, and the, 
observer had to state in which position the pulse appeared. | 
No “nil” record was allowed, and the percentage probability ¢ 
detection is the actual percentage of correct detections o || 
Results are shown for linear and square-law detectors. It will 
seen that over the range of R, from —2 to +3dB there is only a 
slight difference in favour of the square-law detector. Fig. 3 
shows a similar pair of curves based on one hundred obser- 
vations for each value of R; on each type of detector, made by 
one particular observer (among the three) whose results were 
more consistent than those of the two other observers; here | 
the difference in favour of the square-law detector is greater. 
Assuming these results are, in fact, more reliable than the others, 
and that the straight-line approximations are valid, we shall | 
now try to relate these probabilities of detection to the criterion 
Ry (which is considered the appropriate one for A-scans 
short pulses) using the calculations summarized in Tables 1 and 7 
Fig. 4 shows a graph of Rg, against R, kien | 
square-law detectors. From this and Fig. 3, points can be 
plotted, as shown in Fig. 5, relating probability of detection a 
Ry. It will be seen that over the range of probabilities 
30 to 85%, the points lie remarkably closely on one and 
same curve, as shown. If the straight-line approximations of 
Fig. 3 are not used, but instead the actual observed values are 
taken in constructing Fig. 5, then the points lie equally well on 
a single curve except for those corresponding to R; = +3 
These results support the hypothesis that for this pz 
kind of display the relationship between probability of detec 
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Fig. 3.—Subjective detection results for one more-consistent operator. 
a @ Square-law detector. 

} A Linear detector. 
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Input penal/noise ratio (R;), dB 


4.—Graphs of aticsicm criterion Rg2 against input signal/noise 
ratio, Ri. 


@ Square-law detector. 
A. Linear detector. 


that the signal/noise criterion may well be perfectly reliable as a 
* cans of comparing the performance of different detector 
circuits. There is, of course, no proof as yet, and the above 
omparisons have been made only on the simplest cases. More- 
ver, the data used are not very comprehensive, and are selected 
is being the most reliable among a larger batch of data, which, 
‘aken as a whole, give rather less impressive results. The sub- 
investigation of detectability is proceeding. 
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Fig. 5.—Graphs of probability of detection against Rg2 for the one 
more-consistent operator. 


@ Square-law detector. 
4 Linear detector. 


The matter most open to doubt is whether the divergence of 
values of R, and Rp, as between linear and square-law responses 
at large R, represents any practical difference in detectability. 
At these larger values of R,; the probability of detection is very 
high, and consequently it cannot be altered very much by 
changing from linear to square-law detectors. But it is possible, 
of course, and even probable, that the greater contrast of the 
display obtained with the square-law response gives the operator 
more confidence in his detections, and—partly because of this— 
reduces operator fatigue. This would lead eventually to better 
detection under operational conditions. There is, however, no 
experimental evidence available on this aspect of the problem. 
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(6) APPENDICES 


(6.1) Multiplier-Type Detector with Coherent Signal and 
Uncorrelated Background Noise 


Let the signal on each input be V, cos w,f. 

Let the noise be made up of a multiplicity of tones of the type 
xV, cos (w, -- w,)t on Input A, and yV, cos (w, — w,)t on 
Input B. 

Thus 


V4=V, [cos w,t+ x, cos (w, — . +X, COS (Wy — Wap)t] 


(1) 


Wat aa aie 


and | 
Vg=V,[cos wot + y cos (w, — Wy)t +... +Y,_ 608 (W,— @,,)t] 
(2) 
and on multiplying these together and eliminating (by filtration) 
all high-frequency bands, we are left with the d.c. and modulation- 
frequency (w,) terms thus: 
+ V1 COS Wit 4... + y, COS ),,t 


+ Xp COS Want 


p> XY, COS (Wy, — Wey) 4 + X,Y COS (Wg, — Wey )t 
+ X12 COS (Wg, — Wea)t +... + Xp~Y2 COS (Wy, — Wen)t 
n> Fant 
terms 
Ls XY, COS (Wy) — Wyn)t + . «. + X_Vyq COS (Wg, — Wy,)E] 


(3) 


If we now make all the x’s and y’s equal—which is reasonable, 
since we assume both inputs have the same signal/noise ratio— 
we obtain 


Signal output=3V? . . . . . @ 


i | (2nx? + n2x4)t 


a 2 
2.4 
= 10 PV (nx?)(1 +>) . 6) 


V, 


nN 


9 =I.m.s. noise output = 


Let the input signal/noise ratio be R, (on each input), and the 
output signal/noise ratio be Ry. Then, if V,; =r.m.s. input 
noise voltage (on each input), 


Bee ee | 
VQVix Vv (nx?) 


R= Rif /(1 +58) RSG 


It is useful also to express V,,9 in terms of R,, thus: 


vg eae ey Jcsiyee Rae 


We also require to know the output noise voltage when the 
coherent signal is absent. This cannot be obtained from eqn: (7), 


R 


so that 
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which is indeterminate when V,; = 0 so that R, = 0. But it is , 
clear that in these circumstances, only the “xy” terms in eqn. (3) 
have existence, and so we obtain ) 
V,. (in absence of signal) = VAf,/2 . . . (8) 
From the above results, we obtain for the pulse signal/noise 
criteria 
1 
RS v2| R3 4: Ral (1 +a) | .. 
Rye 2Rn/ 1 : 1 : 10 
42 = VIR | 1 + gal aR) (10) 
Ray = Ro = Rif ./(1 + 59 7) (ut) 
Rp = V2R} . (12) 
(6.2) Multiplier-Type Detector with Correlated hose Sima 
and Uncorrelated Background Noise : 
Let the symbols for the uncorrelated noise be the same as in : 
the previous Section, and let w, now represent the mid-band | 
angular frequency (approximately). | 
Let the noise which is correlated between the two inputs be | 
made up of a multiplicity of tones of the type z cos (w, — w)t. 
Then | 
V4 = 2% COS (w, — w)t +... + Z, COS (@y — Gt | 
+ x1 COS (W, — Wy;)t +i. s «ee One C0), ta | 
and 
Vz = 2, Cos (w, — at +... +2, CoS (w, — w,)t 
+ y, cos (w, — o,))t +... COG, — wet 7 nae | 
On multiplying these together and removing the h.f. com- | 
ponents as before, we obtain | 
2 AV pea eee | 
| 
I> + 22125 COS (w, — Wa)t-+... +2242, COS (w; — w,)F | 
n(n ay 1) + 22523 COS (W oF w3)t + miele + 2242, COs (> = w,)t 
2 +. | 
terms 
in all 


l= 22, 12), COSI(@y amon a 


: > -+ ZV, COS (Wy — W5:)F-E eee aneOs (@), — Chane 
n A 
terms 
in all : 
> + Z,V1 COS (W;, — W5))t oe COS (O, enn 
2 
n J 4 similar zx terms 
terms /—> 
nz > ae | 
similar xy terms 15); } 
terms He es 1% 


If we now make all the z’s equal to one another, and also all | 
x’s and y’s equal, we have in the output ~ 


Signal = 4nz? . (16) 
(assuming that the correlated noise represents a signal) 
Noise = V9 = 40/(n2z4 + n?z?x? + 4n2x4) . (17) 


where we have assumed that 7 tends to infinity so that 


nin —1) n2 
— 2 


| ADDITION (OR INTEGRATING) TYPES OF DETECTOR 


Let V, be the r.m.s. voltage of the input correlated noise (or 
“signal”), and V,,, be the r.m.s. voltage of the uncorrelated noise 
on each input. Then 

| V. Z 

R, = — =— 
a Ar x 

and 


Vi= V(nz?/2) and V,,, = +/(nx?/2) 


Thus we may write the output as 


Signal= V2. . eat ue C18) 
Noise = V9 = Bic! i Ae (19) 
' and the output signal/noise ratio is 
: le vt 
Ro=1/4/(1 +32 + a) (20) 
For pulse conditions we obtain 
1 
Ry = Vor] +/(1+3 _ s+) | ign) 
1 1 
= 2 Read 1h fe 
Re VQR/ ce mts Ri) (22) 
1 1 
Ray = Ro =1/,/(1 + 3 + apa) (23) 
Ray = V(2)R? . (24) 


16. 3) Single-Rectifier Detector with Noise Signal in Addition to 
Background Noise 


If the noise which is the signal is uncorrelated with the back- 
ground noise, then in a plain “‘linear”’ rectifier the effect of the 
signal is merely to add to the background on a power basis and 
so increase the input noise from V,, to V,,,(1 + A). If R; is, 

‘as before, the ratio of signal/noise-background in the input, then 


1+A=V/( + R?) (25) 


' Now it is shown by Bennett> that 


1 
_ D.C. output (due to noise input voltage V,,,) = Al (5-) Vee 26) 


and 
a/(2 — af2, ao )y, 


Vin 


(27) 


LF. noise output (due to noise input voltage V,,,) = 


(omitting the constant numerical factor due to the detector 
- efficiency) 


so that D.C. output ~ 2(L.F. noise output) (28) 


’ and both are proportional to the noise input voltage and are 


therefore proportional to (1 + A). 


_ Thus Ray = Ry =1+ A= + RP (29) 

, BA /G +R?) —2 

— fa 4 +A / + R2) oy) 
pe N = 2,/(1 4 R2) — 2 G1) 


_ The square-law rectifier can be treated similarly, and gives the 
result that 


\ D.C. output = L.F. noise output (32) 
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and both are proportional to the square of the noise input 
voltage and are therefore proportional to (1 + R%). 


R2 
pe yaeeaaia (34) 
1+ R 
Rp 4 Rt . . . : . . (35) 


(6.4) Multiplier-Type Detector with Rectified Coherent Signal 
and Background Noise 


Let the output of one rectifier be 
Vo,=Vo(l + x; cos wit + X2 COS Wat +... +X, COS Went) . (36) 


and that of the other rectifier be 


Voz = Vo + y; cos wt + 2 COS wot +... +y,, COS w,,t) . 37) 


Then the product, which is to be unfiltered in any way, is 
Vor X Von =VE[1 +, cos wi it+X2 COS Wot +.. 
+ Y; COS Wet + Y2 COS Wot +... + y, COS w,,t 

> + x11 COS (Cg, — We) +... + 4x,Y1 COS (Way — O1)t 
+ X12 COS (71 — We)t +... + HX, V2 COS (Way — Wea)t 
n2 +. 


» +X, COS Want 


w,,)t 
(38) 


It should be noted that the d.c. component does not represent 
the signal alone, but also the mean rectified level of the noise. 
Thus, to determine values for the various output signal/noise 
criteria, it is necessary to determine what d.c. and a.c. outputs 
are produced in the absence of the signal, and what changes in 
these outputs occur when the signal is applied. Now, omitting 
a constant factor representing the conversion characteristic of 
the rectifier in relation to its external circuit, we can quote from 
existing literature? the following formulae for direct-current and 
r.m.s. alternating-current outputs of linear and square-law 
rectifiers : 


+ + EX1V, COS (Wgq — Ws,)t +... +4X,Vq COS (Wgy — 
+ n? similar terms in (w, + w,)] 


Linear Rectifier. 


D.C. output = Bye. ce BEI eee AGS) 
Dp és 4/27)! 1 
Vint Zi 2 
A.C, output = — PAG te aed ie 5 GF) (40) 
WT 
where R, = Input signal/noise ratio applied to rectifiers 
and ,F, is the confluent hypergeometric function® 
ier G35.15 =e) (41) 
Square-Law Rectifiers. 
D.C. output = V2(1 + RD) (42) 
A.C. output = V24/(1.+ 2R2) (43) 


The output when the signal is absent is obviously obtained by 
putting R, equal to zero. In this condition ;F, = 1. Numerical 
values of ,F, for other values of R, are given in printed tables.® 

Let us now normalize the expressions by making the d.c. 
output of each rectifier unity when there is no signal, i.e. we put 

Un =| 


Von) (44) 
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for the linear detector, and 
(45) 


for the square-law detector. 
Then in the absence of signal, the a.c. output of each rectifier is 


JEe-9]-es 


for the linear detector, and unity for the square-law detector. 
If, therefore, all x’s and y’s are made equal, then in the absence 
of signal 


(46) 


7 


4nx? = Ag Ee 5) ~ 0-27 . (47) 
7 2 
for linear rectifiers, and 
tnx? =e | (48) 
for square-law rectifiers. 
The output of the multiplier is therefore 
Direct current = 1 (49) 


R.M.S. of alternating current for the linear rectifiers 


-Wie-9 [1 +1e-D]}-VE-9-0% 


(50) 

and R.M.S. of alternating current 
for the square-law rectifiers = +/3 (51) 
Now in the presence of signal, the outputs of the rectifiers are 
Direct current = ,F, for linear rectifiers (52) 
or = 1 + R? for square-law rectifiers (53) 


2 
R.M.S. of alternating current = ai {2 [20 aah) ie ial 


(54) 
for linear rectifiers, 
or = (1 + 2R%) (55) 
for square-law rectifiers. 
The output of the multiplier is therefore 
Direct current = (,F,)? (56) 
for linear rectifiers, 
or le oe 3) (57) 


for square-law rectifiers. 


R.M.S. of alternating current is 


al) 


(58) 


4 i 
V( {hc +R) — 5oRP aro = Toa + R?) 


for linear rectifiers. 


or o/{2. + 2R2)[(1 + R22 + 11 + 2R2]} 


for square-law rectifiers. 


(59) 


We now have all the information we need to calculate R As 
Ry, Rg; and Rg, in terms of R;. It is not worth while to write 
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, i De ‘ 
out the full analytic expressions for these criteria, as they are ; 
obviously mostly very long. .But Rg, which is probably the 
most useful criterion, is also fairly simple; 


(F,)2 —1 z 
thus Rp = Smee (60) 
for linear rectifiers 
1 + R?2)2—1 : 
or ee (61) ) 


for square-law rectifiers. 

All the expressions for the linear-rectifier case simplify very 
considerably when R, is equal to or greater than unity, because 
then? 


2 1 
F ~ = R(1 +z) (62) 
v1 
/m * 4R 4 
Note that? when R, < 1, 
iF, x 14+4R? (63) 
so that eqn. (60) becomes ; 
1 p2)\2\ Rye 
rae (1 + 4R2) ee (64) 


0-79 02 


(6.5) Multiplier-Type Detector with Rectified Noise-Signal and 
Background Noise 


The input to each rectifier consists of noise, part of which is 
uncorrelated between one input and the other, and part (i.e. 
the signal) correlated. The inputs can then be expressed as in 


Section 6.2, eqns. (13) and (14), thus: 
Ky = 2% cos(@, — wt +.. 


+ x, cos (wW, — w,))t +... + %, Cos(@, — w,,)t . (GR) 


. +z, cos (w, — w,)t 


Vz = 2, cos (w, — a)t +... +2, C08 (@, — w,)t 
+ y1 COS (W, — W.i)t +... + Y, COS (@, — @,,)t . (66) 


When the rectifiers are linear, the output of each consists, toa _ 
close approximation, of the plus and minus cross-products as 
discussed in Section 3.3 of Reference 7. Thus the a.c. output 
of the first rectifier is proportional to 


eee [7 24Z2 COS (w; — wo)t +... + %Z, COS (Ww, — w,)t 
z “+ Z9Z COS (a2 — W3)t +... + ZZ, COS (wW2 — wt 
terms i ‘ 
in 
+; Z, COS (w —w,)t 
—> ! “n—1"n n—1 n 
n(n — 1) > 
2 4 —a similar series in w, + w, w2 + 3, ete. 
terms ‘> 
> + X 4X2 COS (Wy, — Wa)t +... + %4%, COS (W,, — WEE 
TA) tae 
2 
terms 
>t Xn_1Xp COS [Wg(q_1) — Ygn]t 
n(n — 1) > \ 
2 — a similar series in Wa + Wgp, War + Wg3, etc. j 
terms '—> 


terms 


- Ty 2X1 COS (W, — w,,)t +... + 2X, COS(W, — &,,)t 
is + Z9X; COS (Wz — ,,)t +... + 2X, COS (W2 — ,,)t 
| ae 
__ terms é 

z Me 4g COS (CW), — W,,)t +... + 2%, COS (W, — Wyy)t 
is 

i ee = ae an 

7 ; — a similar series in w + Wy (67) 


and the a.c. output of the second rectifier is similar but with y 
| Bpiecine x and w, replacing w,. 
_ Now, comparing the a.c. outputs of the two rectifiers, it is 
‘clear that the only components which are correlated are those in 
\ z and w exclusively, i.e. the first n(n — 1) terms in the above 
_ expression. The remaining n(m — 1) + 2n? terms are quite 
_ uncorrelated. Putting all the z’s equal, and all the x’s and y’s 
‘equal, and letting n tend to infinity, we have 
j Ray 
é 
_ The signal input V, is «/(nz?/2). 
The noise input V,, is «/(nx?/2). 


' The d.c. output of each rectifier is V,,.\/(1 + R2)/\/(27) « (68) 
' The correlated a.c. output of each rectifier is 
Vdr22) Hav + RD (2 
. 4/(4n2z4 + 4n2x4 + 2z2x2) Pra ( 
re 0-21 R? 
y. ee (69) 
/( + R2) 
{i and the uncorrelated a.c. output of each rectifier is 
r (1 + 2R2) 
‘ 0: 21y/| TPR aay is (70) 


E _ Having determined eqns. (68), (69) and (70) we can now 
_ proceed to the multiplying stage. As we do not need to refer 
"further to eqns. (65), (66) and (67), it will be most convenient to 

_ use the same symbols over again, but this time z and w refer to 
- the correlated part of the rectifier outputs, and x, w, and y, w 
‘refer to the uncorrelated parts of the outputs. Thus, on the 
- lines of Sections 6.2 and 6.4, the inputs to the multiplier are 


Pio. = = Vol + % cos wt + 2. cos wat +... +2, CoS w,t 


+ X1 COS Wat Xz COS Watt ... +X, COS Want) (71) 
and 

. Vor = Vo + 2, cos wt + 22 COS wot +... + Z, COS w,t 

i: + Yj COS Wt + Y2 COS Wot +... + Y, COS w,,t) (72) 
? 


_ where we shall put all z’s equal, and all x’s and if s equal, and 
| normalizing as in previous Appendices by putting V,,,/\/(27) = 1, 
Le. Vi, = 2°5, we have, from eqns. (68), (69) and. (70), 


eee Mbit R?) (73) 
Re 
ee 28) 
ag * Vor/(4nx2) = 0- penne m R) a) 
7 e product is 
Pe xv, = val 4422 +424... +422 


1 terms {+ 22, cos w,t + 2z2. COS Wot +... + 22, COS w,t 
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n terms ine $22 cos 2a, + $23 cos 2at +... + 422 cos 2w,t 


n terms fee X1 COS Wait + Xz COS Wat +... + X, COS Way t 


n terms f+ Y1 COS Wt + Y2 COS Woot +... + Y, COS Ww, t 
> 


Te 42, COS(@y — 
+ ZZ, COS (W2 — w,,)t 


+ ZZ COS(wW, — Wo)t +... w,)t 


++ ZpZ3 COS (W2 — W,)t +... 


n(n — 1) 
5 au 
terms 
[see lezen COS COs (On) 
n(n — 1) 
2 + corresponding terms in w, + wp, etc. 
terms 
p> +42,x, COS (@,—w,,))t +... +421, COs (w,—w,,)t 
+ $29X1 COS (W2— Wy )t +... +42,X%_ COS (W2—,,)t 
Begs 
terms 
Ls + 4z,% COS (W,—W,4)t +... +42 _Xq COS (Wp — Wypn)t 
2 > 2 : 
vf 4 + corresponding terms in (w + @,) 
terms [> 
n2 a . 1 
aon corresponding terms of form 4zy cos (w — w,)t 
terms 
2 : 
n ee corresponding terms of form 4zy cos (w + w,)t 
terms 
2 ; 
# a + corresponding terms of form $xy cos (w, — w,)t 
terms | > 
n? yee : A =| 
4 ++ corresponding terms of form 3xy cos (w, + at 
terms /> 


(76) 


Thus, in the absence of signal (i.e. z = 0), the output of the 
multiplier is, on putting all x’s and y’s equal, 


Direct current = | Oe (77) 
R.M:S. of alternating current = «/(nx? + 4n?x4) 
= ¥/ [nx + 4nx?)] 
= 4/[0-55(1-137)] =0-79 (78) 
and, in the presence of signal, it is: 
Direct current = (1 + R?)(1 + 4nz?) 
0- -275Rt 
1B Se a +R (79) 
R.M.S. of alternating current = 
(1 + R3)v/(2nz? + nx? + 4n2zt + $nz?x? + 4n?x4) . (80) 
where from eqns. (74) and (75), 
Rt 
nz2 = 0-551 
22 
one aD 
: ah 
PPL I 
and nx 0 STG + Re? 


Note that in eqn. (80), the terms z* cos 2wf in eqn. (76) have 
been omitted since they are quite negligible. 

From the above equations, R4,;, Ry:, Rg, and Rg, can be 
calculated for any value of R,. 
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When square-law rectifiers are used the working is similar, 
except that the output of each rectifier contains only the difference 
products, no sum products being formed. This makes no 
difference to the remainder of the working, however; and the 
only adjustment necessary is that eqns. (68), (69)-and (70) are 
replaced by 


D.C. output of each rectifier = V2(1 + R?) (82) 
Correlated a.c. output of each rectifier = V7, R? (83) 
Uncorrelateda.c. output of each rectifier = V24/(1 +2R?). (84) 


Thus egns. (73), (74) and (75) are replaced by (on normalizing 
by putting V,, = 1): 


=14R. (85) 
Vow/ (nz) = R (86) 
VoV/Gnx2) = /(1 + 2R2 . (87) 


So that the output of the multiplier is, in the absence of signal, 


Direct current = 1 
R.M:S. of alternating current = 1-73 } 8) 
and in the presence of signal, it is 
Direct current = 1 + 2R? + 2R# . (89) 
R.M:S. of alternating current = 
(1 + R2)?4/(2nz? + nx? + 4224 + 4n?z2x? + tx’) . 0) 


where from egns. (86) and (87), 


ve Sama 
as 
|) Sear (91) 
and ce a Ss a 
a+ RP 


(6.6) Addition-Type Detector with Rectified Coherent Signal 
and Background Noise (otherwise called ‘‘Pulse-to-Pulse 
Integration’’) 


Let the output of one rectifier be 
har 
and that of the other rectifier be 


Vol + x1 COS Wit + X2 COS Wt +... + X,COS W,,f) . (92) 


Ves, =VO(1 +9, cosw,;t + y2,coswot+... + y,cosw,,t) . (93) 
Then the sum, which is to be unfiltered, is 
For-F Yor = 


Vol2 + x, Cos wt +... 
+ y, COS w,,t] 


+ Xp_ COS Want 
(94) 


Now the d.c. components in eqns. (92) and (93) represent 
partly the signal and partly the mean rectified level of the noise. 
The appropriate formulae relating the output of signal and noise 
from each rectifier to the input signal/noise ratio R, are given 
in Section 6.4. Thus, considering both linear and square-law 
rectifiers, we obtain by the use of eqns. (46), (52) to (55) and (94), 
on putting all x’s and y’s equal, the following relations: 


+Y,COSW,t+... 


In the absence of signal, the output of the adder is 

(95) 

R.M3S. of alternating current = a E (2 - | = 0-74.46) 
me 


for linear rectifiers, 
R.MLS. of alternating current = 4/2 


Direct current = 2 


(97) 
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for square-law rectifiers. 


In the presence of signal, the output of the adder is 
Direct current = 2(,F;) 

for linear rectifiers, 

or = 21 


for square-law rectifiers. 


R.MS. of alternating current = {2[2a a — rh 3 


for linear rectifiers, 
or = +/ [20 + 2R9)] . 


for square-law rectifiers. 
From this information, R4;, R42, Rg; and Rg, can all be cal- 


+R). 


(101) 


culated. In particular, \ 
_ 2a Wet . 
Ee ia 3) 4 
for linear rectifiers, : 
or = /(2)R? (103) 


for square-law rectifiers. 

It should be noted that, whatever the law of the detector, 
Rg, and Rg» are always 1/2 times the value obtained for a single 
rectifier with the same input signal/noise ratio. R,, and Ry 
are more complex, but are always less than 4/2 times the single- 
rectifier value. 


(6.7) Addition-Type Detector with Rectified Noise-Signal and 
Background Noise 

The working combines the principles of the first pate of 
Section 6.5 and of Section 6.6. 

Section 6.4 shows that the output of the two rectifiers com- 
prises direct current, correlated alternating current and un- 
correlated alternating current, with the following normalized 
values: 

Linear rectifiers: Direct current = +/(1 + R2) . (104) 


Correlated alternating current = 0- 25a - aot 
Uncorrelated alternating current = 0- 525,|(= oe eS) . (106) 
Ri 
Square-law rectifiers: Direct current = 1 + R? . (107) 
Correlated alternating current = R? . . (108) 
Uncorrected alternating current =+/(1 + 2R7). (109) 


It is clear that on addition of the outputs of the two rectifiers, 
we obtain: 


For linear rectifiers, direct current = 2\/(1 + R2) . (110) 


mM (rem) 


and alternating current = 1-05——_+__ 


VJ at 
. (ill 
For square-law rectifiers, direct current = a + RZ. (Cy 
and alternating current = 2R? + +/[21 +2R)] . - (113) 


The outputs in the absence of signal are obtained by putting ' 
R, equal to zero. From this information, R4;, R4>, Rg, and Ren 
can readily be calculated. ss ; 

q 
q 


4 


' 
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SUMMARY 


The paper deals with the stability and time responses of a sampling 
servo-system typical of a.g.c., a.f.c., range-measuring and overall-feed- 


back circuits used in pulsed radar equipments in which the loop- 


response time is not many times greater than the pulse-repetition time. 
The case of a high-speed radar-controlled missile may be such a system. 
Conditions under which Nyquist plots can be made are given. 


_ Expressions for the output both at and between the sampling times 
are obtained in terms of the input functions of the system. The 


operation of the systems in the presence of noise is considered in the 


_ Appendix. A short list of transformations suitable for analysis is 


‘used to ensure that a suitable video signal is available. 


included. 


(1) INTRODUCTION 


In many pulsed radar equipments a.g.c. and a.f.c. circuits are 
The 


' video signal may operate automatic range-measuring circuits or 


may be resolved to give space co-ordinates. The three units—i.e. 


-a.g.c., a.f.c. and range-measuring units—are generally closed- 
_ loop systems. 


In the case of the video signal being resolved to 
give space co-ordinates, a closed loop is sometimes formed via 
an aerodynamic link or other device with two or three degrees 
of freedom. In all four cases mentioned the loop stability and 
time response may be influenced considerably by the sampled 


- nature of the basic radar information. 


Several theoretical methods have been given by which sampling 


' servo-systems may be analysed, but the author has not found 
_ any paper giving formulae in forms suitable for easy use by the 


_ engineer. 


In the present paper a transform method is used, and 
characteristic equations involving the transform are given for 


several typical closed-loop circuits encountered in radar equip- 


ments. A characteristic equation is obtained for a very general 


system. The output-time function corresponding to a particular 


input function can be obtained by use of the characteristic 
equation and a convolution sum. When the characteristic 


equation contains polynomials of high degree, Nyquist plots 


can be made in a manner similar to that for the continuous case. 


' Expressions for the output between the sampling times are 


obtained. 
Before the analysis of the different loops is shown, some 


' discussion of the mathematical tools used is necessary, and this 


is given in Section 2. In Section 3 a characteristic equation for 
a general sampling system is given. In Section 4 practical 
systems are considered. Section 5 concludes with some examples 
on the use of the theory in typical systems. 


(2) TRANSFORM PAIRS 
~The Taylor expansion of a function of a complex variable 
forms the basic transform used in the paper. Eqns. (1) and (2) 
and the conditions of validity can be obtained from any treatise 
on functions of a complex variable. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
nts McDonnell and Mr. Perkins are with Vickers-Armstrongs, Ltd. 


If G(z) is a function of the complex variable z under certain 
conditions, it may be expanded about the point z = 0: 


(1) 
The coefficients A, are given by 

A, = G"(0)/r! [G’() is the rth derivative of G(z) at z = 0] 
G(z) 


oh 
Al TY i ee 
a4 ao) ta) pare 
£ 
The contour c’ is a small circle around the origin. Substitu- 
tion gives 
Taye G(z) 
Ar = Fmi| Zi 2 
c 


It is convenient to replace A, by a function of r which is equal 
to it for r integral; 


i.e. let 


Making this substitution and also putting z = 1/q and G(1/q) 
= ¥(q) in eqns. (1) and (2) gives 


A, = f(r) for r an integer. 


FQ => tq (1a) 
fo) = | Fa" tay (24) 


c’ is replaced by c, which is a large circle around the origin. 

Eqns. (1a) and (2a) form a transform pair. F¥(gq) is referred 
to as the discontinuous transform of the function f(m), and f(m) 
as the inverse discontinuous transforms of F(q). 

The discontinuous transform can be used to transform linear 
difference and summation equations into algebraic form in a way 
similar to that in which the Laplace transformation is used for 
differential equations. It is, in fact, possible to deduce the 
Fourier integral theorem and the Laplace transformation as being 
the limiting cases of eqns. (1a) and (2a). It is not the purpose of 
the present paper to show that this is so, but the reader will find 
the analysis which follows much easier to understand if the 
correspondence between this finite-difference case and the limiting 
case of Fourier or Laplace is noted. Shifting and convolution 
theorems similar to those encountered in Laplace transformations 
are included in the list of transforms given in Table 1. 

If F(p) is the Laplace transform of f(f) then F(q) and F(p) 
form a further transform pair: 


£5 eee © q 
F @ = rai] FOg (3) 


1 1 
F(p) = a F| Oe fate (4) 


Br is a Bromwich contour and c¢ is a large circle around the 
origin. 
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Table 1 


"E foe" = Dito] 


—hnt 
gm Sg") + am 2G 


nf(n) 


na=— 


i second term is often zero) 


S fla — r)g(r) 


=e n=@® 
Lag iG) 2 gq "s() 
= n=0 


ASV(n) 
[Sth difference of V(n)] 


@ = DFE g-"V(H) — alt) + @ — DAS? 
VO) + (q — 1)?AS-3V(0)... 


q — Is 1VO)] 


S 


q n=o La q § 
q aS, 1)$ cal q V(n) Gis {a ee nba V(r) 


Gy 2 >>) vioh 


K-constant 


nm = n(n —1)...€2—m+1) 


q-1 


m!q 
(q = 1)m+1 


q 
q-a 


q sina 
— 2q cosa 4 


qq — cos a) 
gq — 2q cosa 4 


Pulse of amplitude A at time n 


r=n]|s 
* The symbol [ > | V(r) is equal to: 
r=0. 


rg=N rs—1=Fs 


rs=0 Tr—— 0. 


S . 
On the right-hand-side symbol [z is the same as above except that the lower limit only is taken in the last summation. 
‘ 0 


Eans. (3) and (4) are obtained by substitution of the Laplace 
transform and changing the order of summation or integration. 
Ean. (3) is sometimes useful for obtaining A(q) direct from F(p) 
instead of obtaining f(t) by the inverse Laplace transform and 
then using eqn. (1a). 

In the analysis which follows, expressions containing infinite 
and finite sums are encountered, but by suitable use of the 
transform pair 1(a) and 2(a) and the transform of the convolution 
sum, together with the shifting theorem, manipulation becomes 
very simple. 


(3) GENERAL SAMPLING SYSTEM 
Fig. 1 shows a typical sampling servo-system which is split 
into three parts, namely (a) the sampler, (5) the discontinuous 
shaping circuits and (c) the passive shaping circuit. 


(3.1) Sampler 


The sample unit samples the difference between the input and 
the output and maintains the sampled value until the next 
sampling time. (The intervals between the sampling times are 
equal and normalized to unity.) The output from the sampling 
unit between the sampling times is equal to the value of the last 
sample only and is not dependent upon previous samples. 


(3.2) Discontinuous Shaping Circuits 


The discontinuous shaping circuits modify the output from 
the sampling unit by any linear combination of summing and 
differencing. The output from this unit is constant between 
the sampling times. Suppose, for example, that the output from 
the sampler is v,(7); the discontinuous shaping unit may 
operate on »v,(7) to produce an output vp given by 


\ ry n } ry St 
»m = { x { AP et Sp Aion) ¢~ (6) 


i.e. Up may be formed by terms like the r,th sum added to terms 
like the s,th difference of v,(n). 

’ Another operation which this unit may perform is to delay the 
information by an integral number of sampling periods, in which 
case eqn. (6) becomes 


81S)" 


Se enentially weighted sums, etc., can also be included. 


mn, i > Asiy (r — m,,) . (6a) 


(3.3) Passive Shaping Circuit 

» The passive shaping circuit contains inductive, capacitive and 
‘resistive elements, and has a step response given by the inverse 
Laplace transform of F(p), i.e. f(2). 

_ For the system of Fig. 1 the output at the nth sampling time 
_is given by 

(0) = vp(0)FO) 

— (1) = vp(0)FA) + [vpQ) — vp(0)]fO) 
» v(2) = vpO)FQ2) + [vp(1) — vp(0)]FU) + [vp(2) — vp()]fO) 
) v,(2) = vp) [f(2) — f()] + vp(M[fU) — £@] + vp(2fO) 
. ete. 
BS o(n) = = vp(nAf(n — r — 1) 

=0 
“Taking Sisson meade transforms of both sides gives 


Boson] = Doom] Arey} — 

“But from eqn. (6a), and using the table of transforms 

1 ZBlvp(m)] = E me Da + > : Dt) 
= $9F[v,(n)] 

Therefore Bl v(n)] = Fomyr{nnq—> 

f Substituting v(n) — v,(n) for v,(n) gives 

Fv] = {A[e] — Mo} 20] 


Af —1 
or Aos)] = Boe} = Ho UnC0)] 


a a es 
Using the inversion integral gives 


P(q\¢ — 1) 
q 


v,(n) = Pal Dlvi(a) qa" dq (8) 


6(q) is the characteristic equation for the system of Fig. 1. 


ee ee ee ee 


Passive 
shaping 


Discontinuous 
shaping 


pce aie ee eR 


Fig. 1.—Block diagram of the sampling servo-system. 


Waveforms are only symbolic. 


e stability of the system can be investigated by plotting (q) 
is a function of g or by observing the position of the roots of 
he denominator of 6(q). Before discussing the stability condi- 


FAST-OPERATING CLOSED-LOOP PULSED RADAR CIRCUITS 


193 


tions, expressions for the output between the sampling times will 
be obtained, 

By considering the output voltage at a time (7 + 62) the output 
between the sampling times can be obtained, (6¢ < 1) for 


v,(St) = v p(0)f(d1) 
v,(1 + 82) = vp OFA + 82) + [epf(1) — vp(0)]f + 82) 
v2 + 81) = vp(OF2 + 82) + [vp(1) — vp(O)]FA + 84) 
+ [vp(2) — vp(1)]f(n) 
on + 8) = ¥ o,(NAf@ — r + St — 1) 


r=0 


Taking discontinuous transforms of both sides gives 
Dvn + dt)] = Dv p(n Alfa + se —! 
Substitution for vp(n) as before gives 
—1 
Dlr (n + 80] = ¢@I[v,] Dita + ae 


Substitution for v,(m) gives 


Ava + 81)] ={B[] — Dr] [Fo + sn? » $¢q) 
Bv(n + 81)] _ @ — 1) { poe 
Bv,(n)] me Dil 
by substitution from eqn. (7) 
1) Din] gq — a 
Ne Ao Ses eee ae 
Ho 7+ Arnis — Hf +P] 


_ G-)¢@MA fn + 81] 

q+ fMAlf(n)\(q — 1) 

For F(p), f(t) may often be considered to be the finite sum of 
exponential terms, 1.e. 


(9a) 


Fs 
f(t) = >) Ber 
in which case 


Bw) => By 


yer 


q 
BB, Eu OF 
y Bere 


and 


Dia + 8] = 


Thus 


vn + df) = i] Og Ben es Sg 
c > B|(q — &) 
Egn. (9) seems to be the general expression for the output 
either at or between the sampling times for sampling servo- 
systems of the type shown in Fig. 1, when F(p) contains only 
simple poles. 


(9) 


Blvy(n)]q"'dq . 


(3.4) Nyquist Plots and Conditions for Stability 


From eqn. (8) it is clear that the integral converges when the 
poles of O(q) lie within the unit circle centred at the origin; for 
stability, therefore, the roots of the denominator of 6(g) must 
have moduli less than unity. If @(q) is such that factorization is 
not convenient Nyquist plots can be made to determine the 
stability. 

From the principle of.the argument in complex-variable theory 
we have that the number of poles within a contour is given by 


Number of poles = — j[Variation along c of argument of f(z)] 


It follows that the stability may be checked by taking g around 
the unit circle and noting whether 0(q) encircles the origin, in 
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which case the system is unstable. (The substitution of z = 1/q 
inverts the enclosed area and the exterior area.) 

A practical method of checking the stability can be found 
when it is possible to expand 6(g) about the point g = 1 in the 
form 


Aa) =" ACnlg — D+ 3 Beara — 1 


This can be considered to have originated from a summation- 
difference equation, Fig. 2, in which the box is equivalent 


Box which operates on 


q "—>| the input to produce |—>q~ 
sums and differences 


"(SZ Ada—ps+ 3 aS) 


Fig. 2.—The representation of 6(q) by a summing and differencing 


device. 


to the system. If qg~” is applied to the system and g is taken 
around the unit circle, the plot of output against input gives the 
equivalent Nyquist plot. 

If g~” is written as €/©”, w must be taken from 0 to 27. It 
is also clear from simple practical considerations that it is not 
necessary to increase the frequency above the sampling frequency. 


(4) PRACTICAL SYSTEMS 


Many practical a.g.c., a.f.c. and the simpler range-measuring 
circuits have diodes or non-linear elements connected in such a 
way that they cannot truly be considered as linear discontinuous 
devices; particular examples of this are the common diode 
rectifier used in a.g.c. systems in which the “‘rising”’ time-constant 
is shorter than the “following” time-constant, and the F. C. 
Williams early-and-late strobe-rectifier system in which a backlash 
region is allowed before the diodes can conduct. The recent 
tendency, however, seems to be towards the clamped gate and 
summing systems in which the operation conforms more exactly 
with the mathematical process. 

If the non-linear nature of some of the time-constants is over- 
looked, most of the elementary a.g.c. and range-measuring cir- 
cuits commonly encountered fall into two groups, namely 
clamped-gate types and summing types. These groups can again 
be divided into those which delay the information (one pulse late) 
and those which work instantaneously. 

The following discussion deals with typical a.g.c. and range- 
measuring units from the standpoint of the sampling servo- 
system. 6(g)’s are worked out for the various systems and 
discontinuous sampling circuits. 


(4.1) Range-measuring Circuits 

A type of range measuring circuit for which the sampling 
servo approach is most suited is the early-and-late strobe-type of 
device when worked at low pulse repetition frequencies. Two 
types of unit in common use have discontinuous shaping circuits 
with g transforms: 

¢(q) = 1 for the clamped-gate type. 

$(q) = q/(q — 1) for the summing-gate type (obtained from 


Table). The relevant 6(qg) values are 
Ft] 
6,(q) for the summing gate = T+ Fro] (10) 
6.(q) for the clamped gate = GDA (11) 


q+@—DZfm] 


These are obtained direct by use of Fig. 1 and eqn. (7). The out- 
put between the sampling times can be obtained by use of eqn. 49), 
In some circuits condensers are used to store the sampled 
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this condenser sometimes beinga significant factor. By including 
in F(p) a term p7/(1 + pT), where T is the leakage time-constant, 
this effect is included in the theory. 


Use of the inversion integral.—F(p) can usually be expressed as 


r A 
Ep) = ae 
=> (ET: 
and therefore f(n) = >) Aew" 
Taking discontinuous transforms gives 
< q 
Hf = ———— 
[*()] = Ae 


The functions of g, 6(qg) are then of the type 
54,2 Wola — DAC) 


Zvi (n)]9q@ = 


Ly q 
q+ 347 ee) 


The function 6(q) must now be expanded as a series in g or as 


partial fractions; 


SoD, 
i G (j= s 
if DriD\o = % Gps 
1 
then ami | Flv (n) O(qq"1dq 
is given by Uo(n) = x B,pe-t 


Multiple Poles——When F(p) contains multiple poles, its 
inverse transform, i.e. f(f), contains terms like 


r 
f(t) = >) trea 
The discontinuous transform of f(n) is therefore 
Af] => 2s (qe) —"nr 
Writing ge* as q? 
r n=O 
[f(@™)] S > x Gon ie 


The problem is then to find the transform of n‘ for s, up to, 


say, 4. The list of transforms contains the transform of n™. _| 
By expressing n° in terms of n®, n&—, etc., the transform of 


ns can be found. 
If #(g) contains multiple poles, use of the inverse Taylor formula 
can be made by substituting for G(z): 


Gia) 1 G(z) 
ee sai | @— ay” 


(4.1.1) LF. Amplifier Gain Characteristics. 

The amplifier considered has uncontrolled stages of gain Go, 
and r stages whose gain is controllable by changing the mutual 
conductance of the amplifying valves. Fig. 3 shows the arrange- 
ment. 


Input —-> Ge | fig, {> Output 


fem. | ‘mrRy 


AS 


Fig. 3 


\ 
information between the sampling times, leakage of charge on F 


The gain of the controlled stages is given by the product of the 
= \ serge : 

‘individual gains, each of which is taken, at mid-band, to be 
gm, where R is the damping resistance. The overall gain of the 
_ amplifier is given by 

i Gain = Gp I1g’m,R, 

_ Ifg’m is written as 
g’m = gm, + dgm, 


_ the gain is given by 


| q Gain = Gp Il (gm, + dgm,)R, 


Writing the product out fully and regrouping terms gives 
ae 


: r ry mt 
Gain = Go (11 EE ey lid Ii gm,R,) 
r 6m, 


if 
( 


| Writing G = [1 gm,R, 
y dgm, 
; ae + 
Gain = GoG(1 se aa 
j 8 log gm, 
= GyG(1 +5», yee) 
tft Ug 


_ Assuming that 6 log gm,/6v, = m, for a particular value is con- 
stant, we have 


Gain = GoG (1 + 8, > m,) 


Smee GiGi +6v,K).. . . . (2) 

i K=3m, 

‘ Be castor (12) gives the gain when a bias voltage is applied to 

the a.g.c. line; this bias voltage will be referred to as v,(¢) as a 
_ function of time or v,(n) for discrete times. 


x 44.1.2) General Arrangement of the System. 


The general arrangement under consideration is shown in 
Fig. 4. 


Vo) 


Negative impulse 
_ at T=0 of 
amplitude unity 


Discontinuous 
shaping 


Fig. 4.—Block diagram of a.g.c. system. 


The input to the i.f. amplifier, V, is in the form of pulses at 
_ times t=0,f=1,¢=/2...f=n. The pulse repetition fre- 
" quency has been obemillized to unity and therefore appropriate 
) modifications must be made to F(p) when considering pulse 
repetition frequencies other than unity. The output of the 
_ amplifier vp(7) is in the form of pulses at times ¢ = At,t =1-+ At 
¥ t =n -+ At, where At is the delay in the amplifier; this 
delay, however, will be neglected throughout this note. The 
“discontinuous shaping unit changes the pulse information into 
.- steps; several types are possible, and the three types considered 
are listed on the next paragraph. 
_ The unit shown with a step response as the inverse Laplace 
transform of F(p) is the smoothing network which may contain 
‘twin T-filters, etc. Since we are concerned with the stability of 
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the system some method of “shocking” the circuit must be 
provided; for this purpose an impulse is applied to the gain line 
as shown on the diagram, Fig. 4. 


(4.1.3) Discontinuous Shaping. 
The three arrangements for the pulse/direct-current convertor 
considered are listed below: 
Arrangement (i). 
Vp(n) = vo(n — 1) 
In this case the output vp(7) is in the form of steps, and the 
amplitude of the step is equal to the previous pulse amplitude. 


The step fills the gap between the pulses; i.e. the output vp(n) 
from t = ntot =n + 1 is equal to the pulse amplitude vp(n — 1). 


Arrangement (ii). 
vp(n) = vo(n) 


In this case the output v)(n) from time tf =n tot =n +1 is 
equal to the pulse amplitude v(m) at time t = n. 


Arrangement (iii). 


v=n—-1 
vp(n) = > von — pb — lee? 
v=0 


The output vp(n) is due to the exponentially weighted sum of 
the past values of v9(n), except the last. 


(4.1.4) Mathematical Treatment of the Complete Loop. 
The voltage v,(m) in terms of vp(n) is given by 


r=n 
= ¥ vp(n — r)f(r) minus an impulse at t = 0 


v,(n) 
The voltage v(m) in terms of v(m) is different for the three 
convertor cases, namely 


Case (i): 
v,(n) = > vo(n — r — 1)f(r) minus an impulse at t = 0 
Z—0 
Case (ii): 
v,(n) = ys vo(n — r)f(r) minus an impulse at t = 0 
Case (iit): 


r=n Y=a—1 
v,(n) = Ufo = von —r—ys—1)e—%? minus an impulse at t=0. 
r= v= 


Using eqn. (12) and substituting v,(n) for case (1) we have 
v(n) = VGyG 
E +K S vo(n —r—1)f(r) minus an impulse at t = 0| 
r=0 


Taking discontinuous transforms of both sides, 


VG@oG VG oGK 
a 0 


FZlvo(n)] = {Prom ZL@]} — VGoG 


ci 
(q —D@ — VG,GKA[f(@)] 


Using eqn. (12) and substituting for case (2), we have 


9,(q) (13) 


Blvo(n)| = 


vo(n) = VGoG [ + K SE vo(n — r)f(r) — impulse at t = 0| 
r=0 
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Taking discontinuous transforms of both sides gives 


Flvgia)] = 2 


Gite KVG)GP[v(n)|F [f()] — VGoG 
VG)G 

(q— 1){1 — KVG,G2[F~]} 

Using eqn. (12) and substituting for case (3), we have 

v (i) = VGoG 


Blv(n)] = == 0(g)..’ (4) 


r=n v=n—-1 
E Biko, f(r) Dd x(n —r—is—1)e—+*?—impulse at ‘0| 
r=0 y=0 


Taking discontinuous transforms of both sides, 


von] = OF 
pet aE atin NZ [Sout hed we | 2 VGG 
Dvn] = vae( 4, —1) + VGGKO[tC)]- se 
[vn] = sl a = 6,(q) (15) 


(q a eS «—KVG)Go DLE (a nly 


If the function of g, F(q) = P[f(H], is substituted in 4,(q), 62(q) 
or 0,(q), the stability can be checked by observing whether the 
roots of the denominator lie within or outside the unit circle 
(inside corresponding to stability). Alternatively the inversion 
formula 


1 
U(n) = i | O(q)q"~ !dg 


may be used to give v,(n) as a function of discrete values of time. 
A plot similar to the Nyquist can be made using the denominator 
of 6(q). 


(5) EXAMPLES OF RANGE MEASURING AND A.G.C. SYSTEMS 
(5.1) Clamped-Gate System for Range Measuring (sce Fig. 5) 
Let 
Delay-constant be D microsec/volt. 
Gate-constant be H volts/microsec. 


T; — RC, sec, 
T> = RyCysec. 
‘Then DH = G (the gain of whole loop) 


Earth 
pulse 


Late 
pulse 


Fig. 5.—Block diagram of clamped-gate range-measuring unit. 


The transfer function is seen to be given by 


G C3 
F a(or + K ) where K = — 
Cp )i= pT, C <f 


and since the input is a ated broadened to a step before entering 


x " 
the spoiled integrator, the function of p which we must consider, \ 
from now is 2 


of 
| 


Fo Ob sar) 
(2) = CF ies 
: G GK 1] 
Le. BCp) = ete x 2 || 
2 T,T,p> Tp 
Gi) ee | 
Hence f(f == IIT,Ts + Re | 


The discontinuous transform of f() is given by 


Gif] = > gq "E(n) 


n=90 


= 3a ora” i =) 


and since n? = n®) + n® fusing notation 
nor) = nn — 1)... (oe 


we have 


- K oO a) 
Zl f()] = FT, | Sr me) Pty ma + = D7 eT 


l1n=0 


which, using tables of transforms, is equal to 
G 2! GK 
27,T,|¢ — 17 (@aae Ate 1) 


and this simplifies to 


Gq |[K q+ | 

BE = ee 

OS ae nln + Sige) 
For the clamped gate, there is no discontinuous shaping ¢(q), 
ie. P(g) = 1, and substituting for D[f()], A(q) in eqn. (7), 


Gq | kK q+) | 
(¢ — 1) | te 
(q — 1)?| T, 27, T.(q — 1 
Dlvn)] = Plvn)] 1 Die ie 
g Higa re E Clea | 
@—I¥L% 27,7 ¢—1} 
(Ja) — 
Then eqn. (8) becomes 
1 y 
vn) = mail g’1Zlv(mj@dq . . . a) 
TTI 
c is contour around large circle centre at origin. 
Now considering v,(n) to be in impulse at t = 0, 
Diva] =1 
Eqn. (8a) simplifies to 
Uo(n) = 
GK G G GK 
+ q+ a ao dq 
Si fo tees | 7, Tae Dee. T, 
27 Gk G G GK 
: e+ Ce thee )a 7) 
1 N(q) 
ae Es n—1 
oat st ayes 


Now N(q) is of lower degree than M(q). 
Let us now consider 


MQ =a + (Fe + HT 2)a+ (ser - > +) 


| For stability, the roots of this must be less than unity in 
pecules, me: 


| (cK, 
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This is stable if the denominator has roots less than unity in 
modulus. 


G 
4 
Gr ie 


2 
+ oer 2) + Je oa oe 2) 


For critical damping, the roots must be equal, 


T 


I Gift 36 2 Ge Gia 
| Le. i = + J 
r T, | OTT; ) Gass Te ) 
i 1 
“Equal roots when Ke = (st) - aT; 
| and they are less than unity in modulus if 
| We 1 
Ke | amy a 
iy 1 
| Real roots when K> VG) = oT, 
and they are less than unity in modulus if 
| 7 
oc. SY, 


“Imaginary roots when 
AT. 
£4) 
; = =) 


| and they are less than unity in modulus fy 


(5.2) Summing-Gate System for Range Measuring (see Fig. 6) 


’ Its transfer function F(p) is the same as for the clamped-gate 
system, 


a ‘6 Cae a aa Cc. 
mgg.e, F = K) Kes 
1 (p) PETS C 
_ Therefore the discontinuous transform of f(t) is the same, 
i zs Be aC ee 
¥ eee Gp =  2T@ — 1) 


' 
But, for the summing-gate system, the shaping 4(q) is q/(q — 1). 
Hence eqn. (7) becomes, on substituting for 6(qg) from eqn. (10), 


s Zvi] F [ft] 

P| = Fw] 

AL. 1g 

- wa mi ee eta 

; ‘ and if input is impulse at t = 0, D[v(n)] = 1. 

i Therefore 

| Gq es 4) 9 
G@=14,7, 27,74 — 1) 


O(n i gui 
te @ +1) 


E41)| ou 


If the roots are x, B, d we see «fd = 1 and therefore, either 
e= ps = 1 or at least one of them is greater than unity in 
modulus if the others are less than unity. 


gay tn Hadas sa cea 

arly \ 45 it 

pulse Delay |}>j Gate Ivy eae al aH a 

Late R “ R 
Cys! 2 

pulse Tt 


Fig. 6.—Block diagram of summing-gate range-measuring unit. 


The case of « = 8 = d = 1 does not hold, however, since then 


G 


i 3 = 
Peary 3 
G GK 
i — 
and ITT, Tr io) == 3) 


indicating that G = 0, which is known to be untrue. 
This system is therefore always unstable. 


(5.3) A.G.C. Systems 


The problem is to find the transfer function F(p) which gives 
the fastest response. 

Consider the a.g.c. system operating as in arrangement (i) in 
Section 4.3. Let us take a simple RC consideration as the 
transfer function F(p) (Fig. 7). 


‘ a 
ees BE 


Fig. 7.—Simple RC filter as a.g.c. passive shaping device. 


The transfer function of this system can be shown to be 
1/pT + 1 (where T = RC), and since there is a gain K, (actually it 
is negative) in the feedback loop, we include this with the transfer 
function, so that 
*: 


F(p) = Fa 


whence 
ae Seis 


f(t) = 


Gq A\ 1K 
Is 1 
% (a TY mE fa 


27,T, q@ — ol} 


K 
vee " cal Ka) + ata + 0 | 
Oni GK Ee GK 
3 SEE Sa eee D) rear Ny ae pa ay | 
Bae shor +377, 3)4 (ap t3 7 )4 
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and the discontinuous transform of this is given by 
=o K, 
Wet ae —n_1 g—n|T 
ZF] 2d 5 


q 


K 
Di@)] = =r 


Hence, substituting for Z[f(n)] in eqn. (13), 
VG)Gq 


FDlv(n)] = 
K 
(q— D(4 = VG)GK> ; 


q 
rte 


and therefore 
VG Gq 
_)- @ 2 vere . 
' qq ) q ) TGs 


For our a.g.c. system VG pG = 70 volts, and KK, = — 3. 


1 


Hence 
Woe 


a = ar rae 
35 
@-vf@-em +3) 


and for stability the denominator of the integrand must have its 
roots equal to or less than unity in modulus; 


gt 


1 
Vo(n) = = 


5 35 
Le. os ara <4 | 
35 
or eq? A > Se UT —1 


and T > 20 satisfies this. 


Our particular pulse repetition frequency is 50pulses/sec, i.e. 
1/50sec between pulses, and since, for preceding theory the time 
has been normalized, the actual time-constant of the network is 
equal to or greater than 20/50sec for stability. 

Let us now consider the response of this circuit to a negative 
impulse 


| VG)Gq 
Dvn] = : 
Pel ee Iq — VGGKU[F(n)]} 
A: 70g — €~17) 
@—D(q— eT + 


Putting this in partial fractions, we have 


A B 


1 ma t 
vd) = a] 4 ; CD - 
) T 


which evaluates to 
35\27-1 
A+ B(e-uT — =) 
(2 T 


where A~2 
and B~ 69 
Hence Vo(n) = 2 + 69(— 0-8)"-1 


A diagrammatical representation of this output is given in 
Fig. 8, from which we see that an impulse of amplitude —70 volts 
decreases to 10% of its initial value in 12/50sec, whichis a 
reasonably rapid decay. fe 
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__ SS = 
18 20 

No. of pulses 

each 29sec apart 


Amplitude 


oN 
Fig. 8.—Diagrammatical representation of the output from gain-- 
controlled i.f. amplifier with simple RC passive shaping. 


Circuits such as that given in Fig. 9, with transfer functions - 
given by 
1 + T; p 


F(p) = K;, 
®) ' DAT,T> iz = T,T;) + PWR, Cz = T, = T> = T3) + 1 
have been considered, and the one with the best response occurs 
when R; = 0. 


{ 


a 


Fig. 9.—Alternative filter used for passive shaping in the a.g.c. loop. 


The discontinuous transform of the output response to an 
impulse of amplitude —70 volts is given by 


VG)Gq | 
(q — Dfq — VGyGKU[E(n)}} f a | 
_ 70g —e\(q — #) 
(q — If@) 
where 
bp eit +) +VIGBiGth + Ty — 4h 
: 27,T; 
T, = R,Cysec 
T, = R,Cysec 
f(g) = 4? — gle + 2) + “= + 
Then, taking T; = T, = R,C, = S5sec, 
70(q — 0-925)(q — 0-57) — 
@ —- lea? 
where X, Y are roots of f(q). 
4 AS ee Cc 
 @-D ' @-X) Gay) 
On evaluation, 


Zvo(n)] = 


and eat+b 


we have Zlv(n)] = 


__ 70 — 105-7 + 38-22 


4=—q = xe 
_ 70X2 — X(105-7) + 38-22 | 
— Y= pa 


ae 
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; \ + 10¥? — Y(105-7) + 38-22 
= c= fei Y — X) 


so that 


nm) =—| gr! a 4 
i =A+BX"-14 cCy-1 
=A+t+ E& peek ee! CY? + mY ae) 


Sex 7) = (Y= 1K¥— X) 


iwhere {= 70 

m = — 105-7 
and g = 38-22 
A+ 


|=! Y—1)(/X2+mX+2)X"-14(¥—1)1Y¥?2+mY+g)¥"-1 
oe 1 Y —-1)( ¥ — X) | 
=A+ 
—XYI(X"— Y")— X Ym(X"-1— Y"-1) —X Yo(Xn-2— yn-2) 
+ I(X"-1 — Yr) + m(X7 — YY") + g(X"-1 — yn-}) 
a hey ty — X) 
}Now (X" — ¥")=(X— Y) ¥ xrys 


r+s=n—1 


and when X, Y are conjugate complex roots 


> XY is always real (n positive). 


r—s=n—1 


XYI & XrYs+ Ym > Xxrys 


r+s=n—-1 rt+s=n—2 
| eye SS) XTYs—1 YL Xs 
[ r+s=n—3 r+s=n—2 


v,(n) = A+ 
— 7 »: X’TYS ig ys xX’rys 


r+s=n—1 r+s=n—2 


Oa A AY) 


for n >2 
But when » = 1, 
X¥l+g—l(X¥+ Y)—m 
eva CX. Y) 
x ae representation of this output is given in 
ig. 10. 


vn) = A+ 


70 
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Fig. 10.—Diagrammatical representation of the output from gain- 
controlled i.f. amplifier with filter as shown in Fig. 9 with R3 = 0. 


Other networks, including “twin T°,” were tried, and we con- 
clude that the best choice of network is that shown in Fig. 9, 
! 


when R,; = 0 with the appropriate C and R values. The time 
response to an impulse is seen to be faster than that for the 
simple RC circuit; in fact, the decay is complete in the time that 
5 pulses have occurred, i.e. 0-1 sec. 

The network in Fig. 9 was recommended! for use in a.g.c. 
systems operating with case (ii). When recommended it had not 
been tested, and the authors, for the sake of completeness, con- 
sidered it. It was noted that as T; = RC; increased, the 
network became more stable, which agreed with the remarks in 
Reference 1. 
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(8) APPENDICES 


(8.1) The Spectral Density of the Output from a Sampling 
Servo-Mechanism 


In this Appendix an expression is obtained for the spectral 
density of the output from a sampling servo-mechanism. The 
sampling servo is of the general type described earlier; the 
expression for the output voltage from the servo is taken from 
eqn. (9) or (9a). The result obtained bears similarity to the 
equivalent result for the continuous case. 

Analysis of the system including noise effect requires a know- 
ledge of the output spectral density from a sampling servo- 
system in terms of some system operator and expressions for the 
input noise. The spectral density of the output of the system 
is obtained simply by taking the real part of the Fourier trans- 
form of the auto-correlation function of the output. The 
auto-correlation function of the output is obtained from the 
expression for the output of the system. The expressions in the 
following derivation are, fairly lengthy, but the final equation is in 
a simple form and bears similarity with that for the continuous 
case. 

Before considering the spectral density of the output of the 
sampling servo, the spectral density of sampled noise will be 
considered, to demonstrate the method. 

Let the noise be represented by N(¢) as shown in Fig. 11. 
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Fig. 11.—Waveforms. 


(a) Noise waveform. 
(6) Sampled noise waveform, 


The sampling times are taken at unit times apart. The sampled 
noise is shown as N,(t); we wish to find the spectral density of 
the sampled waveform N,(‘) in terms of some operation on the 
noise, N(f). 
The spectral density of N,(f) is given by the real part of the 
Fourier transforms of the aa sn, function of N,(d), i.e. 
+0 


Sw) =2 a) e~ are " (ON,(t + ndrdt 


(ec: 


It is convenient to make the substitutions: ¢ =m + 6,t and 
r =n-+ 8t, where 6,t and 55¢ are less than unity. 
This gives 
+2 j D. 
S.(w) -a| aa N,(2 + 55t)N,(m + 6;t ++ 650) 
— 0 ae 2 d(n + 8t)d(m + 6,t) 
T+o 
b2t=1 
S.(w) -ale E—iotn+ +05 tb a N,(a + 6,1)Nm + n + 6,t 
d2t=0 + 55t)d55td(m -- 6,0) 
T > 
S.(@) = 


+0 
ale io(m+s | 


4T 53t=d it 
| Nom +1 + 83f — 6,0N(mt+n+14+ Sy 


S2t=1—d1t 
> il N,(1+65t)N,(m+n-+ 6 ,t+85t)d55t 
d2t=0 
T—>o 


y- 


ee §3t=0 


T—>o 
In the second term 63t = 6,t + 6,t — 1 
The integration with respect to 63f and 63¢ can now be carried 
gut, giving 
ct 
S(w) aie, e—iolm +31) fb (m)f 1 — 6,1] + bn + 1)8,thd(m + 6,0) 


where 


ee 5 
u(m) = aH > N@N(x + m) 
he 


i oO 
Syt=1 


Ss (2) = lt E—iosit 


he x e—foms(m)(1 — },f) + sea eiomb (yy + 


m=—@ m= — 00 


1)6, fa, t 


Substitution of | 5 E—iom)(m) 


m=>=— 0 


=S$,(w) and (m-+ 1) =m, gives 
O1f=1 

= a| e—fadit(1 — 6, ¢ + £!5,1)d5,tS,(w) 
0 


S.(w) = S;(w) ae — cos w) : 


S.(w) 
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vi) 

If the noise is white then S,(w) = 1 and the spectral sens 
for the sampled noise is as 4 
4 


This is interesting because it is the same as the spectral density | 
of a random square-wave of amplitudes +1 and —1 only; ie. 
if a coin is tossed and heads are plotted as +1, tails as —l, 
the spectral density of the waveform obtained is the same as 
that of the sampled white noise.” 

We now proceed to find the spectral density of the output 
from a sampling servo-mechanism. | 


S,(@) = =e — cos w) 


(8.2) Derivation of the Spectral Density of N,(¢) 
The system under consideration is shown in Fig. 12. 


N,® : No(t) 
Sampling 
servo-mechanism 


Fig. 12.—System under consideration. 


The output from a sampling servo-mechanism in terms of the | 
input is given by eqn. (9): 
Bex '[q — 
No(2 + 81) “| oq Berea = 


¥ Bq — & 


ae?) [Ni (|g ‘dq 


(16) | 


where the contour c is a large circle around the origin, and 


ZB[Ni(n)] = = 3: q_"N\() 


&(q), B, and «, are parameters assert the kind of units dae 
within ‘the sampling servo. (gq) is a rational polynomial. 3B, 
and «, are constants; 7 is an integer and d¢ a time interval where — 
ey at 
From eqn. (16), No( + 5f) may be written as a convolution 
sum: 


No(n + 82) = Se(s + 8N\@ — 5) (17) 
s=0 


where 


Og ldq 


rb 3] WO 2 Bera — & (18) 


¥ Bq — & 


In eqn. (17) the lower limit s = 0 may be extended to minus s 
infinity since 
g(n + 6,0) =0forn<0. 


Also, if the noise is supposed to have started indefinitely far 
in the past, the upper limit must be extended to plus infinity; 
extending the limits eqn. (17) becomes 


Non + 81) = "Sas + 59N\@ — 5) (19) 


The general expression for the auto-correlation function of a 
time function is given by 


W(t) = Se a ees + dr (20) 
Lim i >'0cO. 


Since eqn. (19) contains two variables instead of the single | 
continuous variable, f, it is necessary to modify the form of 
eqn. (20) into the sum and an integral with respect to 6¢. Writing — 


: 
i 
¢ 


auto-correlation function for the output as y(n + 5,4), where 
s integral and 6,t < 1, we have 


Sot=1 


r=T 
zs Jc 
(21) 
T—-> 


In eqn. (21), (6,t + 55f) may be greater than unity, and our 
»xpression for the output No( + 52) is for the total 5¢< 1; 
yrder to overcome this difficulty the integral is split into ae 


S2t=1— st 


2=0 
| i 53t=dyt p 

ic a No(a+r+l1 a (22) 
1 $3t=0 


[f equations like eqn. (19) are substituted in eqns. (22), and 
eqn. (18) is substituted in eqn. (19), the real part of the Fourier 
transform of eqn. (22) gives the output spectral density. 
bon + 6,f) is again in terms of two variables; thus the integral 
os. must be replaced by a sum and an integral with respect 
| 

: s1t=1 

Yon + dite stds t . 


oyt=0 


>i e—ion (23) 


na=—@ 


Le. Sy(w) = 


Carrying out the substitution of eqn. (19) in eqn. (22) and 
substituting eqn. (22) in eqn. (23) gives 


4 n=o 
So(w) = SY emion 
| n=— 
y | 5yt=1 pees 
1 r=T 
if { a7, +f : 2 N,(n + r—sy)g(s; + Ot ost + 851) 
= (eS 
t 5f=0 S2r=0 
s2= 0 
xX DY Nr — 5y)g(s2 + 8yt)dd5t 
s2=—-0 
83t=S1t 
sy; =0 
el NG ar +1 —s)e(s, +850 
s5;=— 0 
Hp: 
s2=00 E—twdit 
x Y Nir — s)g(s. + 85¢ — 8,6 + Dd aout} (24) 
s2=—0 


In eqn. (24) the integration with respect to d,¢, 5,t and 83¢ 
can be carried out since g is known from egn. (18). Assuming 
that the integration is performed and that f {ggd5r,d5r,, etc., 
= H, eqn. (24) can be simplified to 


1 r=1 
3o(w) = Ss e—ton a oe , 
‘ n=— oo r— 
/ T>o 
: Se Na+r ae. oy Me - 5>)H,(s;, 52) 


sp=— 0 


oe S| NG@drti—s) S “Nir = sdHAs.59 |. (25) 


s=—- 0 So — 


j Syt=1 Sot=1—dt 
Ay(s,, Sq) = | ge iwdit | 8(s, + 8) + Saf) e(s2 + bt)dd5td8,t . (26) 
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and 


dit=1 


53t=sit 
HA(s,, S>) = | ale 2(s; +6; tg (83 + - 63 i orl ta 1)d6,td8, t 


dyt=0 531=0 
(27) 
Writing ui(n) = a s) NON (ir + 2) (28) 
T+>o 
eqn. (25) becomes 
n= oo 5 st= OO s2= 0 
SIO a Sy Per Sy YD pia + sy — sPH,(s, 52) 
n=— s3=- 0 s2=—0 
+ oye + 1 + sy — 5)HA(s,, 52) . (29) 
Substitution of n+s.—s, =u 
and u+tl=v 
in eqn. (29) gives 
Sow) = 3, Sil compu) + fe 1081 "ys gios2 
sQ2=-a 
[Hy (51,52) +e!H (5,59) ] (30) 
Writing Sw) = ¥ e-Houp,(u) G1) 
we ‘have 


So(w) = S,(w) times a function of w which depends only upon 
the servo mechanism. 
In H,(5;, 52) substituion of 5,¢ = 63t — d,t + 1 gives 
dif=1 O4t=1 
Hs, 5) -| etn] g (dit + byt — 1 +5) g¢(s + d4t)dd4tdd,t 


5,;t=0 d4t=1—s\t 


(32) 
Substitution for H,(s,, 52) and H)(s;, 52) in eqn. (30) and 
changing the order of integration and summation, we have 


Sit=1 S2t=1 
Sp(w) =$(0)| « ~ i831 Geo, 8: + 85G(— «, 8p1)d3td8,t 


ot= =) $21=0 
(33) 


G(w, dt) = Bh" é—lose(s + St) 


s=—c 


where 


The similarity between the sampling case and the continuous 
case is clearly seen in eqn. (33). The function S,(w) takes 
the place of the input spectral density, and the integrated product 
of G(w, 8,f + 55f) and G(— w, 531) corresponds to the normal 
Z(cw) ; : ; ; 
5 ++ 3f) may be greater than unity. Eqn. (30) is in a suitable 
form where y,(u) is given by eqn. (31) and H, and Hy, are given 
by eqns. (26) and (27) together with eqn. (18). 

The spectral density of the output from a sampling servo- 
mechanism is formed by the product of a periodic function with 
a period given by 


Period of S\(w) = 


27 
sampling time 
and the function 
Syt=1 S2t=1 
[« feds | Goo, 8:¢ + Sp1)G(— ew, 8,p)dBqtd3,t 
5,t=0 d2t=0 
which is dependent upon the type of discontinuous and passive 
circuits used in the sampling servo-mechanism. 
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(8.3) Multiple Poles 


If in the sampling servo-mechanism F(p) contains multiple 
poles, the expression for g(n + 6f) can be obtained by taking 
B, = B, = B;, etc., in eqn. (18), and a, > a, + 3, etc. 

g(n + dt) can be obtained more directly, however, by using 
the equation derived from eqn. (9a), when we have 


1 f @—D)d@Afa + oO) igh 
mi) q+ MDG — DALL@M] 
where f(n) and ¢(q) are as defined in the paper. 


g(n + 82) a 


(8.4) Evaluation of Eqn. (30) 


In evaluating eqn. (30) it was only necessary to take the sum- 
mations with respect to s,; and sj from zero to plus infinity. 
Great care must be exercised in obtaining the contribution from 
H, and H, when either s; or sz is zero. 
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¥ 
(which is periodic) and the function of w plotted in Fig, 43;) 
this function is for a normalized pulse repetition frequency, and 
it is noted that the contribution to the noise-power level is zeal 
at the repetition frequency and has a maximum (although very 
small) just before w = 37. There will be smaller ones near all, 
other multiples of 7. The presence of these agrees directly with 
the example on spectral density for sampled noise given at the! 
end of Section 8.1. There, it is seen that for ‘‘white” noise the 
spectral density of the output is . 
} 


S,(@) = a — cos w) 


and maxima of this appear at points immediately before 3z, 
S77; etc. \ 
In the example considered, the time-constants employed were 


Magnified 
scale 


0-0010 
0-0008 
0- 0006 
0-0004 
0-0002 


Fig. 13.—Plot of actual values calculated for range-measuring unit. 


A practical range-measuring equipment was analysed from the 
stochastic standpoint; noise was considered to be applied to the 
input terminals of the unit (Fig. 5) and the problem was to deter- 
mine the spectral density of the output noise in terms of the 
spectral density of the input noise. 

Considerable work was necessary in order to apply the given 
formula (eqn. 30), and only the result and conclusions are 
given here. 

(8.5) RESULTS . 


The output spectral density S,(w) is given by the product of 
[o) 
S(@) = Y e-eb(u) 
a 


u= — 


| 


unfortunately too large for the effect to be clearly illustrated; 
thus, because of their large smoothing effect, computations to an) 
accuracy of 1 part in 10° had to be made before these maxima 
were detected. 

If the input noise is “‘white”’ 


Sw) = y E—tomh(y) 


u= 


becomes a constant, and the function of w in Fig. 13 then 
represents the output spectral density, S,(w), of the range- 
measuring unit. 
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SUMMARY 

The relative permittivity of a gaseous discharge has been measured 
2 100, 2 500, and 3 000 Mc/s, using an Ho11 resonant-cavity method. 
The preliminary experiments were carried out using a discharge in a 
mixture of argon (24 mmHg pressure) and mercury vapour. Later 
periments employed a specially constructed low-pressure mercury- 
vapour tube. 

_ The relative permittivity of each discharge decreases from unity 
almost linearly for increases in the discharge current. In the case of 
the low-pressure mercury-vapour discharge it has been observed that 
the Q-factor falls to a minimum at a particular discharge current which 
depends upon the resonant frequency of the cavity. It is suggested 

t this is due to an electron resonance phenomenon. 

) The detailed theory of the method of measurements is given in an 
appendix. 


LIST OF PRINCIPAL SYMBOLS 


c = Velocity of electromagnetic waves in free space. 
e, m = Charge and mass of an electron, respectively. 

E = Electric field strength. 

E = Peak electric field strength. 
E,{r) = Radial variation of electric field strength. 
\ Ff = Impressed frequency. 

df = Small change in impressed frequency. 

} So = Resonant frequency of the cavity. 
: H,,= Component of magnetic field strength along the 
’ Z-axis. 

H{r) = Radial variation of axial magnetic field strength. 

HA = Peak magnetic field strength. 

} I, = Current through the discharge tube. 
f, J, = Current density through the condenser due to the 
, velocity of the electrons. 
J, = Total current density through the condenser. 
k = Separation number, k* = y? + wpe. 
N = Electron density. 
n = Order of the Bessel functions J(kr) and N(kr). 
P = Power dissipated in the discharge. 


2nf x Energy stored 
C= oa Power loss 
Qo = Q-factor of the cavity with no discharge current. 
OQ, = Q-factor of the cavity for some specified discharge 
' current. 
hr, d, z = Axes of a cylindrical co-ordinate system. 
T = Temperature of water bath. 
W = Work required to fll: the discharge region with 
. electrons. 
W, = Energy stored in the cavity with no discharge current. 
_ AW = Change of energy stored in the region of the discharge. 
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y = Propagation coefficient. 
€ = Permittivity. 
€)= Permittivity of free space. 
€, = Relative permittivity of the discharge. 
Ae; = Decrease of the relative permittivity of the discharge 
from unity. 
6. = Galvanometer deflection at resonance. 
6, = Galvanometer deflection at resonance for some 
specified discharge current. 
A = Wavelength of the impressed electromagnetic wave. 
pe = Permeability of free space. 
v = Collisional frequency of the electrons. 
o = Conductivity of the discharge. 


(1) BASIC PRINCIPLES 


(1.1) Introduction 


It is now well known that the ionosphere, or any other region 
containing free electrons, can have an appreciable effect upon 
the velocity of propagation of an electromagnetic wave passing 
through the region. If the electron density is not uniform, the 
electromagnetic wave is refracted. The basic principles of ionic 
refraction were first discussed by Eccles! in 1912, but Larmor? 
later showed that the refraction was due mainly to the light free 
electrons and not to the heavy positive ions. A comprehensive 
review of the propagation of electromagnetic waves through the 
ionosphere was given by Mimno? in 1937. 

The manner in which the electromagnetic waves are refracted 
implies that the relative permittivity of the ionosphere is less 
than unity. This decrease can be illustrated quite easily in the 
following manner: Fig. 1 shows a parallel-plate condenser in 


este 


| 


| 
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Fig. 1.—Parallel-plate condenser. 


which the plates are separated by a low-pressure gas containing 
a uniform electron density of N electrons per unit volume. 
When an alternating electric field Ep sin wt is applied between the 
plates, the electrons move under the action of the field. If the 
electrons collide with neutral particles, their radio-frequency 
energy is converted into random kinetic energy and power is 
abstracted from the electromagnetic field. Provided that the 
electron collisional frequency v is large enough, the electrons 


[ 203 ] 


204 


experience a frictional force which can be represented by 
mvdx/dt. 
The equation of motion for each electron is 
d*x 


DG 
m— + mv = 
dt dt 


cE, sin wt 


Solving this for dx/dt gives 


dx —ev é 


dt wmlw2 +r?) h a= jh t 
dt mw? + v2) mMw2 + 2 + y2) dt E ow ere 7) sin w ) 


Each moving electron constitutes a current element, and the 
electron current density is given by 
Ne? Ne? dE 
I= ee Se ee ee 
m(w2 + v2) mw? + 12) dt 
To obtain the total current density J, through the condenser, it 
is necessary to include the displacement current density €)(dE/dt) 


and egn. (1) leads to 
Ne*v Ne? dE 
J,= — sm E+ 1 - ea = (2) 
mw? + v2) m(w2 + v2) | dt 
The first term in eqn. (2) represents the conduction current, 
and the second term represents the net displacement current 
which has to be supplied to the condenser plates from the external 
circuit. Writing o and «; for the conductivity and relative 
permittivity respectively of the region containing free electrons, 

this leads to 


Ne*v 
~ m(w? + v) @) 
2 
en — ae 5 SES, aye) 


mw + v2)eg 


if the collisional frequency v is small compared with w, the 
expression for €, becomes 


Ne2 
Sys iseL eapan el ab AS) 


w*meéey 


Eans. (4) and (5) show that the relative permittivity of the 
ionized region decreases to less than unity by an amount depend- 
ing upon the electron density and the frequency of the impressed 
electric field. 


(1.2) Previous Experimental Investigations 


Until recent years the permittivity of an ionized gas was 
generally measured by experiments in which a discharge formed 
the dielectric between the plates of a condenser. It was assumed 
that the change of capacitance of this condenser which was 
observed when the discharge current was varied was related in a 
simple manner to the change in the permittivity of the dielectric. 

A large number of results obtained by this method has been 
reported in the technical literature (see Bibliography, items 4-12). 
Nearly all these experiments have shown that the relative per- 
mittivity of the discharge becomes less than unity only for very 
small currents. For larger discharge currents the relative per- 
mittivity reaches a well-defined minimum and thereafter increases 
steadily to a value greater than unity. Appleton and Childs® 
showed in a very convincing experiment that this anomalous 
behaviour was caused by the formation of a sheath of positive 
ions around each condenser plate. 

Appleton and Chapman’ repeated the experiments using 
redesigned apparatus which avoided the formation of positive 
ion sheaths. They then found that, provided that the discharge 
current was greater than a certain value, the capacitance of the 
test condenser and therefore the relative permittivity oi’ the 
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discharge, decreased approximately linearly with increase st 
discharge current. Assuming, that the electron density incr: 
linearly with discharge current, it is seen that this linear variation, 
of €; with I, is indicated by eqn. (4). 

Within recent years new techniques have been evolved fi 
measuring the dielectric properties of materials in the microwa\ 
band of frequencies (see Bibliography, item 13). Adler!4 be | 
the first to apply these microwave techniques to the measurement | 
of the permittivity and the conductivity of a d.c. discharge. In 
these experiments a mercury-glow discharge tube was placed | 
along the axis of a cylindrical cavity resonating in the Epjg . 
mode at a wavelength of 3cm. The results show that the relative 
permittivity decreases linearly with discharge current, and i | 
decrease is about 2°% for a current of 0-4mA. 


(2) Hors RESONANT-CAVITY MEASUREMENTS UPON A 
MERCURY-VAPOUR AND ARGON DISCHARGE 


(2.1) Description of the Cavity 


Before the publication of Adler’s paper it was decided to 
apply the resonant-cavity technique of measurements to a d.c, 
discharge. ' 

The experiments were carried out on an 80-watt commercial 
lighting tube which was mounted along the axis of an Ho, 
resonant cavity as shown in Fig. 2. An important characteristic 


DETECTOR 


13-3cm 


INPUT LOOPS 
{l-2cm APART 


20°3cm DIA.— 


Fig. 2.—The resonant cavity. 


of this mode is that the top of the cavity does not need to be in | 
metallic contact with the walls. The open end of the cavity was | 
therefore closed by a loosely fitting brass plunger, and the 
resonant frequency of the cavity was controlled by its position. | 
A second characteristic of the Hy,; mode which makes it more 
convenient to use than the Ey,) mode used by Adler, is that there 
is negligible fringing of the electromagnetic field from the holes 
which accommodate the discharge tube. | 

The cavity was excited in the Ho;; mode by two small loops — 
placed about half-way along diametrically opposite radii coupling» 
with the radial magnetic field. The crystal detector unit, soldered 
on to the plunger about half-way along a radius, also coupled 
with the radial magnetic field. 


(2.2) Investigation of the Mode Purity within the Cavity 
The relation between the relative permittivity of the discharge 
and the shift in the resonant frequency of the cavity is established 
in Section 7.2, but this relation is valid only if the cavity resonates 
in an undisturbed Ho;; mode. If another resonant mode is 
also excited, the field pattern is no longer that of the undis- 


irbed Hp;,; mode and the relation no longer holds. Table 1 
10ws the unwanted modes which occur near the Ho,, resonant 
frequencies of 3045, 2500 and 2117Mc/s, at which it was 
proposed to carry out the experiments. 


| £ Table 1 
| a FREQUENCIES OF WANTED AND UNWANTED MOopES 


Hout 
| resonant 
| frequency 


Unwanted mode and its resonant frequency 


Mc/s 
E120 
Sey 


Me/s 
B31 
3 141 


Mc/s Mc/s 
Hai 


2 830 


Eo 
2 970 


H311 
2 621 


E210 
2419 | 


E10 
2 419 


B31 
2 373 


E110 
| 1 807 


The only modes likely to interfere are the H3,,, Eyyy and Eso 
modes at approximately 3045Mc/s, the H31;, Eoo9, Ey, and 
Eno modes at approximately 2 500 Mc/s, and the E;,, mode at 
approximately 2 117 Mc/s. 

_ The E,;,; and Ho;; modes always occur at the same resonant 
frequency in a perfect cylindrical cavity. The symmetrical 
input to the cavity, mentioned in the previous Section, was 
chosen as being the least likely to excite any of the unwanted 
modes. However, if any such modes were excited, they would be 
greatly damped by the air-gap between the plunger and the 
pyity walls. 

_The resonant frequencies given in Table 1 are those that 

ould occur in an ideal cavity, but the values corresponding to 
the experimental cavity, including the discharge tube, may be 
substantially different. It is therefore necessary to make an 
experimental check on the purity of the field pattern within the 
cavity. When the plunger is rotated, the output loop couples 
With the radial magnetic field along each radius in turn. Any 
departure from the true Ho,, field-pattern is shown by a corre- 
sponding variation in the deflection of the associated galvano- 
meter. The detector has a square-law characteristic; conse- 
quently a 10% variation in galvanometer deflection indicates a 
variation of about 5% in the radial magnetic field-strength. 
Before the experiments were begun, it was decided to tolerate 
up to +5% variation of the magnetic field-strength from the 
mean. 
_ Fig. 3 shows some typical graphs of galvanometer deflection 
against plunger rotation at each of the three resonant frequencies. 
The shapes cannot be easily explained, but the percentage 
variation of the deflection from the mean is within +10%. 


2. 3) Experiments on a Low-Pressure Mercury-and-Argon 
( Discharge 


): The frequency range 2 110-3 100Mc/s is covered very con- 
veniently by a cavity 20-3cm in diameter and having a maximum 
inside height of 13-3cm. Throughout the experiments, the 
resonant frequency of the cavity was measured with a wide-band 
wavemeter with a reading error within 1 part in 10*. A CV67 
Klystron was used in the experiments at 3 000 Mc/s, and a CV273 
‘iode, incorporated in a coaxial-line oscillator, for the experi- 
ments at the other frequencies. 

‘The discharge was maintained by a 220-volt d.c. supply, and 
1€ current was controlled by suitable ballast resistors. 

‘In some preliminary experiments using a smaller cavity 


FOULDS: RESONANT-CAVITY MEASUREMENTS OF THE RELATIVE PERMITTIVITY OF A D.C. DISCHARGE 


205 


120 : 


Tl 


80 


bh 
fe) 
7 


RELATIVE DEFLECTION AT RESONANCE 
oa 
fe) 


nN 
ie) 
eal 


A 
fe) 60 120 180 240 300 360 
ANGULAR POSITION OF PICK-UP LOOP, DEG 
Fig. 3.—Variation of radial magnetic field. 
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(16:3cm diameter), the resonant wavelength, the Q-factor and 
the deflection at resonance were each measured as a function of 
discharge current up to 300mA. Fig. 4 shows some typical 
results for discharge currents up to 100mA, and it is seen that, 


° 20.40 FS) ao 100 
DISCHARGE CURRENT Iq, mA 
Fig. 4.—Variation of A, Q and 6 with discharge current. 


[EJ—&] Curve of 2, the resonant wavelength of the cavity. 
O—O Curve of O, the Q-factor of the cavity. 
x—x Curve of 6, the deflection at resonance. 


whereas the resonant wavelength decreases linearly with dis- 
charge current, the Q-factor and the resonant deflection decrease 
very rapidly for small discharge currents, but thereafter decrease 
at a very much slower rate. 

The majority of the experiments were carried out on the 
20-3cm-diameter cavity, and for discharge currents up to 0-8 amp. 
For these larger currents there was an appreciable change of 
temperature of the cavity, and it was necessary to perform each 
experiment as quickly as possible. Consequently only the 
resonant frequency of the cavity was measured for different 
discharge currents. It was observed, however, that the Q- 


206 


factor and resonant deflection continued to decrease slowly as 
indicated by Fig. 4. 

Fig. 5 shows some typical results of the variations of the 
resonant frequency of the cavity as a function of discharge 
current. The apparent hysteresis effect is considered in 
Section 2.5.2. 
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Fig. 5.—Variation of the resonant frequency of the cavity for increasing 
and decreasing currents. 
A and) fo = 2114Mc/s. 
x and@ fo = 2 496Mc/s. 
- and© fo = 3 036Mc/s. 


(2.4) Results of the Resonant-Cavity Experiments 


(2.4.1) Relative Permittivity. 


Fig. 6 shows the relative permittivity of the discharge plotted 
as a function of current at the three frequencies. Since these 
experiments were of a preliminary nature, the relative per- 
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Fig. 6.—The relative permittivity of a discharge as a function of 
frequency and discharge current. 
© fo = 3 036Mc/s. 


x fo = 2 496Mc/s. 
FE) fo = 2114Mc/s. 


mittivities have been calculated ignoring the effects of the glass 
wall [eqn. (29)]. These effects are not really negligible, and 
had they been taken into account the change in the relative 
permittivity would have been less than that shown in Fig. 6. 
The correction is a function of the frequency and amounts to 
about 35% at 3000Mc/s, to 28% at 2500Mc/s, and to 20% 
at 2100Mc/s. It is seen that the relative permittivity decreases 
linearly with the discharge current, and that for any given current 
it depends upon the impressed frequency; the lower the frequency 
the greater is the change in the relative permittivity from unity. 


| 
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The expression for the relative permittivity of an ionized s 
has already been given in eqn, (4): a 
Ne? 
Aes | a 
ot mw? + v)eEq @ 


With the assumption already made that the electron density is 
proportional to the discharge current, the experimental results 
verify the above equation that the relative permittivity 
decreases linearly with increase in the electron density. 


(2.4.2) Electron Collisional Frequency. 


The electron collisional frequency, v, can be calculated from 
the relative slopes of the curves of €; versus J, shown in Fig. 6. 
Eqn. (4) can be rearranged to give 


Ne* £0 


2 ORs 
w* + vy = — =— 
még Le; 


(6) 
It is seen that 
Ne? 
Ac’ = oe 
mt mw + v2)E, 

which is the change in the relative permittivity from unity. 

The values of Ae; for a given discharge current can be read 
off the curves of Fig. 6, and therefore a family of straight lines 
can be drawn for w? against 1/Ae; with the discharge current 
as parameter. These lines pass very nearly through a single 
point, giving an average value of vy = 2-5 x 101° collisions/sec. 


(2.4.3) Estimation of the Electron Density. 


If the discharge is assumed to be uniform, eqn. (6) enables the 
electron density for any current to be calculated corresponding 
to the collisional frequency of 2:5 x 10!° collisions/sec. For a 
discharge current of 0-4amp this gives N—=7-1 x 10! 
electrons/cm?. These values of N and v agree very satisfactorily 
with some results quoted by Denno,!5 measured from experi- 
ments based on the scattering of 3cm wavelength electro- 
magnetic waves by a discharge. The discharge was again 
produced by a commercial lighting tube, 3-25cm in diameter, 
and for a discharge current of 0-4amp the results quoted are as 
follows: 


v = 4-46 x 10!° collisions/sec 
N = 7-02 x 10!! electrons/cm? 


(2.5) Discussion of Phenomena Associated with this Technique of 
Measurement 


During the course of the experiments reported above, two, 
important phenomena associated with this resonant-cavity 
technique were discovered, and it is considered worth while’ 
discussing them here. 


(2.5.1) Migration of Mercury Ions. 

It is well known!® that, when a unidirectional discharge 
current is passed through a mixture of argon and mercury vapour, 
the mercury ions gradually drift towards the cathode, and 
consequently near the anode the discharge takes place mainly 
through the argon. One of the assumptions made in this micro- 
wave method of measurement is that the electron density is 
proportional to the discharge current, and this will not be valid 
if there is a considerable migration of mercury ions towards the 
cathode. It was therefore decided to measure the resonant 
frequency of the cavity as a function of discharge current for a 
50c/s a.c. discharge. 

The a.c. discharge causes two resonances and, as shown in 
Fig. 7(a), the frequency of one increases similarly to that for 
the d.c. discharge, but the frequency of the other increases only 
slightly with increase in current. When the current is less than 
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Fig. 7.—Cavity resonances and current waveforms for an a.c. discharge. 
) (a) Cavity resonances. 
' -—-- DQ. discharge. 


(b) Typical current waveform of an a.c. discharge. 
(c) Simplified current waveform of an a.c. discharge. 


A.C. discharge. 


80mA, the resonance curves are normal in shape, (ii) being 
considerably more damped than (i). or discharge currents 
greater than 80mA the damped curves take the double-humped 
form associated with band-pass circuits. The frequency difference 
between the two humps is shown by the pairs of points joined 
by the dotted lines. 

The explanation of the two resonances lies in the waveform of 

the discharge current, a typical waveform being shown in Fig. 7(b) 
(see Bibliography, item 17). For a rough approximation let it 
be assumed that the discharge current has the simplified stepped 
waveform of Fig. 7(c). During the part of the cycle for which 
the current is J, the cavity resonates at some frequency /;, say, 
but when the current is J, the cavity resonates at a different 
frequency, f,. The galvanometer cannot record these rapid 
fluctuations, and therefore when the impressed frequency is /; 
the galvanometer shows the average of the deflections corre- 
sponding to the discharge current J. 
_ Similarly when the impressed frequency is f5, the galvanometer 
shows the average of the deflections corresponding to the dis- 
charge current J,. Thus for an increase in the discharge current 
f, increases at a rate similar to the d.c. discharge, and /; increases 
at a much slower rate. For the waveform shown in Fig. 7(c) 
the slopes of the lines f, versus J, and f, versus I, would be the 
tatio J, : J,. This explanation fits the observed facts satisfactorily 
and indicates that multiple resonances will always occur if there 
are steps in the current waveform. One of the difficulties asso- 
ciated with the a.c. discharge is to determine the equivalent 
discharge current corresponding to an observed resonance. If 
the current could be made to have a square waveform, only one 
resonance would be obtained, and the corresponding discharge 
current would also be known. The relative permittivity for the 
discharge could be calculated from the measured change in the 
Tesonant frequency of the cavity by the same equations that are 
used for the d.c. discharge. 


(2.5.2) Hysteresis Effect. 

_ In all the experiments using discharge currents up to 0-8amp, 
it was found that the resonant frequency of the cavity for a given 
discharge current depended upon whether the current was 


j 


a 
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increasing or decreasing. This is shown very clearly in the 
curves of Fig. 5. The effect could be the result of a discharge 
phenomenon such as the formation of positive ion sheaths at 
the wall of the discharge tube, or a hysteresis effect between the 
electron density and discharge current, or it could be a thermal 
effect such as expansion of the cavity and glass tube. Both by 
calculation and by direct nieasurement it has been shown con- 
clusively that the hysteresis effect is primarily, if not completely, 
due to the time lag between the temperature of the apparatus and 
the current in the discharge. 


(3) RESONANT CAVITY MEASUREMENTS. LOW-PRESSURE 
MERCURY-VAPOUR DISCHARGE 

The experiments on the commercial lighting-tube have shown 
that the collisional frequency of the electrons has an appreciable 
effect upon the permittivity of the discharge in the frequency 
range 2 000-3 000 Mc/s. The resonant-cavity experiments were 
therefore repeated upon a discharge at a pressure sufficiently 
low to ensure that the collisional frequency would be negligible 
compared with that of the impressed electromagnetic field. 
The most convenient type of discharge satisfying this require- 
ment is one with a mercury-pool cathode and containing no 
gases apart from the mercury vapour. Discharge tubes of this 
kind have been described by Langmuir!® and Killian!? and 
by other workers making probe studies on discharges. 


(3.1) Description of the Discharge Tube 


Fig. 8 is a diagram of the low-pressure tube which was made 
of suitable low-loss glass. The discharge between the anode A 
and the mercury-pool cathode replaces the fluorescent tube in 
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Fig. 8.—Circuit diagram of the low-pressure mercury-vapour tube. 


the cavity. The discharge between the anode B and the cathode 
is an auxiliary “‘keep-alive’’ system, the anode being a flat cone 
to prevent blasts of mercury entering the long vertical arm. 
There is a third anode C, but this was not used in the experiments 
reported here. Below the level of C the discharge tube was 
immersed in a water bath whose temperature was controlled to 
within + 4°C. To make certain that the mercury vapour did 
not condense on the wall of the long tube, this tube was sur- 
rounded by a hot-air jacket. The hot air also circulated through 
the cavity, maintaining it at an even temperature, and in this 
manner the thermal hysteresis described in Section 2.5.2 was 
avoided. 

The currents to the anodes A and B were controlled inde- 
pendently, and during each test the total cathode current was 
kept constant, generally at 2amp. 


(3.2) Preliminary Experiments 
(3.2.1) Asymmetrical Resonance Curves. 
The initial experiments using this low-pressure discharge tube 
showed that for discharge currents greater than 50mA the 
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resonance curves of the cavity were asymmetrical; a_ brief 
account of this phenomenon has been given by Cullen and 
Foulds.2° The experiments have been extended, and Fig. 9 
shows some typical curves for discharge currents up to 1-Oamp 
for several water-bath temperatures. 
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Fig. 9.—Resonance curves of the cavity as a function of discharge 
current and temperature of the water bath. 
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It is seen that the higher the temperature of the water bath, 
i.e. the greater the pressure within the tube, the lower is the 
discharge current at which the asymmetry and damping occur. 
This suggests that the asymmetry and damping occur over a 
limited range of electron density. 

In an attempt to obtain more information about the asym- 
metrical resonance curves, the cavity was made tunable over a 
small frequency band by means of a tuning ring. The resonance 
curves of the cavity could then be obtained at any specified 
frequency within the band by tuning the cavity, and the curves 
obtained in this manner were almost the same as those in Fig. 9. 


(3.2.2) Fluctuations in a D.C. Discharge. 


Fluctuations of the discharge current would result in the cavity 
being swept in and out of resonance, and the resonance curve 
indicated by the galvanometer would then appear damped. 
The output voltage from the detector was therefore displayed 
on a cathode-ray oscillograph, and this showed immediately that 
the crystal current was fluctuating. At the same time, the 
fluctuations of the light intensity from the discharge were 
examined by a photocell, and the output from this was also 
displayed on the oscillograph (a double-beam instrument). 
Fig. 10 shows some pairs of traces of crystal current and photo- 
cell output for a discharge current of 0-3amp at different points 
on the average resonance curve. By comparing the galvanometer 
deflections with the input frequency, it is seen that the average 
resonance curve is appreciably asymmetrical. The traces make 
it quite clear that the fluctuations in the crystal current on the 
high-frequency side of the curve are different from those on the 
low-frequency side. It is more correct to state that fluctuations 
similar to those on the low-frequency side of the curve do occur 
on the high-frequency side, but they are almost completely 
masked by the irregular fluctuations right up to resonance! At 
frequencies less than the apparent resonant frequency fo,’ the 
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Fig. 10.—Correlation between average crystal current, instantaneous | 
current, and instantaneous light intensity. 


(a) Frequency = fo — 3-6Mc/s, average deflection = 10. 

(b) Frequency = LMG: ae l average deflection = 53. } 

(c) Frequency = fo + 6:5Mc/s, average deflection = 10. \ 
A = Photocell output, B = Instantaneous deflection. 


fluctuations in the two traces correspond quite closely with the 

crystal-current fluctuations occurring either after a decrease in 
the light intensity or before the following increase. At fre- 

quencies greater than fo, the traces show that the cavity is still 
frequently swept right up to, and indeed through, resonance, 
These crystal-current pulses occur irregularly and appear either 

just after an increase in the light intensity or before the next 

decrease. The traces for the high-frequency side of the resonance 

curve do not make it clear why some of the light-intensity 

fluctuations are associated with large crystal-current pulses and 

some are not. 

The fluctuations in the discharge occur even though the dis- 
charge is supplied from an accumulator, and they clearly have 
a profound effect upon measurements of this kind. 


| 


An extensive experimental study has been made of these 
fluctuations by using two similar photocells to trace them as 


they travel through the discharge. The investigation has shown 
that the complicated nature of the light-intensity fluctuations is _ 


the result of the interaction of two sets of striae which move in 
opposite directions. Those which travel towards the cathode 


have been called the positive striae, and they are almost sinu- | 


soidal. The others, which have been called the negative striae, 
travel towards the anode and appear to occur at random. 
Table 2 shows the velocities. of the striae for different water-bath 
temperatures. 

Table 2 


VELOCITY OF STRIAE 


Temperature 


OR Watee atts Negative striae 


Positive striae 


105 cm/sec 
2 Bo7, 
1-9 ; 3:17. 
1-5 2 


105 cm/sec 


(3.2.3) Summary. 

The asymmetry and damping of the resonance curves are 
certainly associated with the fluctuations in the light intensity 
of the discharge, but the complete explanation of the asymmetry 
has not been found from these experiments. It is probable 
that the crystal-current fluctuations are caused by corresponding 
fluctuations in the electron density. 
by large numbers of electrons being brought to rest by collision, 
and the momentary increases of the electron density above the | 
mean may be very much larger than the, perhaps more regular, 
decreases below the mean. A detailed examination of the 


The bright striae are caused ~ 


Be posiiey travelling sets of striae, and the increases in the 
} electron density will be very marked at the points where the 
‘two sets of striae interact. 

_ Although it was not known at the time of the experiments, 
this phenomenon of moving striae had already been extensively 
‘examined by Donahue and Dicke.?!_ Their experiments also 
| showed the existence of two sets of striae, travelling in opposite 
directions, but in their case both sets were periodic. Their paper 
| puts forward a qualitative theory to account for the motion of the 

striae. 


(3.3) Description and Results of the Resonant-Cavity 
| Measurements 
G. 3.1) Description of Experiments. 
i" The resonant-cavity experiments using the low-pressure 
| mercury-vapour discharge were carried out at approximately 
| the same frequencies as those on the commercial discharge-tube, 
.e. at 2 100, 2 500 and 3 000Mc/s. For these experiments the 
| Cavity was excited by a single loop coupling with the longitudinal 
_Mmagnetic field tangential to the wall. Before each series of 
_Ineasurements at the different resonant frequencies, considerable 
| care was taken to ensure that the cavity resonated in a substantially 
undisturbed Hp,;,; mode. At each frequency, when the plunger 
as rotated, the deflection varied less than 10° from the mean. 
The experimental procedure was to measure the resonant 
| frequency of the cavity and the height of the resonance curve, 
as a function of discharge current up to 2-Oamp. In order to 
teasure the true height of the resonance curve, even for the 
‘range’ of current in which the fluctuations occurred, the curves 
were displayed on an oscillograph. 
_ The experiments showed that the change in the resonant fre- 
‘quency of the cavity was almost a linear function of the discharge 
current, with no hysteresis effect. 


(6.3.2) Relative Permittivity and Collisional Frequency. 
_ It will be remembered that the primary reason for carrying 
‘out the experiments upon the low-pressure mercury-vapour 
discharge was that the collisional frequency of the electrons 
should then be negligible compared with the impressed angular 
‘frequency. With the usual assumption that at a given pressure 
the electron density is proportional to the discharge current, the 
‘graph of the relative permittivity and discharge current for a 
‘constant water-bath temperature should form a series of straight 

‘ines whose slopes are inversely proportional to w?. The 

‘experiments were carried out at two water-bath temperatures, 
_and it was therefore expected that the experimental results would 

form two such sets of straight lines. Bearing this in mind, the 
experimental results of ¢; versus J, shown in Fig. 11 are sur- 

‘prising. It is seen immediately that, although the curves are 

‘approximately linear, the slopes do not conform to the (1/w)? 
‘relation, neither is there very much difference between the curves 

for the two temperatures.. The relative permittivity of the argon 

and mercury-vapour discharge did not satisfy the (1/w)? relation- 

‘ship either, and this was explained by the relatively large electron 
ppiliisional frequency v. If the departure from the dl /«)? relation 

‘shown by the results for the low-pressure tube is also to be 
explained by electron collisions, the required value of v is 
m 5 x 10!° collisions/sec, irrespective of water-bath temperature. 
‘This does not seem to be a very likely explanation, because such 
a large value of v is associated with a much larger amount of 

amping than was observed. 

_ An alternative estimation of the electron collisional frequency 
san be based upon the results given by the dotted curves of Fig. 12, 
yhich shows the experimental relationship between the deflection 

_Tesonance and the discharge current. For convenience the 
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Fig. 11.—The relative permittivity of the discharge as a function of 
discharge current, water-bath temperature and frequency. 


(i) fo = 2 946Mc/s, (ii) fo = 2 500Mc/s, (iii) fo = 2 119 Me/s. 
T = 20°C. ----— Tp = 38-6°C. 
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Fig. 12.—Curves of 07/09 versus I. 
T = 38-6°C. 
(i) fo = 2 946 Mc/s, (ii) fo = 2 500 Mc/s, (iii) fo = 2 119 Mc/s. 
Theoretical. —-—--— Experimental. 


deflections have been plotted as a fraction of the resonant deflec- 
tion for no discharge current. Each curve shows a well-defined 
dip which occurs at a discharge current that depends upon the 
impressed frequency. Results were obtained both by altering 
the input frequency and by tuning the cavity for a fixed frequency. 
Although the two sets of curves are not identical, the main 
characteristics are very similar. 

At each of the three impressed frequencies it was found that 
the current corresponding to the minimum resonant deflection 
depended upon the exact resonant frequency of the cavity. 
In the experiments at 2 100Mc/s, for example, an increase 
in the resonant frequency of only 14Mc/s caused the critical 
current to increase from 0-65 to 0:84amp. The results for the 
water-bath temperature of 20°C are very little different from 
those shown in Fig. 12, the critical currents being generally a 
little greater. 

If the current in the input loop to the cavity is constant, the 
deflection at resonance-is proportional to the square of the 
Q-factor. The curves of Fig. 12 may suggest, therefore, that the 
Q-factor of the cavity decreases approximately uniformly when 
the discharge current is increased, but that there is superimposed 
upon this a pronounced dip caused by some unspecified pheno- 
menon. Section 7.3.4 shows that the collisional frequency of 
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the electrons, v, is related to the regular decrease in the Q-factor 
by the equation 


(7) 


2 df Q)\Q, 


For a discharge current of 1-8amp the values deduced for 
v from the experimental data are 2:88 x 10® collisions/sec 
at 3000Mc/s, 1-06 x 10® collisions/sec at 2500Mc/s, and 
0-83 x 108 collisions/sec at 2 100Mc/s. 

In the experiments at 3000Mc/s the discharge current of 
1-8amp is within the region of the pronounced minimum, and 
it is to be expected that the value of v would be too great. At 
the other frequencies the current of 1-8amp is well removed 
from the minimum, and the two values agree satisfactorily. 

It is very interesting to calculate the Q-factor of the cavity as 
a function of discharge current directly from the corresponding 
graphs of the change in the resonant frequency. Eqn. (7) can 
be rearranged to give 


in 1 


Eres et) 


= ———————. . . .. . 8 
Q I y of 
This leads to the equation 
6, 1 4 0) 
SN 1ee 20. S 


The full lines of Fig. 12 show the curves of 6,/8 versus J, cal- 
culated from this equation corresponding to v= 0-94 x 
108 collisions/sec. It is seen that, apart from the region involving 
the minimum, the two sets of curves of Fig. 12 agree satisfactorily. 
This lends support to the suggestion that the initial decrease in 
the Q-factor is a direct result of the conductivity of the discharge, 
whereas the well-defined minimum is the result of some other 
phenomenon. 

The electron collisional frequency is almost independent of 
the water-bath temperature. Furthermore the curves of €; versus 
I, (Fig. 11), are again almost independent of the temperature. 
This suggests that the mean free path (m.f. path) remains nearly 
constant over the temperature range 20°-38-6°C. At 20°C the 
m.f. path of electrons in mercury vapour is about 12cm, which 
is much greater than the tube radius. At 40°C the mf. path is 
about 2-5cm, which is approximately equal to the radius of the 
discharge tube. Most of the absorption of the microwave power 
is contributed by those electrons which are in the strongest 

“electric field when they lose their energy; this will be near the 
walls of the discharge tube. It seems possible that at the lower 
temperature the effective m.f. path of the electrons, so far as 
absorption is concerned, is limited by the physical size of the 
discharge tube; and on the average an electron would have a 
m.f. path of about the tube radius, i.e. about 2cm. Killian!9 
showed that the mean random velocity of the electrons is about 
10®cm/sec, and if the mf. path is limited to the tube radius the 
collisional frequency becomes 0:5 x 108 collisions/sec, which is 
not very different from the value deduced above. However, 
Killian found evidence from his experiments that the m.f. path 
could be greater than the tube diameter (6-2cm) in spite of the 
collisions with the walls. 

An alternative way of accounting for the similarity between the 
results for water-bath temperatures of 20°C and 38-6°C is to 
stipulate that the conditions within the discharge do, in fact, 
remain almost independent of the ambient temperature. This 
would be the case if the tube contained unwanted gas at a pressure 
considerably greater than the saturated vapour pressure of the 
mercury. It has already been pointed out that the corresponding 
damping of the resonance curves would have been very much 


| 
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greater than that observed. More definite proof that this is “et 
the explanation of the results is that for a constant dischar eo! 
current it was observed that the potential difference between the | 
anode A and the cathode gradually increased as the water-bath | 
temperature was increased. or example, for a current of 
0-4amp the potential difference increased from 78 volts at 20°C 

to 97 volts at 38-6°C. This shows that the pressure within the _ 
discharge tube increases noticeably with the increase of water- 

bath temperature, and therefore the saturated vapour pressure 

of the mercury is not being swamped by the pressure of some 

unwanted gas. 


(3.3.3) Estimation of the Electron Density. 


Eqn. (6) enables the average electron density to be calculated 
for any discharge current, provided that the electron collisional | 
frequency is known. One of the original purposes of this research | 
was to compare the results deduced from these resonant-cavity 
measurements with those published by Killian.!9 Table 3 gives — 
values of electron density for an average current density of | 
0-166amp/cm?. They have been calculated for both v= | 
1-5 x 10!° and 0-94 x 108 collisions/sec. 


Table 3 
ELECTRON DENSITY 


Electron density 


Source 


At a water-bath 
temperature of 
38-6°C 


At a water-bath 
temperature of 
20°C 


electrons/cm3 
0:72 x 1011 
1-96 x 1011 


electrons/cm3 
1-51 x 101 
2-15 x 1011 
(2°88 x 1014) | | 


Quoted by Killian 

Cavity measurements 

vy = 1-5 X 101° collisions/sec 

Cavity measurements 

vy = 0:94 x 108 collisions/sec 
fo = 2 946 Mc/s 


fo = 2 500 Mc/s 
fo = 2 119 Mc/s 


1-21 x 101 ; 2 
1-02 x 1011 
0-92 x 1011 


Of the two figures quoted in the results for 38-6°C, the top 
figure is derived directly from the measured change in the 
resonant frequency of the cavity assuming a uniform discharge. 
The lower figure, in brackets, is derived by applying a multiplying 
factor of 1-34 to allow for a parabolic distribution of the electron 
density. This distribution is discussed in Section 7.3.3. | 

It is not surprising that the results do not agree with those of 
Killian. The value v = 1-5 x 10!° collisions/sec is necessary 
to make the electron density constant for a given current density 
when calculated at different frequencies, and it is about 150 times | 
greater than the estimated value. The corresponding electron 
density is therefore not a reliable estimate of the electron density 
actually occurring in the discharge. The value v = 0:94 x 108 | 
collisions/sec gives different electron densities for a given current 
density when calculated at different frequencies. This shows 
either that the equation for ¢; is different from eqn. (4) or that 
eqn. (25) used to calculate the relative permittivity from the 
change in the resonant frequency of the cavity does not hold in 
these experiments with this discharge tube. 


(3.4) Explanation of the Anomalous Deflection 

There are several possible explanations of the pronounced | 
minimum that occurs in the graph (Fig. 12) of resonant deflection | 
against discharge current, and these are discussed below. 


3.4.1) Electron Resonance. 

Bearing in mind that at each resonant frequency the maximum 
jvbsorption occurred over a small range of discharge current, 
lepending upon the actual experimental conditions, it is found 
hat the discharge current varies approximately as the square 
of the applied frequency. This recalls the electron-oscillation 
phenomenon suggested by Tonks and Langmuir.2> They show 
that electron oscillations can be expected when 


Ne? 
w?meg 


= | 
This criterion corresponds to the relative permittivity of the 
‘region being zero, with the collisional frequency v much smaller 
than w. If for a given electron density the electrons have a 
jnatural tendency to oscillate at a specified frequency, such 
oscillations will become of an appreciable amplitude when the 
electrons are excited by an impressed electric field of the same 
frequency. When the r.f. energy of these electrons is converted 
into random kinetic energy by collisions, there is an appreciable 
increase in the absorption of power within the cavity. 

_ Absorption arising in this manner is somewhat similar to that 
found by Appleton and Childs,® but in their experiments the 
critical frequency was the gyro-magnetic frequency, i.e. the fre- 
quency at which the electrons spin around the superimposed 
axial lines of magnetic flux. 

_ An explanation based on the electron resonance can be made 
to fit the qualitative results of the experiments. If the discharge 
is not uniform over its cross-section, there is a range of current 
over which the critical electron density exists, and over this range 
the absorption within the discharge is very much greater than 
that corresponding to the normal conductivity term 


ie Ve7v. 
~ mw? + v2) 


If the discharge were completely uniform, the critical electron 
‘density would occur at only one value of discharge current and 
the absorption would be very severe. 

No direct proof of this electron resonance has been obtained, 
but it seems a feasible explanation of the observed experimental 
tesults. The existence of such an electron resonance would also 
explain why the relative permittivities of the discharge measured 
at different frequencies do not follow the (1/w)? relation. If, 
‘within the discharge, there is an annulus in which the electrons 
oscillate vigorously under the r.f. electric field, the inner part of 
the discharge will be shielded from the electric field. Under these 
conditions it is not possible to calculate the relative permittivity 
of the discharge in the manner indicated in Section 7.2. 


(3.4.2) Alternative Explanations. 


(a) Variation of Klystron Output. 


The changes in the deflection at resonance could have been 
caused by corresponding changes in the power output from the 
klystron. It was shown, however, by measuring the bandwidth 

‘of the resonance curves, that the Q-factor varied approximately 
as 4/6, indicating that the klystron output remained constant 
during the measurements. ; 


(b) Interference from Unwanted Modes. 


The experiments of Rommel?? and the theoretical work of 
Kaiser and Closs”4 have shown that, if the electric vector of an 
electromagnetic wave is normal to the axis of a gaseous dis- 
charge, appreciable absorption occurs at certain electron densities. 
Tn the present experiments the electric field could be normal to 
the discharge only if the cavity were resonating in a mode 


as VT ead 
ee . 
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different from the Ho;; one. This is considered to be very 
unlikely because great care was taken to ensure that no unwanted 
modes were present. 


(c) A Skin-Effect Phenomenon. 


A skin-effect phenomenon is to be expected in experiments 
such as these. The total loss occurring in the discharge is given 


by the integral 
| oE2dy 


vol. of discharge 


Ne*v 


where aa Mo + 


For small discharge currents the conductivity is low, and there 
is little loss in the discharge. This loss increases for increases in 
discharge current. For large discharge currents the conductivity 
becomes high and the electric field hardly penetrates the discharge. 
The loss in the discharge region therefore begins to decrease 
again for further increase in the discharge current. However, 
calculations have shown that this skin effect does not play an 
important part in the explanation of the curves. 


(4) CONCLUSION 

It has been shown that the resonant frequency of an Ho; 
resonant cavity is increased by the presence of the discharge 
and that it is possible to calculate the permittivity of the dis- 
charge required to cause this increase. Using the Ho;; resonant- 
cavity method it is therefore possible to measure the effective 
relative permittivity of the discharge under these conditions. 
However, the method is not in itself sufficient to measure the 
electron density in the discharge, because the change in the 
resonant frequency of the cavity is a function of both the total 
number of electrons and their distribution within the discharge. 
A further complication has been observed that, when the electron 
collisional frequency is small, there appears to be an electron 
resonance phenomenon which results in an anomalous absorption. 
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(7) APPENDIX 
(7.1) The Detailed Theory of the Experimental — 


Several workers have shown that a knowledge of the resonant — 
frequency of a cylindrical cavity containing a coaxial dielectric 
rod can be used to evaluate the permittivity of the dielectric 
(see Bibliography, items 13, 14, 26, 27 and 28). Among these, | 
Pincherle?® deduces the conditions which must be satisfied for _ 
an Ho, wave to be propagated down a cylindrical guide ve | 
has an axial dielectric rod. i 

The problem which has to be solved when the “‘dielectric rod” | 
is an electric discharge is more complicated because the dis- 
charge has to be contained in a glass tube. The analysis which | 
is given in Section 7.2 extends the two-media results of Pincherle | 
to include the effect of the glass tube, i.e. to the case of three | 
media, still assuming that each medium is homogeneous and | 
loss free. 

An approximate condition for resonance corresponding to an 
inhomogeneous discharge is described in Section 7.3.3. The 
analysis is based on the principle of the adiabatic invariance of 
action, and ignores the glass wall. Finally Section 7.3.4 leads _ 
to an approximate relation between the Q-factor of the cavity 
and the collisional frequency of the electrons in the discharge. 


(7.2) Condition for Hp;; Resonance in a Cavity containing Three 
Homogeneous and Loss-Free Dielectrics 
(7.2.1) Rigorous Solution. 


Fig. 13 shows a cylindrical cavity containing three concentric, 
homogeneous and loss-free dielectrics. 


k—— 1 — 
SEAS 
RRAGARNS 


Fig. 13.—A cylindrical cavity. 


The longitudinal component of the magnetic field H, i | 
satisfy the equation 
0A, 


2 
¥ of 


rbz 


H, = — pe (10) | 


Assume that 
HH, = H,e—Veiot 


where H, is a function of r and ¢ only. Eqn. (10) must be 
satisfied in each of the three media, and therefore 


02 ile 2) 
(es + r or 


where y,, and ¢,, are the permeability and permittivity, respec- . 
tively, of the medium being considered. The permeabilities are 


2 a 
+a op) He +P + @ pine, H, = 0 
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approximately the same as that of free space, and the wave 
equation in each medium can therefore be expressed as 


Nae, + k2H, = 0 (1) 
where 
k2, = ki = y? + w*ue, for medium | (the discharge) 
\; = ki = y? + w*we, for medium 2 (the glass wall) + (12) 


=k?=y?+ wwe for medium 3 (the air space) 


| To prevent confusion arising between the field components in 
the different media, it is essential to adopt some unambiguous 
notation. The field components in the different media are 
jrecognized by the number of primes attached to the letters E 
jor H. Thus £;(r), Eg(r), Ey’(r) are the electric fields at any 
radius r in media 1, 2 and 3, respectively. 

| Consider then eqn. (11) She to any medium 


eo 19d 
(52 r or . od? 


'This equation is most conveniently solved by assuming that H, 
is the product of two independent functions R(r), a function of r 
only, and @(¢) a function of ¢ only. Eqn. (13) can then be 
‘separated into two ordinary differential equations, and the 
‘solution is 

H, = [AJ, (kr) + BN,(kr)](A,e"* + B,e—"?) 


(13) 


7 Tie oH, + PH, = 0 


(14) 


A, B, A;, B, and n are constants determined by the boundary 
conditions. The field pattern within the cavity is circularly 
symmetrical and therefore n = 0. Consider from now onwards 
only the radial variation of the field components: then 


| H,{r) = ASg(kr) + BNolkr) ] 
Hin = pe + BN,(kr)] (15) 
| Ew) = As, (kr) + BN iter) | 


The constants A and B can be expressed in terms - the electric 
field E,(L) and the longitudinal magnetic field H_(L), if these are 
known at a known radius r = L. 

The equations for H(r) and E,(r) then become 


1 


4”) = TTEDN&L) — 3 (RL Ng(kL) 
HALN (kL Io(kr) — ee | 
k 16 
+ Fa ADIN ofr) — J(KLINGED]| sis 
i 
Es”) = 7 EDNRD —3,(KDNGKL) 
Eg(D[N (kN I(KL) — J,(krYNoKL)] 


— CEH DIN (kD (kr) — I (KLIN kr)] Ph 


Eqns. (15), (16) and (17) can be used to give the relative 
magnetic and electric field strengths in each of the three media 
of the cavity problem; this enables the condition for resonance 
to be obtained. 

_ The H, and E, field components in the air space are 


Ayr) = AJolkar) + BNo(k3r) (18) 


Ez) = ree [4J, ar) + ByNy(k,r)] (19) 
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E,’ is tangential to the metal wall and therefore must be zero 
at the wall. Puttingr = Rin eqn. (19) and equating E;’(R) = 0, 
B, is obtained in terms of A,. The expressions for H;” and E,;”’ 
at the boundary between the glass and air (r = 5), are given by 
eqns. (18) and (19) by writing B, in terms of A;, and putting 
r= b. The equations are 


Vie _ Ii(k3R) 
Hib) = Al Stk a Noth = 28 G0) 
ee ae 5] 060) - ee ‘a BN 6) | Gt) 


The electric field and the longitudinal magnetic field are each 
continuous at this boundary. 


Ej(b) = 
Hb) = 


Therefore Ey") 


and yb) 

In medium 2, E,’ and H;’ are now known at a specified radius. 
It is therefore possible to calculate Ey’ and Hy’ at any radius r 
in this medium, by substituting the known expressions for E;(b) 
and H7’(b) in eqns. (16) and (17) for the quantities E,(L) and 
HL), respectively. The fields at the boundary between the 
discharge and glass are then obtained by substituting r = a. 
The expressions for the field at this boundary are 


— jwwa, 


Fo) = i@N a) — F(a) Noa) N ae a 
(22) 
H@ = “4 (131 + [4]) 
19) Folkaa)N (koa) — J,(kpa)No(kaa) N EB 
(23) 
where 


— Nj(k2a)Jo(k2b)] 


[1] = --[Uitkaa)No(kaP) 
3 [J,(ksR)Nj (kb) — 


J,(kb)N,(k3R)] 

[2] = glNikea3 i(k2b) — J,(k2a)N,(k26)] 
[No(435)J,(A3R) — 

— Jo(kza)N,(k2b)] 
[No(k3b)J,(k3R) 


Jo(k3bN, (kqR)] 
[3] = [No(k2a)J,(k2b) 
— In(ksD)N,(kR)] 


— Jo(k2a)No(k2b)] 


[4] => T2[No(ksao(k2b) 
; [N,(k35)5,(kyR) — Jy(kgb)Ny(k3R)] 


The corresponding electric and magnetic fields in medium 1 
at the boundary are 


A,J,(k,a) 


E,(@) = 
Ha) = A,Jo(k,a) 


The fields are again continuous at the boundary, and therefore 
these expressions can be equated to eqns. (22) and (23). Eli- 
minating the constants A, and A; leads to the equation which 
has to be satisfied at resonance, 


: J&i@ — (+2) 
= 24 
ei kJokia) 31+ oo 
It will be convenient later to refer to this equation as 
P(k,a) = O(k3b) (25) 
8 
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(7.2.2) Approximate Solution. 


The complicated expression Q(k,b) can be simplified by noting 
that the glass wall is thin. By writing b = a + dr the Bessel 
functions can be expanded by Taylor’s theorem, and the approxi- 
mate expression for O(k,b) becomes 


T(k,b) — 6r 


+ k36rT(k3b) 


(26) 


1 wean 


— J,(k,bYN(kR) 
— Jo(k,b)N, (KR) 


If the wall becomes vanishingly thin the problem reduces to the 
two-media problem studied by Pincherle.2® In the limit when 
dr — 0, eqn. (25) becomes 


a Sitka) _ 1 Nylk,a)J\(k3R) — Ji(k3Q)N\K3R) (29) 
Ne kJol(kya) kx Nolk3a)J\(k4R) — Jolkza)Ny(K,R) © 
This is exactly the same relation that Pincherle deduces. 

There is one important difference between the two relations 
P(k,a) = S(k3b) and P(k,a) = T(k,a), i.e. how each depends 
upon the frequency. If T(k,a) is plotted against k,, the curve is 
independent of frequency. The graph of S(k,b) versus k;, 
however, does depend upon the frequency because the deno- 
minator of S(k,b) contains the term in k, and for any value of 
k3, k, depends upon the frequency. The physical explanation 
of this difference is that the electric field tends to concentrate 
into the glass and thus alters the electric field within the cavity. 
The higher the frequency the more does the electric field con- 
centrate into the glass wall, and consequently the curve of 
S(k,b) versus k, is frequency dependent. 


where T7(k,b) = 


(28) 


(7.2.3) A Graphical Solution to the Characteristic Equation. 

The most convenient way of dealing with eqn. (24) is to plot 
P(k,a) versus k,a and Q(k,b) versus k,a and measure graphically 
the corresponding pairs of k,a and k,a which make P(k,a) = 
O(k,b). From these graphs it is convenient to draw the curve 
of (k,a)? — (k,a)? versus (k,a)*, and it is then necessary to 
relate the change in k,a to the measured change in the resonant 
frequency of the cavity corresponding to a known discharge 
current. The measured change in fp is small, and it is sufficiently 
accurate to say 


(ka) . 
2 _ WK 
6(k3a)? = 7 re) 


and from egn. (12) 


8(k,a)?2 = 2(2) wybu (30) 
Eqn. (12) also leads to 
-R= (2)a ©) 
and this gives 
eaiyie (£) tea ~ (kya) (1) 


The calculation of the relative permittivity for any given current 
is now a straightforward matter. The measured change in the 
resonant frequency is substituted in eqn. (30) to give the value 
of 6(k3;a)*. The value of (k,a)* — (k,a)? is found from the 
graph, and this is substituted directly into eqn. (31) to give the 
relative permittivity. It was found most convenient to plot 
graphs of the relative permittivity of the discharge corresponding 
to any measured shift in the resonant frequency of the cavity. 
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The points on these graphs were computed from the values | 
the Bessel functions tabulated in the published Tables.?? MY 


(7.3) Inhomogeneous Discharge 


(7.3.1) Introduction. 

The condition for resonance expressed in eqn. (24) is true 
only for a uniform dielectric. Killian,!? however, has shown that 
the radial distribution of the electron density for an electric 
discharge at a pressure of 0-0055mmHg is approximately 
parabolic. An appr&ximate condition is deduced below which 
must be satisfied for the cavity to resonate in the Ho,, = 
with an inhomogeneous dielectric of this type. 


(7.3.2) Resonator-Action Theorem. 


The analysis is based upon the resonator-action theorem of 
Maclean.3° The theorem, as stated by Maclean, is as follows: 
“In a loss-less electromagnetic resonator, the action of each 
mode, i.e. the product of the total energy and period, is 
invariant against an adiabatic deformation.” For all practical 
purposes an adiabatic deformation is one in which the amount 
of deformation of the cavity per period of oscillation is small. 
From this theorem it follows that, if the electromagnetic energy 
of a resonator is increased from Wy to Wy + OW, the resonant 
frequency increases from fy to fy + Of, where 

swe (32) 
Wo fo ) 
(7.3.3) Approximate Condition for Resonance. | 

An approximate condition for resonance based upon the 
resonator action can be derived in the following manner: 

Consider the motion of an electron distant z inside the cavity 
and anywhere within the annulus between r and r + 6r, as 
shown in Fig. 14. The electron oscillates under the action of 


Fig. 14.—The field acting upon an electron. 


the electric field, and this velocity is at right angles to the mag- 
netic field H,(r). A longitudinal force is therefore exerted on 
the electron, and work has to be done on the electron to bring 
it up to the point z. 

The total work done in filling up the region of the discharge 
with electrons is given by 


e2 


W= a N()EXr)2arldr (33) 


1 
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where V(r) is the electron density at radius r. 
The total energy originally stored in the cavity is given by 


E A 
[e0( 25) + 30(25) |e “ecole 


vol. of cavity 


I 
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and eqn. (32) becomes 


a 


[Aeconya dr 


We) |) Of k,\? : 
| Wo fo (z) RUAK,R) S) 
2 
“where Ae; (r) = eB 
W a) 


It is convenient, and in this case it does not introduce much error, 
to write J,(k,r) = k,r/2, and eqn. (35) leads to the simplified 
‘equation 


a 


| {Ae \("yar 


a iv: : : (36) 
si | Rts | 
k, 


_ This equation does not define uniquely the function Ae{(r) in 
terms of the measured frequency shift df, but it does enable the 
values of df for a given average electron density to be compared 
for different distributions of the electron density. For a uniform 
discharge, eqn. (36) becomes 
} of = 0:0069/)Ae; 
The curves of Ae; versus of deduced from this equation agree 
very satisfactorily with those deduced from eqn. (29), i.e. 
from the accurate solution of the two-media case, within the 
range 1:00 > €; > 0°9. 

Close agreement can be expected only for small values of Ae;, 
because in the approximate analysis the electric and magnetic 
fields were assumed to be unchanged by the presence of the 
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relative permittivity of the discharge, the result obviously depends 
upon which distribution had been assumed in the theory relating 
change in resonant frequency to permittivity. For small changes 
of permittivity it is possible to deduce the value of Me; from the 
theory assuming uniform distribution and then multiply this 
quantity by the factor in Table 4. If the electron-density distri- 
bution is approximately parabolic but the change in the relative 
permittivity is calculated assuming it to be uniform, the cal- 
culated value of the average electron density is approximately 
two-thirds of the true value. 


(7.3.4) Relation between Q-Factor and the Electron Collisional 
Frequency. 

It has already been pointed out that the Q-factor of the cavity 
containing a discharge is a function of the collisional frequency 
of the electrons. An approximate analysis is given in this Section 
which leads to a simple relation between these quantities. 

Assuming that the electric field within the cavity is unaltered 
by the discharge, the change of energy stored in the region 
occupied by the discharge is 


AW= { Seg(e, — I)E7dv 
vol. of discharge 
By a well-known theorem the change in energy due to the change 
in electric field strength is equal to —2AW, and so if the change 
in electric field strength, E, is taken into account the expression 
for AW becomes 


AW = | 4eyE%1 — {dv . 


vol. of discharge 


(37) 


The power dissipated in the discharge is given by 


‘electrons within the discharge. 
Eqn. (36) shows that the change in the resonant frequency P= { oE2dv 
‘depends both upon the total number of electrons and their Walmanaischarae 
| Table 4 
(a) (6) =) _@d) ; 
Uniform Parabolic Killian type Quasi-parabolic 
‘as a A A2 ” TTPN2 0<r<5;NO=N 
| Distribution NO=N NO.= aft as (5) | NO = ait 0) | F its 
aS Gs N@ = (1-7) 
2) a 
a. 16 iNp2 
Ninterms of Ng .. ee 1 2 9 a 
of in terms of Aej .. 0-0069 fo Aci 00046 fo Ac} 0:0052 fo Ac} 0:0046j Ac; 
: of of of of 
y { ie 145— 216 194 216=> 
Ac; in terms of df re ie Te 75 
145 216 194 216 
Distribution factor 145 ~ 1 45) 1-49 145 1-34 een 1-49 


distribution within the discharge. To compare the effect of 
different distributions it is convenient to base the calculations 
upon an assumed average electron density, N,, say. 

_ The radial distribution of electron density deduced by Killian!9 
from probe measurements follows quite closely the curve of the 


7 s[1-4G) | 


Table 4 shows the relation between Ac; and 6f for this and the 
three other electron-density distributions shown in Fig. 15. 
When the electron density is calculated from the change in the 


A 8 N Nn : 

A} | A i A 

N (r) N(r) N(r) N(r) 
(2) (6) (c) (9) 


Fig, 15.—Electron-density distribution. 


(a) Uniform. 

(b) Parabolic. 

(c) Killian type. 

(d) Quasi-parabolic. 
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Egns. (32) and (37) lead to the relation 


Wy = | SegE*(1 — €})dv 
vol. of discharge 
The Q-factor of the cavity is defined by 


__ w & Energy stored 
Power loss 


It is well known?! that if the Q-factor of a cavity containing a 
lossy dielectric is Q, (say) then 


Perey 1 
OQ, QQ 
where Qy is the Q-factor of the cavity with no discharge and 
Q, is the Q-factor of the lossy dielectric 


; ow, 
1.€. (OF = P g 


val JegE(1 — €1)dv 
= WwW 


of | oE2dv 


(38) 
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5 ! ; * 
The integrations are carried out throughout the volume of the i 
discharge. By comparing the, expressions for o and ¢; [eqns. (3) © 
and (4)], it is seen that eqn. (38) leads to 


1 


_f@ 
Qu yw 
Po 1 1 - fae 
ie QO, QQ sw 
and therefore = S a6; S -- 1) : (39) | 


This expression enables the value of v to be calculated from the _ 
experimental results. | 
Eqn. (39) can be rearranged to give | 


(40) 


This enables the Q-factor to be calculated directly from the 
measured change in the resonant frequency for an assumed value 
of v. 
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SUMMARY 

Linear electromagnetic theory has been used to obtain a formula 
‘for the surface eddy-current loss in a laminated pole-face due to the 
flux ripples induced by the opposing slotted armature, without any 
_Testrictive assumption being made as to the thickness of the lamina- 
tions. Earlier formulae have been examined in the light of this more 
general theory, and a formula derived by the author’s father, the late 
Dr. F. W. Carter, has been found to be a good approximation over a 
range of conditions frequently encountered in practice. 


LIST OF SYMBOLS 


The M.K.S. system of units has been used. 


B = Magnetic flux density, webers/m2. 
/ B,, By, B, = Components of B. 
B, = Peak value of the sinusoidal ripple in the normal 
flux density at the pole-face, webers/m2. 
d = Characteristic depth of penetration of flux and 
current in a given conducting material, m. 
E = Electric force, volts/m. 
f, = Frequency of flux ripple, c/s. 
h = Thickness of lamination, m. 
h, = Vatue of h around which F. W. Carter’s formula is 
valid. 
H = Magnetizing force, AT/m. 
J = Current. density, amp/m2. 


| J, J,, J, = Components of J. 
| Hit fae = Maximum values of the nth space-components of 


2 i 
n = Order of harmonic in a Fourier expansion in the 
co-ordinate x. 
P, = Eddy-current loss per unit surface area, watts/m2. 
q = Wavelength of inducing flux ripple (slot pitch on 
opposing member), m. 
v = Peripheral velocity of rotor, m/sec. 

Y, = Complex number describing attenuation and phase 
shift of B and J with increasing depth below 
surface, m~!. 

&,» B, = Real and imaginary parts of y,,. 

p42 = Absolute permeability, henrys/m. 

bo = Absolute permeability of free space, 4a x 1077 
henry/m. 

p = Resistivity, ohm-m. 


(1) INTRODUCTION 


’ Formulae for the surface eddy-current loss in a pole-face, 
consequent upon the passage of a sinusoidal travelling wave of 
‘flux density, were derived by F. W. Carter.! Two cases were 
considered, namely the solid pole-shoe and the pole-shoe divided 
into very thin laminations; for the latter type the loss per unit 
area was found to be proportional to the square of the lamination 
thickness. More recently Gibbs,” evidently believing that the 
pole-shoe laminations used in practice are too thick for Carter’s 
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laminated-shoe formula to be applicable, derived a new formula 
in which the lamination thickness appears to the first power, and 
sO gave a rational explanation of experimental results obtained 
by Spooner and Kinnard.? Walker+ modified Gibbs’s formula 
to make it suitable for surface-loss calculations in induction 
motors. 

Applied to a particular design of small induction motor, 
Gibbs’s and Walker’s formulae were found to give losses which 
exceeded the value obtained from Carter’s laminated-shoe 
formula by ratios of 30 or 40 to 1. It therefore seemed desirable 
to calculate the surface eddy-current loss by classical theory 
without making any assumption of thin laminations, in the hope 
of throwing light upon the proper range of validity for each 
formula. 


(2) CALCULATION OF SURFACE EDDY-CURRENT LOSS IN 
A LAMINATED POLE-FACE 

The pole-face will be considered as a plane surface. The 
origin of Cartesian co-ordinates is taken in this surface at the 
centre of a lamination, with the x-axis parallel to the slots in 
the opposing member, the y-axis parallel to the direction of 
motion of the opposing member, and the z-axis inward to the 
pole. The material of the pole-face is considered to have 
constant absolute permeability and resistivity p. The opposing 
member, moving across the pole-face with relative velocity v, sets 
up to the surface of the pole a perpendicular flux-density given by 


2 
Byy = B, cos *(y — v1) preee MEREES 


a gliding flux-ripple, which is superimposed upon a uniform 
flux that is without significance in the calculation of eddy currents. 

The electric force E, magnetic field vectors B, H, and induced 
current density J, set up within the pole, are subject to the 
equations 


0B 
curl E = — svt (2) 
Clin =" eaee sacle ho. Cail ital (3) 
| Open By a AL cane EF arya Kd) 
Bt cere ine aie Mehta) 


from which may be deduced that each component of any of the 
vectors satisfies an equation of the form 
Wf a Sel) SP yw Su, won LC) 
P 
The applied surface flux-density, eqn. (1), is the real part of. 
Byerriv—-)/9, The planes x = + h/2 form the surfaces of a 


single lamination, over the outer edge of which the flux-density 
equation, (1), may be expressed as a Fourier series: 


4 are yl Spay il Sx , 
=_ ae 2rj(y—vt)!q 
B.o 3 (cos me cos— ar 5008 | )e 
n—1 
4 , (—1) 2 nx 
= —B,¢2niy—vty/q BS COS (7) 
TiN hs n A 
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The following set of components of B and J will be found to 
satisfy eqn. (6), to give no outflow of current from the surfaces 
of a lamination, and to be related among themselves in accordance 
with eqns. (2)(5); furthermore, when z is equated to zero in B_, 
the expression reduces to egn. (7): 


= | 


4 Ne Sage (—1) 2 y,e-% . nx 
BL Eke = Wes Say (8) 
x a2 1€ PP ars Qh]? I 
8j Bh = —1) 2 a Vie eink 
Be — — + g2ai(y— 2/9 (9) 
RG Bs qe = Chl 
a I 
- _ 2 2 Sint 
B= 4p e2sio—e0ia >> yee ee (10) 
“sel nocd n h 
16 Bywh? 1) 2 nx 
Jo SG cos (11) 
Sok Uomaaieae eee OH 
Lee Ue 
87 Lae > (—1) 2 2, 2 wae 
=iiy— To lg me 12 
od a Ss p>) n2 + (2h/q)? = h a?) 
J,=0. (13) 
In these equations, 
nen2 472 27rpw ; 
oe = 14 
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In terms of real quantities, eqns. (11) and (12)-are equivalent to 


| 
ay Ee cos | y — en — Bee] | 
nodd : as 
=> hia , sin [20 — 9 = Be] 
nodd 
plea 
“a 16 Bywh2 (—1) 2 E—%z nx 
= Se 16 
where Sex = pq? nin + (2h]q)] cos (16) 
n—1 
7 8 Bywh (—1) 2 e7*? _ nax 
J yn 7 pq. m+ Qhiqy sin (17) 
‘and Yn = %n + IB, (18) 


The mean rate of loss per unit area of pole-face is then given by 


2 

Po 5 4" “al (2, + F2)dxdz (19) 

2h nodd J — : F . 

which reduces to 

8 B2f2h? 1 
Pie! EL 20 
©. amp noad % in? + (2h/q)?] mid 
where f, = v/q, the frequency of the inducing flux-ripple. This 


is the general loss formula, applicable to laminations of all 
thicknesses. 


(4) DISCUSSION OF THE SURFACE-LOSS FORMULA 
The quantity , in eqn. (20) is given by eqn. (14) and (18), 


which may be written 
“ds 4772 j iP 
@ d2 


a, +58, = | h2 ‘ 
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LOSS IN A LAMINATED POLE-FACE a 


“ p \i2 (a 

& =) 2a 
d is the characteristic ““depth of penetration” of flux into a solid 
block of this material at the frequency f..* Even at the supply 
frequency, the depth of penetration is likely to be smaller than the 
slot pitch g; at the considerably higher ripple frequency we shall 
expect to find that (277/q) is much less than 1/d? in most practical 
cases. The middle term on the right-hand side of eqn. (21) is 
therefore not very important; but the first term can exceed the 
third if the laminations are thin enough. 

For very thick laminations, the first term becomes negligible; 
neglecting the second also, we obtain 


where 


Ot, = — By =F joa (approximately) (23) 
The loss per unit area is then given by K 
S247 2 Bf, 2@7d 1 
: a Pp noddue 
1 B2f3l2g2 
(24) 


i Saige pll2puz * 
since X1/n? (odd terms) = 72/8. Eqn. (24) is essentially the same 
as F. W. Carter’s formula for the unlaminated pole [eqn. (20) of 
his paper]. 

For very thin laminations the first term on the right-hand side 
of eqn. (21) predominates even when zm = 1. We now have 


ni 


ys 8,, = 0 (approximately) (25) 
3 
so that i= sate ee y 
7 PP nodd”™ 
2 3 
0-259. Bre e < (26) 


This bears no resemblance to F. W. Carter’s laminated-pole 
formula [eqn. (23) of his paper]; in our notation, this would be 


3/2 B2f 3/242 
© 2 piepir 
To discern the significance of this expression we must observe 
that Dr. Carter makes two assumptions: that the x-component . 
of current density is negligible compared with the y-component, 
and that the rate at which the induced currents decline with 
increasing z—a decline characterized by our coefficients «,—is 
given by an equation [his eqn. (22)] which is essentially similar 
to our eqn. (23). It follows that F. W. Carter’s laminated-pole 
formula is applicable, not to the thinnest laminations, but to 
laminations which are thick enough to ensure that the final term 
in eqn. (21) shall predominate, yet thin enough for the transverse 
component of current density to be regarded as negligible by 
comparison with the longitudinal component. Will these con- 
ditions be simultaneously satisfied in practice? It is probable 
that they will, if the ratio of g (the wavelength of the inducing - 
flux-wave) to d (the depth of penetration) is sufficiently great. 
Since the validity of the formula depends on the simultaneous 
evanescence of (2h/q)? and (zd/h)?, it is likely to be found to be 
most accurate when the lamination thickness is near the value 


aw \ 12 ; 
Eqn. (27) may be derived from eqn. (20) by substituting for Oy | 


the value given in eqn. (23) and treating (2h/q)? as negligible. — 
* Some writers use the same term for a depth 4/2 times as great as this. 
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Both of F. W. Carter’s formulae are therefore shown to be 
special cases of the present more general theory. 


(5) NUMERICAL DISCUSSION 

The infinite series appearing in the general loss formula, (20), 
is a function of three variables, h, g and d, and therefore does not 
lend itself easily to graphical representation. A clearer view is 
obtained by discussing a particular case. The various formulae 
will be applied to the calculation of the stator surface loss in a 
particular type of small induction motor, and to investigating the 
effect of varying the lamination thickness while keeping all the 
other parameters constant. 

The motor was a 4-pole 50c/s machine having 43 rotor slots; 
at synchronous speed the frequency of the flux oscillation at the 
stator surface, f,, was therefore 1 075c/s. The rotor slot pitch, 
q, was 0°874cm. The stator iron had a resistivity, p, of 
35 x 10-8ohm-m; for the relative permeability, u/po, three 
values were assumed, namely 1 000, 2 000 and 4 000. 
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Fig. 1.—Application of eqn. (20) to the experimental machine. 


(a) Author’s formula. 
(b) F. W. Carter’s solid-pole formula. 
(c) F. W. Carter’s laminated-pole formula. 
(d) Gibbs’s formula. 
_ The ringed points indicate centres of validity zones for F. W. Carter’s formula 


fen. (28)]. me 
| The wavelength of the inducing flux-ripple was 0°874 cm. 


From these data, the curves in Fig. 1 have been drawn, repre- 
senting eqn. (20) in its application to this machine. For the 
thinnest laminations the surface loss is proportional to the cube 
of the lamination thickness, 4, and is independent of the 

rmeability; this is because the depth of penetration of the flux 
is here controlled by the lamination thickness rather than by the 
properties of the iron. At somewhat greater lamination thick- 
messes a zone is found in which F. W. Carter's iaminated-pole 
formula (making the loss proportional to h) is quite a good 
hj 


i 


b), 
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approximation. For very thick laminations the loss tends 
towards the value given by F. W. Carter’s solid-pole formula. 

Investigating the surface loss in laminated pole-shoes, Gibbs* 
concluded that the thick laminations there employed would fall 
into a region intermediate between the zones of application of 
Dr. Carter’s two formulae. For this region he devised a formula 
making the loss proportional to h; in the units and notation of 
the present paper, this formula is 


P, = (4:03 x 104)B2/3/2gh (29) 


This is based, however, on a particular value of 4, namely that 
which makes (p/{4)!/2 equal to 0:02. In general, Gibbs’s 
formula would be 

2 £312 
P, = 0-904 aes (30) 
Walker,} basing his opinion partly on experimental evidence, 
advocates the use of this formula in a modified form for induction 
motors, in spite of the much thinner laminations which would be 
used. Walker’s formula, however, is not quite so easy to 
interpret as Gibbs’s, so the latter has been used for Fig. 1, 
allowance being made for various values of permeability by 
using eqn. (30). 

It will be seen that, for the conditions obtaining in this machine, 
the Gibbs formula is not a good approximation. Even for that 
part of the curve where the loss varies approximately as the 
first power of the lamination thickness, Gibbs’s formula gives a 
loss which is too high by a factor of eight. For laminations of 
the thickness which is customary in induction motors—in the 
motor referred to, the thickness was 0:066cm—the discrepancy 
is greater still; on the other hand, Dr. Carter’s laminated-pole 
formula gives a value quite near to that given by the author’s 
formula, eqn. (20). 

Also indicated in Fig. 1 are the characteristic depths of penetra- 
tion, d, for each value of permeability. From these, by the use of 
eqn. (28), we may deduce the approximate centres (h = h,) of the 
ranges of validity of F. W. Carter’s laminated-pole formula. 
These are indicated by ringed points, and will be seen to be very 
near to the points of closest approach between Dr. Carter’s 
curves and the author’s. Eqn. (28) may therefore be used as a 
rapid means of determining whether Dr. Carter’s formula is 
likely to be valid. For example, if we consider the alternator 
described in Appendix 15.4 of Gibbs’s paper, for which 
q =2-8cm, f, = 1125c/s, and suppose it to have laminated 
poles of mild steel for which p = 20 x 10-8 ohm-m, fz/[49 = 2 000, 
we shall find that h, = 0-22cm. This lies right in the middle of 
the range of thicknesses commonly used in practice. 


(6) CONCLUSION AND ACKNOWLEDGMENTS 


It must not be forgotten that linear electromagnetic theory can 
only give approximate results in a problem of this kind. Experi- 
mental results which conflict with the formulae here given, such 
as Spooner and Kinnard’s demonstrationt of a linear variation 
of loss with lamination thickness down to a thickness of 1mm, 
may well be associated with a partial failure of the linear theory, 
e.g. with a variation of effective permeability with varying 
lamination thickness. The present paper has merely compared 
several formulae which are all based on linear electromagnetic 
theory, and has shown that some are more securely based than 
others. 


The author wishes to record his thanks to his colleague, 
Mr. J. Hanania, for preparing the diagram; also to Dr. W. J. 
Gibbs, for data supplied by correspondence. 
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\ SUMMARY 

| Investigations have been made of the aptical and electrical charac- 
‘teristics of the corona discharges and leader strokes preceding the 
‘impulse breakdown of positive-point/negative-plane gaps in air at 
‘atmospheric pressure. The results show that initially a corona dis- 
‘charge forms in the highly stressed region round the pointed electrode; 
this corona gives rise to a short-duration (~0-4 microsec) pulse of light 
emission in the gap, accompanied by a similar pulse of current in the 
‘circuit. The size and shape of the light-emitting volume in this corona 
\discharge have been studied. The next stage in the growth of the 
spark is the development of the leader stroke from the corona. The 
leader stroke grows across the gap in a predictable manner, and the 
‘current flowing in the circuit during the growth depends on the velocity 
‘of the leader stroke. The size and configuration of the light-emitting 
volume of the leader stroke are similar to those of the corona. The 
|characteristics of the corona and leader stroke in air at reduced 
/pressures and in oxygen, nitrogen and hydrogen are also briefly 
described. 


(1) INTRODUCTION 


A number of investigations have been made in various labora- 
‘tories to observe the mechanism of growth of spark discharges 
in long gaps. This introduction includes only a brief summary 
of the main features of the results of this work, with emphasis 
‘given to those which bear most closely on the present investi- 
gation. For a fuller account of the earlier work, up to 1952, 
the reader is referred to the recent book by Meek and Craggs.! 
The mechanism of growth of lightning discharges has been 
investigated extensively by Schonland and his colleagues,?-> 
who have used mechanical-scanning camera techniques to 
photograph the visual growth. Their results show that each 
lightning discharge is preceded by a streamer type of process, 
Known as a leader stroke, which grows rapidly from cloud to 
ground. When the leader stroke reaches ground the main 
stroke begins to travel up the ionized path which has been 
established by the leader stroke. The high currents associated 
with lightning occur during the period of the main stroke. 
Allibone and Meek® have shown that the mechanism of growth 
of sparks across long gaps subjected to impulse voltages in the 
laboratory is essentially similar to that of lightning. Photo- 
graphs, taken with a mechanical-scanning camera, show that 
for a gap between a positive point and a negative plane the 
discharge begins at the point with the formation of streamers. 
If the voltage applied to the gap is sufficiently high, the whole 
Streamer process, or leader stroke, advances from the point to 
the plane. The leader stroke is recorded on the photographs 
as an intense filamentary channel accompanied by a less bright, 
more diffuse, ‘“‘shower” of discharge. When the leader stroke 
has crossed the gap the main stroke occurs and follows in detail 
the tortuous path that has been traced out by the leader stroke. 
With the occurrence of the main stroke the final spark channel is 
formed. Later mechanical-scanning camera studies by Komel- 
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kov’-!2 and by other workers!3-!7 give results in substantial 
agreement with those of Allibone and Meek. 

Other investigations of the growth of sparks in long gaps 
have been made by removing the impulse voltage applied to the 
gap before the leader stroke has formed completely across the 
gap. Photographs can then be obtained with a stationary 
camera of the various stages of growth of the leader stroke 
preceding the formation of the main channel. In the most 
recent studies of this type, by Norinder and his colleagues,!*-2 
the visual growth of discharges has been recorded in great 
detail, with results that supplement the data given by the earlier 
mechanical-scanning camera photographs. 

The object of the experiments described here has been to 
extend the results of the earlier investigations and, by the use 
of a new measuring technique, to record features of the dis- 
charges that are not readily detectable by other methods. For 
example, in the mechanical-scanning camera studies of sparks 
occurring in circuits of low series resistance, it is difficult to 
distinguish the leader stroke from the main stroke because of 
the halation from the very bright main stroke and also because 
of the small separation on the negative between the images of 
leader stroke and main stroke. Further, the spatial distribution 
of the discharge can also confuse the details of the time relation- 
ship and introduce inaccuracies even in cases when the scanning 
speed is high enough to separate clearly the leader stroke from 
the main stroke. In order to overcome these difficulties a 
photo-electric technique for recording the visual growth of 
leader strokes has been developed.?3:24 This technique has been 
used in the experiments described in the paper, with results 
which give a higher degree of temporal resolution than was 
obtainable in the earlier mechanical-scanning camera studies. 
The photo-electric records have also been supplemented by 
measurements of the current flowing during the growth of 
leader strokes—a factor on which few data have hitherto been 
obtained. 

The technique achieves a greater temporal resolution than in 
earlier investigations and also has the merit of a very much 
greater sensitivity to light than is obtained by a mechanical- 
scanning camera. 


(2) EXPERIMENTAL TECHNIQUES 
(2.1) Measurement of Leader-Stroke Currents 


The discharge gap used throughout the experiments to be 
described consists of a point anode and a plane cathode. The 
gap is connected through a series resistor to an impulse voltage 
generator, with an output capacitance of 0:025uF and a 
maximum output voltage of 1 O0OkV. In the earlier experiments 
by Allibone and Meek the pointed electrode is at the high 
potential, and the measurement of the current flow during the 
initiation process of the spark is complicated by the capacitive 
currents which flow to the earthed plane electrode. These 
capacitive currents are almost entirely eliminated in the present 
experiments by applying the impulse voltage to the plane electrode 
and by measuring the current flow in the earthy pointed electrode. 

The current-measuring circuit used is as follows. The pointed 


yi [221] 


222 


electrode is connected to earth through a resistor R,, the value 
of which is so chosen that the voltage developed across it by 
the current which flows during the development of the leader 
stroke is suitable for direct display on a cathode-ray tube 
(c. 100 volts). Some protection of the cathode-ray tube must 
be ensured, however, when the much heavier current in the 
main stroke flows through R, with the possible generation of a 
voltage higher than that which the Y-plates of the cathode-ray 
tube are designed to withstand. This protection is provided by 
shunting R, with a non-linear resistor (Metrosil) whose impedance 
is high compared with R, during the leader-stroke period but 
which falls to a value low compared with R,; when the main- 
stroke current flows. Owing to the high dielectric constant of 
Metrosil, the shunt capacitance placed in parallel with R, is 
appreciable, and as a result the time-constant of the recording 
system is of the order of 10~8 sec. 

A typical oscillogram showing the current flowing in the 
pointed electrode as a function of time during the development 
of the leader stroke is shown in Fig. 1. The average values of 
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Fig. 1.—Current flow due to leader stroke. 


not fewer than ten of these current/time curves were used in 
order to determine the curves given in Figs. 7 and 8. The 
current/time curves varied both in total duration and also in 
the current at any given fraction of the total duration due to 
random variations in the individual leader strokes. In order to 
obtain a mean current/time curve for any given set of curves, 
the individual time-scales were expanded or contracted to fit 
the mean duration of the set, and then the currents at any given 
time were averaged. 

Owing to the considerable statistical fluctuations encountered 
in the phenomena investigated, no attempt was made to obtain 
great accuracy in the measurements. In most cases the accuracy 
obtained is probably about 5%. 


(2.2) Measurement of the Rate of Growth of Leader Strokes 


The rate of growth of the leader stroke has been studied by 
“measurement of the times at which it reaches certain points in 
its travel. From these observations distance/time curves may 
be drawn whose slope at any point gives the velocity of the 
leader stroke. 

The time at which the leader stroke reaches any given point 
in its travel is determined in the following manner. A lens 
forms an image of the spark-gap on an opaque screen in which 
there is a narrow slit perpendicular to the direction of movement 
of the leader stroke. When the luminous part of the leader 
stroke reaches a point such that its image is focused on the slit, 
light from it passes through the slit and falls upon the photo- 
multiplier. The resultant electrical pulse emitted by the photo- 
multiplier is amplified and displayed on a cathode-ray oscillo- 
graph. When the leader stroke has completed its movement 
across the gap, the main stroke occurs, and as this emits much 
more light than the leader stroke, it usually causes a break in 
the oscillograph trace, followed by a flat top due to saturation of 
the amplifier. A typical record is shown in Fig. 2. 

As in the case of the current/time curves, allowance myst be 
made for variations in the time-intervals between the application 
of the voltage and the occurrence of the main strokes in any 
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Fig. 2.—Typical oscillograph record from which the movement of the 
leader stroke is studied. 


This 


given set of records taken under the same conditions. 


has been done by expansion or contraction of the individual 


time-scales to make them coincide with the average. 


(3) EXPERIMENTAL RESULTS ( 
(3.1) The Leader Stroke 


Curves relating the distance that the brightly luminous part 
of the leader stroke has travelled with the time that has elapsed 
since the application of the voltage wave are shown in Fig. 3 
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Fig. 3.—Effect of gap length on distance/time curves. 
Series resistance, 23 kilohms. Gap size: (a) 55-4cm, (5) 40cm, 
(d) 16-3cm, + 8cm. 
for gap lengths of 55-4, 40, 30, 16-3 and 8cm, with a series 
resistance of 23 000 ohms. The curves present the same general 


appearance; the leader stroke travels comparatively slowly at 


first and increases in velocity as it approaches the plane. Fig. 4 
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Fig. 4.—Effect of series resistance on distance/time curves for two 
values of gap length. 
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---- 3 
(a) 23-kilohm series resistance. 


(b) 6-1-kilohm series resistance. 
(c) 750-ohm series resistance. 
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shows the effect on the distance/time curve of a reduction in the 
‘series resistance, the distance at which each curve stops is the 
‘length of the gap for which the curve was obtained. 
While the time taken for the leader stroke to propagate across 
‘the gap decreases with a reduction in either the gap length or 
the series resistance, the general aspect of the distance/time curve 
is relatively unaffected. This is made clear by an inspection of 
Figs. 5(a) and 5(d). 
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Fig. 5(a) and Fig. 5(b).—Percentage-distance/percentage-time curves 
for the movement of the leader stroke across the gap. 
x. 55-4cm gap. 
+ 40cm gap. 
OQ 30cm gap. 
‘ A. 16-3cm gap. 
VY 8cm gap. 

In Fig. 5(a) curves are given to show the percentage of the gap 
length which the leader stroke has traversed at any given instant 
as a function of the time taken by the leader stroke to travel 
that distance, this time being expressed as a percentage of the 
time interval between the application of the voltage wave and 
the occurrence of the main stroke. The curves refer to the 
five gap lengths quoted above with a series resistance of 
23000 ohms. There is no appreciable difference between the 
curves for the three longer gaps, but there seems to be a tendency 
for the curves for the 16:3cm and 8cm gaps to lie to the right. 
This may be accounted for if it is assumed that the leader stroke 
‘does not begin to grow at the instant of application of the 
voltage wave, since at this instant, or immediately afterwards, 
the voltage is very low and the initiation mechanism may not 
have commenced. As the total time interval between the appli- 
cation of the voltage wave and the occurrence of the main 
stroke for the three longer gaps is large compared with that for 
the two smaller gaps, any correction due to the assumption 
above will leave the curves for the three longer gaps relatively 
unaffected but will cause appreciable changes in the curves for 
‘the two shorter gaps. Therefore, the curves for the longer gaps 
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have been left uncorrected and those for the 16-3cm and 8cm 
gaps have been shifted to fit by the subtraction of the time 
interval from the total time of growth. It is found that the two 
figures for this time interval are 2:1 and 2-2 microsec respec- 
tively. All five curves, replotted on the assumption that the 
leader stroke commences to grow only after a delay of 
2:1 microsec from the application of the voltage wave, are 
shown in Fig. 5(b). The agreement is within the limits of 
experimental error. The voltage wave for this particular experi- 
mental arrangement rises to its maximum value in approximately 
2-1 microsec. 
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Fig. 6.—Effect of the series resistance on the 
percentage-distance/percentage-time curve. 


(a) 23-kilohm series resistance 

(6) 6-1-kilohm series resistance } 55-4cm gap 
x 750-ohm series resistance 

(a) 23-kilohm series resistance 

+ 6-1-kilohm series resistance | 
© 750-ohm series resistance f 


30cm gap 
25cm gap 


The curves in Fig. 6 show the effect of reduction of the series 
resistance on the percentage-distance/percentage-time curve. 
The curves are corrected for the effect of the time-lag between 
the instant of application of the impulse voltage and that of 
commencement of the leader stroke; the correction is assumed 
to be that which applies to the series resistance of 23 000 ohms, 
namely 1:3 times the value of CR where C = 70upF (the 
approximate capacitance to earth of the high-voltage plane). 
The correction is negligible for the curves pertaining to a series 
resistance of 750 ohms. It will be seen from Fig. 6 that the 
effect of decreasing the series resistance is to decrease the slope 
of the curve during the initial period and to increase it subse- 
quently. 

Curyes showing the variation of current in the pointed electrode 
with time for all five gap lengths measured above, and for a 
series resistance of 23000 ohms, are shown in Fig. 7. By 
averaging several oscillograms to obtain each of the curves shown, 
a smooth curve is obtained, free from the small random irreg- 
ularities which are present on the individual oscillograms. The 
rate of increase of current with time increases steadily until the 
main stroke occurs. The final current flowing just before the 
main stroke’s occurrence increases with gap length, and is 
approximately 2-Samp for the 8cm gap and 15-Samp for the 
55:4cm gap. The effect of reducing the series resistance to 
6 100 ohms and 750 ohms is shown for a gap length of 55-4cm 
in Fig. 8. The final current, measured in the pointed electrode 
just before the main stroke, increases considerably as the series 
resistance is lowered. From the current/time and distance/time ~ 
curves it is possible to plot a curve connecting the charge that 
has flowed through the current shunt and the distance that the 
streamer has grown. Curves of this type for the five gap lengths 
measured above and for a series resistance of 23 000 ohms are 
shown in Fig. 9. These curves are approximately linear and 
have roughly the same slope, 0-88 microcoulomb/cm. 
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Fig, 7.—Effect of the gap length on the current in the leader stroke. 


Series resistance, 23 kilohms. 
(a) 55:4cm gap. 
(b) 40cm gap. 
(c) 30cm gap. 
(d) 16:3cm gap. 
(e) 8cm gap. 
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Fig. 8.—Effect of the series resistance on the current in the leader 
stroke. 
(a) 23-kilohm series resistance. 


(b) 6-1-kilohm series resistance. 
(c) 750-kilohm series resistance. 
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Fig. 9.—The charge flow caused by the movement of the leader stroke. 


Series resistance, 23 kilohms. 
x 55:4cm gap. 
+ 40cm gap. “4 
© 30cm gap 
A 16°3cm gap. 
VY 8cm gap. 
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The effect of applying a voltage greater than the minimum ‘ 
breakdown voltage (defined as the voltage at which breakdown 
occurred on approximately 90°% of the applied impulses) has 
been investigated by reducing the gap length without altering 
the applied voltage. Curve (a), Fig. 10(a), shows the current/time 
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Fig. 10(a) and Fig. 10(b).— Effect on the current in, and the move- 
ment of, the leader stroke of reducing the gap length at fixed voltage. 
(a) 42-S5cm gap. 
(6) 35cm gap. 
(c) 25cm gap. 


curve for a gap length of 42:5cm at its minimum breakdown 
voltage, while curves (b) and (c) show the effect of reducing this 
gap length to 35cm and 25cm respectively. The distance/time 
curves for the three cases are shown in Fig. 10(d). } 

The characteristics of the leader stroke as a function of the 
gas pressure have also been determined. The tests were con- | 
ducted between a pointed electrode and a plane of diameter | 
approximately 30cm in a Perspex cylinder of diameter approxi- 
mately 38cm. For the gap lengths used, the spark took place 
always near to the centre of the plane. The distance/time curves 
and current/time curves for a 20cm gap are shown in Figs. 11 
and 12 for pressures of 760, 593, 435 and 277mm Hg and with 
series resistances of 1850, 3850 and 23000 ohms. The 
percentage-distance/percentage-time curves for these are shown 
in Fig. 13. 

Curves relating the distance that the leader stroke has travelled 
across the gap with the charge that has flowed through the pointed 
electrode are shown in Fig. 14. These curves tend to be approxi- 
mately linear and to have approximately the same slope, but to 
be displaced with respect to each other. 

During experiments with the photomultiplier to obtain’ 
distance/time curves, an effect was observed which can be seen 
in Fig. 2. If the leader stroke consists of a point source, the. 
pulse of light shown on the oscillogram of Fig. 2, and designated 
“leader stroke,” would be of duration of the order of 10~7sec. 


DISTANCE, cm 


DISTANCE, % 


SAXE AND 


i 
10 


CURRENT, amp 


Lele} 


TIME, % 
(a) 
Fig. 


@) ©) © 


MEEK: THE INITIATION MECHANISM OF LONG SPARKS IN POINT-PLANE GAPS 
@) 

c 5 

wh uw 
/ = 2 
/ < z 

i) Ca 

a a 
4 5 6 fo} | 3 4 5 6 

TIME, #s 
1) 


Fig. 11.—Effect of the reduction of gas pressure on the movement of the leader stroke. 


(a) 23-kilohm series resistance. 
(b) 3 850-ohm series resistance. 
(c) 1 850-ohm series resistance. 


Curve (a) 760mm Hg pressure. 
Curve (b) 593mm Hg pressure. 
Curve (c) 435mm Hg pressure. 
Curve (d) 227mm Hg pressure. 
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Fig. 12.\Effect of the reduction of gas pressure on the current in the leader stroke. 
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(a) 3 850-ohm series resistance. 
(b) 1 850-ohm series resistance. 


(a) 760mm Hg pressure. 
(6) 593mm Hg pressure. 
(c) 435mm Hg pressure. 
(d) 227mm Hg pressure. 
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13.—FEffect of the reduction of gas pressure on the percentage-distance/percentage-time curve. 


(a) 23-kilohm series resistance. 
(b) 3 850-ohm series resistance. 
(c) 1 850-ohm series resistance. 


760mm Hg pressure. 
593mm Hg pressure. 
435mm Hg pressure. 
227mm Hg pressure. 
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Fig. 14.—Effect of the reduction of gas pressure on the charge flow 
caused by the movement of the leader stroke. 


(a) 760mm Hg pressure. 
(b) 593mm Hg pressure. 
(c) 435mm Hg pressure. 
(d) 227mm Hg pressure. 


It is obviously, however, greater than this, which suggests that 
the light emission from the leader stroke emanates from a 
diffuse source, and that the luminosity might also extend in a 
direction perpendicular to the leader stroke’s direction of growth 
as well as in that direction. This view was confirmed by placing 
a slit parallel to the direction of growth of the leader stroke but 
to one side of its path. The curve so obtained of average peak 
light emission as a function of the distance of the slit from the 
spark path is shown in Fig. 15. This curve is necessarily rather 
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Fig. 15.—The distribution of light in the “head” of the leader stroke. 


inaccurate, as individual leader strokes move along different 
paths. The distance shown as abscissa is therefore only an 
average distance for a reasonable number of records. The rapid 
rate of change of light with distance near to the bright central 
portion of the leader strokes makes it impossible with this tech- 
nique to. plot the central part of the curve shown in Fig. 15. 

It has been stated that the percentage-distance/percentage-time 
curves exhibit a shape which is independent of the gap length 
if it is assumed that the initiation process commences at a finite 
time after the application of the voltage wave; it was therefore 
considered profitable to study the early stages of the initiation 
process. From Fig. 2 it will be seen that light output from the 
spark-gap increases very suddenly to a small value and then 
decreases to a negligible value, after which it rises again slowly as 
the bright part of the leader stroke approaches the slit. This 
initial light pulse (marked ‘‘corona” in Fig. 2) was found to occur 
in a gap subjected to a voltage insufficient to cause break- 
down, and has been designated ‘“‘impulse corona.” Davis?® had 
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previously demonstrated that a current pulse of this general 
shape could be detected in the pointed electrode for a gap 
subjected to a voltage insufficient to cause breakdown. This 
impulse corona probably has a considerable bearing on the onset 
and initial growth of the leader stroke, and further measurements 
of its visual and electrical characteristics are described in the 
next Section. 


(3.2) The Impulse Corona 
An example of the light pulse caused by the impulse corona 
is shown in Fig. 16(a). It will be seen that the pulse has a wave- 
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Fig. 16.—The light emission and current flow due to the corona pulse. 


front of very short duration. The calibration of the photo- 
multiplier-amplifier-oscillograph unit described above has 
shown that when a unit function is applied to this unit the out- 
put rises to approximately 95°% of the full amplitude in approxi- 
mately 6 x 10~8sec. This is the time occupied by the recorded 
front of the corona pulse, and it is therefore considered safe to 
state that the corona pulse has a very steep front occupying a 
time not greater than 6 x 10~8sec. Having reached this 
amplitude, the light then decays in a roughly exponential manner 
and falls to a small amplitude in approximately 4 x 10~7sec. 
The duration of this pulse appears to be independent of its 
amplitude, of the voltage applied to the gap, of the circuit 
parameters, and of the gap length, to a first order of magnitude. 

When a voltage of 50-60% of the minimum breakdown value | 
is applied to a gap, the impulse corona consists of a single pulse 
which occurs some time after the voltage wave has reached its © 
peak amplitude. As the voltage is increased, the corona pulse 
occurs earlier on the voltage waveform; also more than one 
pulse may occur for a single applied-voltage wave. At the 
minimum voltage necessary to cause a sparkoyer, several 
corona pulses may occur in rapid succession, with some over- 
lapping. The last corona pulse in the sequence, instead of 
decaying completely, usually decays partly and then increases 
again. This increase in light emission, shown in Fig. 22 following 
the corona light pulse, corresponds to the light from the leader 
stroke and continues until the light from the main stroke causes 
the deflection to increase abruptly. 

Similar effects are observed if the current in the circuit is 
recorded instead of the light emission. A typical oscillogram is 
shown in Fig. 16(b). The current pulse has the same general 
shape as the light pulse except that the front of the pulse occupies 
a slightly longer time; which may be due to the capacitive loading 
of the Metrosil. | 

The variation of the peak light emitted by the complete 
corona discharge as the amplitude of the voltage wave applied 
to the gap is varied is shown in Fig. 17. The series resistance in 
this case is 23 000 ohms. The full line in this Figure corresponds 
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Fig. 17.—The effect of voltage on the peak light emitted by the 


corona pulse. 
Voltage is shown as a percentage of the minimum breakdown voltage. 


to the law L = AV?/2, where L is the light emission and V is 
the applied voltage, the constant A being chosen arbitrarily. 
The variation of the peak current flowing in a corona pulse with 
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Fig. 18.—The effect of voltage on the peak current in the corona pulse. 
Voltage is shown as a percentage of the minimum breakdown voltage. 


change of applied voltage is shown in Fig. 18 and is seen to be 
similar to that of Fig. 17, with the full curve again corresponding 
to a law J = BV?/2, in which J is the peak current. 

Experiments were performed to determine the variation of 
the total corona light and current with variation of the series 
resistance. Over the range 10 000—40 000 ohms, no appreciable 
change of either light or current was recorded. Again it must 
be emphasized that changes sought here are first-order changes, 
and variations of about 5°% or less are ignored. It is difficult to 
investigate the corona for low values of series resistance, as the 
voltage wavefront is then of very short duration. As a result, 
the corona pulse occurs shortly after the application of the 
voltage wave and tends to be confused with the stray pick-up 
which could not be eliminated. In the case of the corona light 
pulse, this tends to be confused with the short-duration cathode- 
tay-tube deflection caused by scattered light from the impulse- 
generator sparks. 

It has been stated above that the leader stroke appears to 
consist of a large ill-defined volume of light emission. It was 
considered probable, therefore, that the impulse corona might 
exhibit the same sort of characteristics, and experiments were 
performed, similar to those for the leader stroke, to determine 
the physical characteristics of the impulse corona. It proved 
in some ways easier to deal with the impulse corona, since its 
position could be rather more readily defined. The curves 
showing the light emission through a slit as a function of the 
distance of the slit from the tip of the pointed electrode are 
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Fig. 19.—The distribution of light in the corona pulse. 


shown in Fig. 19. The full curve corresponds to the light 
received through the slit perpendicular to the direction of the 
spark-gap, while the dotted curve corresponds to the light 
received through a slit parallel to the direction of the spark-gap. 
There is considerable similarity between these curves except for 
the dotted curve at zero distance. This difference may account 
for the fact that at this particular point the pointed electrode is 
probably obscuring part of the light. 

The duration of the corona pulse, defined as the time which 
elapses between its inception and the decay of the light to about 
10% of its peak value, as a function of gas pressure is shown 
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Fig. 20.—The effect of the reduction of gas pressure on the duration 
of the corona pulse. 


in Fig. 20 for four different applied voltages. It will be seen 
that as the gas pressure is lowered the duration of the corona 
pulse increases. 


(4) RESULTS IN GASES OTHER THAN AIR 


The initiation mechanism was investigated for nitrogen, 

hydrogen and oxygen. 
(4.1) Nitrogen 

The form of the corona current pulse in nitrogen is shown in 
Fig. 21(a) and is seen to be of long duration compared with 
that in air. It is difficult to quote a figure for its duration, as 
will be obvious from an examination of Fig. 21(a@). It can-be 
stated, however, that the amplitude has fallen to a small value 
in a time of the order of 20 microsec. 

The size of the corona and the distribution of light therein 
were not investigated. 

An attempt was made to obtain the distance/time curve of 
the leader stroke in nitrogen. While a pulse of light could be 
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Fig. 21.—Corona pulse and leader stroke in nitrogen. 


obtained as the leader stroke passed the slit, indicating that the 
leader stroke was growing in an orderly manner similar to that 
in air, the variations from leader stroke to leader stroke were so 
great that the measurements were felt to be meaningless. The 
mean time-lag for a 20cm gap was approximately 19 microsec. 

The form of the pulse of light when the leader stroke passes 
the slit is shown in Fig. 21(5) and is of a different shape from 
that obtained when studying the leader stroke in air. The 
inference from Fig. 21(b) is that the leader stroke is of much 
smaller dimensions in nitrogen. 

Fig. 21(c) shows the current/time curve for the complete 
breakdown process, including the leader stroke and the main 
stroke. 


(4.2) Hydrogen 
The corona pulse for hydrogen, which is shown in Fig. 22(a), 
is similar to that in nitrogen. 
In hydrogen, no evidence of leader strokes could be found. 
Fig. 22(6) shows the current in a gap subjected to a voltage 


Zz 
uw 
a 
« 
> 
ro) 
° 8 
TIME, #s 
@) 
= 
rd 
Ww 
fod 
x 
> 
2) 
re) 8 
TIME, fs 
@) a 


Fig. 22.—Corona pulse and breakdown in hydrogen. 
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causing breakdown as a function of time. 


The corona re 
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forms early and has decayed to a small value when a sudden ° 


rise of current indicates the onset of the main stroke. 


(4.3) Oxygen 
Fig. 23(a) shows the corona current pulse in oxygen. 
pulse is of very short duration (~3 x 10~®sec) and is also of 
very small amplitude on the oscillogram. Since the. resolution 
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Fig. 23.—Corona pulse and breakdown in oxygen. 


time of the recording equipment (6 x 10~8sec) is longer than 
the recorded duration of this pulse (~3 x 10~8sec) it is certain 
that the time-pulse shape and amplitude were not recorded. 
and the most that can be claimed is that the existence of a short- 
duration (+6 x 10~8sec) small-amplitude pulse has been 
established. 

Again no evidence could be found of leader strokes. Fig. 23(4) 
shows a typical breakdown, in which a small corona pulse 
occurs at A, and a sudden rise of current due to the main stroke 
occurs at B. 


(5) DISCUSSION 
From the experiments described above, a general view of the 
sequence of events in the breakdown mechanism may be obtained. 
The breakdown mechanism in a point-plane gap (positive point— 
negative plane) subjected to an impulse voltage appears to 


commence with the formation of impulse corona. This corona . 


consists of a luminous zone of discharge which decreases in 
intensity with increasing distance from the point, but which is 
detectable up to a distance of approximately 10cm from the 
point. If the voltage applied to the gap is sufficiently high, the 
discharge process advances from the point to the plane in the 
form of a leader stroke. The head—or most advanced portion— 
of the leader stroke consists of a luminous zone of discharge 
which is generally similar to that of the impulse corona. The 
bright central core of this zone traces out the main track of the 
leader ‘stroke, as photographed in the experiments described 
in Reference 6, and the final spark channel seems to form along 
this track. 

The experiments do not enable the structure of the luminous 
zone to be investigated, although there is evidence from experi- 
ments by other workers?:!°-!8-22 to suggest that it consists of 
numerous filamentary streamers converging on to a bright 
central core. It is necessary, however, to emphasize that photo- 
graphic evidence in this field must be interpreted with caution, 
as the recorded dimensions of an extended non-uniform source 
of light may depend markedly on the sensitivity of the system. 

The current which is recorded on the oscillograph during the 
existence of the corona pulse may be considered to be due 


The — 


SAXE AND MEEK: THE INITIATION MECHANISM OF LONG SPARKS IN POINT-PLANE GAPS 


‘entirely to the motion of electrons in the gap, as the velocities 
of the positive ions are much smaller than those of the electrons. 
The recorded current pulse has a total duration of 4 x 10~7sec 
and a front of less than 5 x 10~8sec. The true front may well 
be shorter than this, as the apparatus used was incapable of 
| responding in a time less than 5 x 10~8sec. 
If this build-up of current is caused by the motion of electrons 
from the edge of the luminous zone to the pointed electrode, 
the average velocity of the electrons must be not less than 
2 « 108 cm/sec corresponding to an electron energy of 12eV. 
| The spectrum of the corona light has been recorded and has 
been shown to consist almost entirely of the second positive 
bands of N,, within the frequency limits imposed by the Ilford 
HP.3 emulsion. The excitation function for these bands has 
been determined by Langstroth,2> who showed that the minimum 
electron energy necessary to produce any excitation is 13eV. 
We may therefore conclude that even at considerable distances 
from the point a number of electrons attain the necessary 13eV 
of energy. It would also appear possible that in 5 x 10—8sec 
electrons may be able to move a considerable part of the distance 
from the edge to the centre of the luminous zone. 

It is not clear how free electrons may be produced in regions 
so far from the pointed electrode that the normal field due to 
the applied voltage will be only about 1kV/cm or less. There 
‘is, however, no evidence available to suggest that the corona 
grows from the outside inwards to the point rather than in the 
reverse direction. 

If the corona is assumed to grow outwards from the centre, 
then two possibilities occur: 

(a) The region immediately adjacent to the point, where the 
field is very high, may become ionized, and the resulting emission 
of photons, or other secondary processes, may cause the 
appearance of free electrons in the more-remote lower-field 

regions. However, it is difficult to imagine the production of 
‘such a short-duration front of the current pulse, since (i) the 
relaxation time of excited states or the recombination time for 

the production of the necessary photons would make this 

unlikely, and (ii) the current pulse would be expected to build 
up in the same way as the voltage on the gap due to the gradual 
extension of the high-field region. 

(6) The corona may be triggered by some mechanism so far 
‘unknown, but which occurs in close proximity to the point and 
causes the simultaneous growth of a multitude of filamentary 

conducting channels away from the point. The field at the tip 
of each of these filaments will be much higher than that which 
would exist in the absence of the filaments. This might ex- 
plain the zone’s extension to regions of apparent low field 
strength. However, these filaments would need to grow over a 
distance of 10cm in a time not greater than 5 x 10~8sec, and 
no mechanism has yet been put forward to account for the 
simultaneous production of such a large number of filaments. 

The extinction of the corona current when the voltage is just 
below the minimum value needed to cause breakdown is a 
phenomenon which needs explanation. Once the corona pulse 
starts to form there would appear to be a copious supply of 

‘electrons to promote further ionization, and whatever mechanism 

of propagation is assumed for the corona would presumably 

suffice for its maintenance. However, the current pulse rises to 

a peak and thereafter decays to zero. The time of decay appears 
to be inversely proportional to the amount of oxygen present 
(the nitrogen and hydrogen used were cylinder gases of industrial 
purity and probably contained approximately 0-4% oxygen), 
which suggests a decay mechanism associated with the formation 
of negative ions. 

The close similarity between the corona pulse and the “‘head”’ 

of the leader stroke tends to indicate that the two are different 
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aspects of the same phenomenon. The corona pulse forms 
round the pointed electrode at a voltage which is insufficient to 
cause further development leading to breakdown, but when the 
voltage is raised to a higher value this corona pulse propagates 
across the gap and is known as a leader stroke. When the leader 
stroke has crossed to the other electrode the full short-circuit 
current flows, the channel then becomes much more highly 
luminous, and breakdown is said to have occurred. 

It will be noted from Figs. 5(5), 6, 17, 18, and 19 that the 
acceleration of the motion of the leader stroke across the gap 
follows a law which, for the minimum breakdown condition, is 
independent of the gap length, of the series resistance, and of 
the gas pressure within the ranges considered. If it is assumed 
that the leader stroke channel has a negligible impedance and 
acts effectively as an extension of the pointed electrode, its 
motion will be expected to be of the form observed, since the 
applied voltage is being impressed on an ever-decreasing gap 
as the leader stroke moves towards the plane. Essentially, 
therefore, the acceleration will be a characteristic function of the 
configuration of the system. 

The velocity of the leader stroke at any point in its motion 
across the gap, if we now consider conditions other than the 
minimum breakdown voltage, is governed by the applied voltage, 
the series resistance, the initial gap length, and the distance 
which the leader stroke has travelled, assuming that the 
impedance of the leader stroke channel is negligible. 

It appears from experiment that the voltage drop along the 
leader stroke channel is small. Fig. 24 shows distance/time 
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curves for gap lengths of 42-5, 35 and 25cm, in each case with 
the minimum breakdown voltage for the 42:-5cm gap applied, 
plotted so as to coincide at the instant that the leader stroke 
reaches the plane electrode. It will be seen that the motion for 
most of the available gap is similar. For instance, at a distance 
of 10cm from the plane electrode the leader stroke behaviour 
is the same for all three gap lengths. If there had been a voltage 
drop along the leader stroke channel equal to or greater than 
about 1kV/cm, the conditions for the gap lengths of 35cm and 
25cm when the leader stroke had reached the point marked A 
in Fig. 24 would have been different from those for the gap 
length of 42:5cm, since the pointed electrode was in effect 
short-circuiting part of the leader stroke in the former cases. 
This is consistent with the measurements of Komelkov. 

The effect of over-voltage on the gap may therefore be con- 
sidered in the following way. If the gap length is / and the 
applied voltage is V, which is the minimum breakdown voltage 
of a gap length L, the leader stroke behaves as if it had moved a 
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distance (L-/) across a gap of length L subjected to a voltage V. 
Its motion from then on may therefore be predicted. 

The effect of the series resistor arises from a lowering of the 
voltage on the gap due to the JR drop in it when a leader stroke 
starts to move and a current J flows in the gap. Since the current J 
is proportional to the velocity of the leader stroke, and since an 
increase in velocity causes an increase in J with a corresponding 
decrease in the applied voltage, it follows that at any point of 
the leader stroke’s motion an equilibrium will tend to be set up. 
However, a phase shift will be introduced in the feedback loop 
due to the time-constant of the series resistor and the capaci- 
tance of the plane electrode, and this may cause the motion and 
the current to contain oscillatory components. In the limit, the 
oscillations may be large enough to cause the movement of the 
leader stroke to be periodically stopped—a phenomenon known 
as stepping. 

It would appear that if the leader stroke is assumed to possess 
an inherent maximum velocity of propagation, this has not yet 
been measured, and that basically the motion of the leader stroke 
in the experiments described above has been controlled almost 
entirely by the circuit constants. 

With the possible exception of the time during which the 
leader stroke is within a short distance of the plane electrode, 
it would appear that this electrode (the cathode) plays no part 
in the discharge mechanism other than the obvious role of the 
production of the required field. During the early stages of the 
discharge, the absence of light emission near the plane suggests 
that there is no ionization in this region. This is to be expected, 
moreover, since the field near the plane is quite small. Further, 
any electrons produced near the plane could be expected to 
move with such small velocities that it is improbable that they 
could influence the discharge mechanism near the anode in the 
short times involved. 
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SUMMARY 


The paper illustrates two methods whereby the steady-state im- 
‘pedance matrix in terms of symmetrical component parameters may 
be obtained for a 3-phase system with multiple unsymmetrical faults, 
In the first method all faults are replaced by a balanced condition for 
which the symmetrical component impedance matrix is easily obtained 
using Stigant’s rule. This matrix is then transformed to that of the 
faulted network by means of a connection matrix and relationships 
developed by Kron. The second method shows how Stigant’s rule 
may be used to write down the impedance matrix of the symmetrical 
component network representing the unsymmetrical system. 


LIST OF SYMBOLS 
V, I, Z = Voltage, current and impedance matrices, respec- 
tively, of the system in terms of phase quantities. 
V’, I’, Z’ = Voltage, current and impedance matrices, respec- 
tively, in terms of symmetrical component 
parameters of the system with balanced faults. 
V’, I’, Z” = Voltage, current and impedance matrices, respec- 
tively, in terms of symmetrical component 
parameters of the system with unbalanced 
faults. 
C = Connection matrix. 
Q, 1, 2 = Subscripts denoting zero, positive and negative 
phase sequence components respectively. 
a = — 0:5 + j0-866. 


(1) INTRODUCTION 


' A 3-phase transmission system operating under balanced 
conditions (including symmetrical 3-phase faults) may be treated 
on a single-phase basis either analytically by the usual circuit 
‘theorems or experimentally by network analysers. When 
unsymmetrical faults occur, such as single line-to-earth, line-to- 
line, etc., the problem can be treated on a 3-phase basis, but 
since the impedance matrix of a 3-phase machine in terms of the 
line currents is not symmetrical, the circuit analysis is difficult 
and also a single-phase representation of the system is not 
possible. 

The method usually adopted is to change the system of 
reference from phase quantities to the “‘symmetrical components”’ 
of Fortescue, for in this system the impedance matrices of 
machines and many of the faults encountered are symmetrical, 
thus permitting an equivalent single-phase circuit to be built up 
and solved in any convenient manner. In the analysis of single 
faults on an otherwise balanced system it is customary to define 
the fault so as to be symmetrical with respect to phase a, this 
being necessary if phase shifts are to be avoided in the inter- 
connections of the sequence networks. In general, this simpli- 
fying device cannot be used for the analysis of multiple faults, 
for even if one fault is symmetrical with respect to phase a, some 
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of the others may not be, and it is then necessary to interconnect 
the symmetrical-component sequence networks by a number of 
phase-shifting transformers. One method of analysis of such 
circuits has been given by Mortlock,! and is based on classical 
circuit theory. 

The current tendency is towards a growing use of computing 
machines capable of performing any mathematical process which 
can be broken up into simple arithmetical operations. These 
machines are therefore eminently suitable for the addition, 
multiplication and inversion of matrices. Standard programmes 
of the operations to be performed by the machine have been 
derived, and include the inversion of matrices of very large order: 
these are immediately applicable to a particular problem, as it 
is only necessary to insert the actual matrix elements at the 
commencement of the solution. Descriptions of the con- 
struction, operation and programming of automatic digital 
computers have been given.®.7,8 In order to use these machines 
for the solution of electrical circuits, the impedance and voltage 
matrices of the network are required. For many problems the 
impedance matrix is most easily obtained using Stigant’s rule,” 
and Section 3.2.4 illustrates the application of the rule to the 
symmetrical-component equivalent circuit of a single line-to- 
earth fault on phase b in a system, which thus contains phase- 
shifting transformers in the interconnections. 

In a large network with more than one unsymmetrical fault 
the delineation of the equivalent symmetrical-component circuit 
is not easy, and there is also the possibility of error in writing down 
the impedance and voltage matrices. Accordingly, a technique 
is put forward in Section 3.2.2 which enables these matrices to be 
derived from those pertaining to a related, but much simpler 
network, called the primitive network. The relations between 
the matrices of the primitive and actual networks have been 
deduced by Kron,? and are restated in Section 2.4. The 
primitive network used is the symmetrical-component equivalent 
circuit of the system, all unsymmetrical faults having been 
changed to a balanced condition. The zero-, positive- and 
negative-sequence networks are now separate and distinct from 
one another, and their impedance matrix is easily written down 
using Stigant’s rule. In order to transform the matrices of the 
primitive network to those of the equivalent symmetrical- 
component circuit of the system with the unsymmetrical faults, 
a connection matrix is required which shows the relationships 
which exist between the sequence components of the fault 
currents by virtue of the unsymmetrical nature of the faults. 

The engineers’ task is now complete, for the solution of the 
problem follows routine matrix methods, and can be performed 
on a computer or, if the system is small, by a clerical staff. 


(2) FUNDAMENTAL PROCESSES 
(2.1) Stigant’s Rule 


Stigant’s rule, which is virtually a modification of Kirchhoff’s 
mesh law, is of great value in that it enables the impedance 
matrix of a network to be written down directly by inspection of 
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the network. For the purposes of the paper its operation may 
be described as follows. The paths of the independent mesh 
currents are chosen to suit the problem under consideration, and 
are delineated on the network. The elements of the impedance 
matrix are then given by: 

(a) A diagonal element such as Z,, 
the path of the rth mesh current. 

(b) A non-diagonal element such as Z,, is the impedance 
common to the rth and mth mesh currents. It is positive if J, 
and J, flow through the impedance in the same direction and 
negative if they flow in opposite directions. For linear bilateral 
networks, the impedance matrix is symmetrical and Z,,, 

As an example of the use of the rule, the equations of the 
network of Fig. 1 are written as 


is the total impedance of 


directly from the network. It should be stressed that corre- 
sponding elements of the voltage and current matrices must refer 
to the same mesh. 


Zx Zy 


Fig. 1.—Two generators in parallel supplying a load. 


(2.2) Symmetrical. Components 


In this Section, the zero-, positive- and negative-sequence 
currents and voltages are defined in terms of the corresponding 
phase quantities, and an expression is then deduced for the 
transformation of impedances from the phase-reference axes to 
the symmetrical-component reference axes. This transformation 
is then used to obtain the zero-, positive- and negative-sequence 
components of the phase impedances of the simple 3-phase 
‘systems which form the basis of the present study, namely 
machines, and balanced and unbalanced star-connected loads 
with impedance in the neutral. Reference 5 gives the usual 
approach to the problem. 


(2.2.1) Definitions. 

The symmetrical-component currents I’ = {Jp, [;, J2} and 
voltages V’ = {Vo, V,, V2} are defined in terms of the 3-phase 
currents J={J,, JI,, I,} and the line-to-neutral voltages 
V=(V,, V;, V.} by the relationships 
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-where 
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The inverse relationships are (4 
1A) ee 


and V= ALY ee one 


where 


(7) 


The transformation law of impedances follows. For if in the 


old (phase) system of reference 


V=ZI 
and in the new (symmetrical-component) system of reference 
V=2i 
then V’ = AV = AZI = AZAD 
and thus Z.. = AZA= eee. s.r 


It should be noted that using these definitions the apparent 
power, calculated from V#J, is not the same in the two systems of 
reference. The transformation used by Kron differs from the 
one given here, in that the multiplier of the A matrix is 1/4/3 
(instead of 1/3) and gives invariance of power. a 


(2.2.2) Symmetrical-Component Equivalent Circuits. 

(a) Machines.—By making the usual assumptions of neglect 
of saturation, harmonics, etc., for power-system analysis, 
the impedance matrix of a 3-phase machine in terms of phase 
currents is circulant and of the form 


a b c 


(9) 


which prevents the use of a single-phase equivalent circuit for the 
analysis of unbalanced conditions. 

This impedance matrix may be transformed to the sym- 
metrical-component matrix Z’ by using the expression 
Z’ = AZA™ [eqn. (8)], giving 


Z,+aZ,+ a@Z, 


(10) 


We may write 
Zo —a Lie + Z, b - he c 
74 = PL + wZ, + aZ, 
Z> => YL, + aZ, + az, i 
This matrix has elements on the main diagonal only, and 
consequently the equivalent circuit shown in Fig. 2 consists of 
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Fig. 2.—Symmetrical-component equivalent circuit of a 3-phase 
machine. 


three separate networks, so that the mutual coupling is eliminated; 
the calculation of the currents due to unbalanced applied voltages 
may therefore be readily carried out. 


Fig. 3.—Balanced 3-phase load. 


(6) Balanced Load.—Fig. 3 shows a balanced load of Z, ohms 
per phase and a neutral impedance of Z, ohms. In terms of the 
phase currents the impedance matrix is 


a b c 


(11) 


|The transformation to the symmetrical-component reference 
system gives Z’ = AZA7, or 


(12) 


Once more the mutual coupling is removed. The equivalent 
circuit is shown in Fig. 4. 
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ed eee ponent equivalent circuit of the balanced 
3-phase load of Fig. 3. 
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Fig. 5.—Partially unbalanced 3-phase load. 


(c) Partially Unbalanced Load.—Fig. 5 shows a partially 
unbalanced star-connected load in which the impedance in two 
of the phases is Z, and in the third phase Z,. An impedance Z, 
is included in the neutral lead. In terms of the phase currents 
shown, the impedance matrix is 


(13) 


and using the transformation Z’ = AZA~! the symmetrical- 
component impedance matrix is 


ay t4) 


The equivalent circuit of this matrix is shown in Fig. 6. If the 
applied voltages are balanced, Vp) and V2 are both zero and the 
currents are found easily. 


(Z,-Za)/3 


Fig. 6.—Symmetrical-component equivalent circuit of the load shown 
in Fig. 5 


(d) Completely Unbalanced Load.—Fig. 7 shows an un- 
balanced star load having impedances in each of the three phases 
of Z,, Z, and Z, ohms, respectively. An impedance of Z, is 
included in the neutral lead. 

The impedance matrix in terms of the three line currents is 


a b c 


(15) 


Fig. 7.—Completely unbalanced 3-phase load. 


Transforming this matrix to symmetrical components by 
Z = AZA gives, 


as 


z 


In this case the transformation to the symmetrical-component 
reference system has complicated the matrix and made it unsym- 
metrical. Further details of the matrix treatment of symmetrical 
components will be found im Reference 4. 


(2.3) Generated Voltages 
The usual assumption is made m this paper, that positive- 
sequence voltages only are generated. However, the further 
common assumption—that all generators have equal generated 
voltages—is not used. 


(1.4) Interconnection of Networks 

Krom has shown that if the equations of a network (V’ = Z’T’) 
are known, the equations of another network, derived from the 
first (primitive) by changmg the connections, but without 
increasing the mumber of independent meshes, may be obtained 
im the followmg manner. The relationship between the mesh 
currents of the primitive network, I’, and the mesh currents of 
the new network, I’, is written as 


Fr=>cCr’ (17) 
C beme called the “connection matrix.” 
The new voltage matrix V” is givem by 
re ie an ee 
and the new impedance matrix Z” is given by 
Bes slam (19) 


where C, is the complex conjugate of the transpose of C. 


(3) EVALUATION OF FAULT CURRENTS 
(3.1) Symmetrical Three-Phase Fault 
No difficulty is encountered im evaluating this type of fault, 
for the system reduces to 2 single-phase network which can be 
solved om 2 network analyser, or the matrix equation cat be 
written out for solution om 2 computer. ' 
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(3.2) Methods with Unsymmetrical Faults 
(3.21) Classical Method. sh 


In this method, the relationships between the line current 
and line voltages are ascertained from the 3-phase circuit. 
relationships are then expressed in terms of symmetrical com- 
ponents, and the required sequence network is deduced anc 
solved in any convenient manner. When more than one un: 
metrical fault exists on the system, it is necessary to interconne 
the sequence network, either by 1 : 1 ratio transformers, or 
phase-shifting transformers, and the circuit becomes ver 
complicated. 

One method of solving such networks has been given by 
Mortlock,' and an alternative method using matrix techniques 
is given in Section 3.4. MI 


(16) 


(3.2.2) General Constraint Technique. { 

The zero-, positive- and negative-sequence networks for al i 
3-phase system with balanced-phase impedances are separate 
and distinct from one another, and the positive-sequence network ~ 
is the single-phase representation of the system. Using Stigant’s — 
rule it is comparatively easy to write down the impedance matrix | 
for such a network. Thus the primitive network chosen for the | 
calculation of the steady-state fault currents is the symmetrical- 
component representation of the system, all faults having been’ 
replaced by a balanced condition. The impedance matrix of the 
primitive network will be denoted by Z’, and the voltage and 
current matrices by V’ and I’ respectively. A connection matrix 
C is obtained by expressing in the form I’ = CI” the relation- 
ships between the mesh currents of the primitive network I’ and _ 
the mesh currents actually necessary for the analysis I”. The 
number of currents in I’ will be less than those in I’ because of 
the relationships existing between the sequence currents per- 
taining to an unsymmetrical fault. 

Eqns. (18) and (19) enable the voltage and impedance matrices 
of the symmetrical-component representation of the unbalanced 
system to be calculated. The required currents may now be 
evaluated, either by hand using a desk calculating machine for 
small problems, or by an automatic digital computer for ne 5 
problems. 

As a simple illustration of the method, consider a generator — 
having line a short-circuited to neutral as in Fig. 8. In this — 4 


Neutral 
Fig. 8.—Three-phase generator with single line-to-neutral short-circuit. 


a 
_ 
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technique the, unsymmetrical fault is replaced by a suitable so that the connection matrix C is given by 
balanced condition, namely the symmetrical short-circuit to 
neutral shown in Fig. 9. 


ie = C= Ir era es) 
a> The equations of the unsymmetrical fault are now determined 
from eqns. (18) and (19), and are, 
le = CM. — 


‘Neutral 
Fig. 9.—Three-phase generator with balanced short-circuit. 


(26) 


Sections 2.2.2 (a) and (6) show that the symmetrical-component Therefore 


network equivalent to Fig. 9 will be that shown in Fig. 10. The and 
matrix equation of this network V’ = Z’I’ will be 


0 


Gf = CZ-C a 


(20) 


Therefore Die Dict Liee Ly sn en usa (AI) 
Also ieee wes 2. Sz. -o (C28) 


In this simple case, there is one equation only, namely 


y= ; lag 
lo 
. V; — (Zo 45 Z, == Zy)1; . . . . (29) 
from which J, may be calculated. 
Zz The equivalent circuit is seen to be that of Fig. 11. 
0) 
Zo Zy Z, 


‘Fig. 10.—Symmetrical-component equivalent circuit of 3-phase 
generator with balanced short-circuit. 


1 


The connection matrix is developed in the following manner. Fig. 11.—Symmetrical-component equivalent circuit of 3-phase 
In the original system of Fig. 9 generator with single line-to-neutral short-circuit. 
fei Ow we. QI) (3.3) Applications involving Unsymmetrical Faults 


BS Mes In this Section the method will be applied to a number of 
Consequently from the definitions of the currents Jp, J, J,, it is typical single faults to show how the required balanced con- 
deduced that dition is decided, and also how the connection matrix is deduced. 
Ib=T,=I,. . . . . . (22) The system used for this explanation is shown in Fig. 12, and 
and the analysis may proceed in terms of one current only, © M 
for example /,. 
‘The relationships are then written as 


I 2 Fie oaes623) 


Fig. 12.—Simple system consisting of two generators connected by a4 
tie line used to illustrate the constraint technique. Faults will be 
(24) imposed at M. 
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consists of two generators both of which are solidly earthed at 
their neutrals, and connected by a tie line. The faults will be 
imposed at M. 


(3.3.1) Single Line-to-Earth Fault. 


Consider a single line-to-earth fault at M in Fig. 12, on line a 
having an arc impedance Z; and a total ground impedance Z,. 
This fault is replaced by a suiabie balanced condition, which i in 
this case is the load of Section 2.2.2(4), Fig. 3, in which Z, = Zy. 
The sequence networks for this balanced condition are shown 


Fig. 13.—Symmetrical-component equivalent circuit of the system of | 
Fig. 12, having a balanced fault at M. The arc impedance is 
ZF ohms and the impedance in the neutral is Z, ohms. 


in Fig. 13, and using Stigant’s rule the matrix equation of the 


network in terms of the mesh currents shown is a 
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The required voltage and impedance matrices are then obtaineall 
in the usual manner, namely - 


(34) 


(35) | 


(30) 


CWA — eZ 
Because of the unsymmetrical nature of the fault, namely line- 
a-to-ground, we have 


=i G31) | 
No such relationship exists between the other three currents, 
since the meshes in which they flow are unaffected by the fault. _ 
These facts are then expressed as in eqn. (32), the analysis 
proceeding in terms of Io, Iso, I,, and I,5, 


fit oe 
Trg 
Tyo 
— (32) 
A | 
fa | 
ie. VY =ctr’ (33) 


C is thereby defined for this problem. 


shown in Fig. 14. 


The equivalent network of the equation V” = ZI’ is 


I Iro Tro 


Fig. 14.—Symmetrical-component equivalent circuit of the system of 
Fig. 12, having a fault of total impedance Zr + Zz ohms, between 
line a and earth at M. 


If the fault was on line b or line c, and it was the only fault, 
the analysis could proceed as above, but if this was one of a 
number of faults, it would be essential to consider sb faults on 
the lines on which they occurred. 


| 


| 


Seo 
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For example, suppose the fault was on line b. The relationship 
between the sequence currents in the fault mesh is 


Try = aI py = alo (36) 
| (from I, = 0 and J, = 0). 
Thus the connection matrix in terms of Jyy and Io, J,, and 
Tn is 
Ce (37) 


The voltage, current, and impedance matrices for the balanced 
condition are unaltered, consequently 
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Ge = CZ’ C 


Io 


Zo + Zo, + Zo2 
+ 3(Z, + Z,) 


52 


Zs 


aZ 


sl 


@Z,5 Zz 


52 or Zy 


(39) 


It will be seen that this matrix is unsymmetrical. Its equivalent 
circuit is shown in Fig. 22. 

The above example shows the ease with which the equations 
for the unsymmetrical fault may be obtained, since neither the 
impedance matrix for the symmetrical condition nor the con- 
nection matrix presents any difficulty. 


(3.3.2) Double Line-to-Earth Fault. 

Consider a double line-to-earth fault at M on the system of 
Fig. 12, with a total impedance in the earth path of Z, and 
negligible impedance between the lines and earth. The balanced 


QQQ00 
0Q0) 


Fig. 15.—Symmetrical-component equivalent circuit of the system of 
Fig. 12, having a balanced fault of negligible arc impedance and 
Z, ohms in the earth path imposed at M. 


v" =[c]V’ = (38) 
condition used is once more that of Fig. 3, but with Z, = 0. 
The equivalent circuit of the system in terms of symmetrical 
components is shown in Fig. 15. Its impedance matrix is 
fo So fi Sy ip 52 
| | 
So |2Z0 + 3Z,| Zs | 
| 
So Z9 | Zo + Zo | | | 
f Zs | Zs | 
ee | ie | ———————_| . . (40) 
5} | | Zs Zy +Zy : 
| | 
hr Z 252 
| = ESS 
| | 
33 | | 22 |Z2t+ Zp 
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and the voltage matrix is 


(41) 


The connection matrix will depend on which two lines are 
faulted, but in any case, one of the sequence components of the 
fault mesh current can be expressed in terms of the other two. 

(a) Fault on Lines b and c.—From the definitions [eqns. (2) 
and (4)] we see that, if the fault is on lines b and c, the relation- 
ships between the currents in the fault mesh is 


Trp ag (Ip; Ae Tro) : . . . . (42) 


There is no relationship between the currents in the s mesh. 
The connection matrix C is then given by 


fo So hf, Sy 52 


and the voltage matrix V’ = [C,]V’ is 


(b) Fault on Lines a and b.—The equation of current con- 
straint in the fault mesh is now 


| 


h+al, el, =O... . cae 


so that Tr. — ae (aI; aa alo) . . . . (47) \ 


and the connection matrix C will now be given by 


fo So f, Sy 52 


fo [ So 


(48) 
(44) | 
| The required impedance matrix Z” = C,Z’C is 
f 5} 52 ] 
Z59 
(49) 
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‘and the voltage matrix is again 


(50) 


(3.3.3) Open Conductor. 


Consider the system of Fig. 12, with an open conductor on 
phase a, as shown in Fig. 16. There are two possible symmetrical 
conditions from which this fault may be derived. 


(a) Machines disconnected and each one symmetrically short- 
circuited. 


(6) Machines completed connected. 


s a t 


Fig. 16.—The system of Fig. 12 having an open conductor on line a. 


j 


(a) Machines Disconnected and Short-Circuited.—From Section 
2.2.2(a) the impedance matrix for this system in terms of sym- 
metrical components is 


Generator Ss t 
Sequence 0 1 2 0 1 2 

Ss 

LZ = (51) 
t 


_ The connection matrix is deduced from the fact that J, = 0, 
or in terms of symmetrical components Jy + J, + I, = 0. 
Thus we may put 


\ 


h=—Uy+h) . (52) 
This constraint equation is the same as that for a double line-to- 
earth fault, but the circuit to which it is applied is different. 
The analysis of the fault will be taken in terms of the symmetrical 

‘ component currents J,9 and J,, of generator s. Then, since the 
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assumed positive direction of current is out of a generator, the 
connection matrix is 


Generator Ss 
Sequence 0 1 
Ry 0 
1 
2 
C= (53) 
t 0 
1 
2 


The required impedance matrix Z’” = C,Z’C is then 


So Sy 


(6) Both Machines Connected.—The sequence networks for 
this symmetrical system are shown in Fig. 17. 


Q0O0YN 
Q0QQ0 
0000 
000) 
Y0QQQ 
0QQQ 


t@) (Va) 


Fig. 17.—Symmetrical-component equivalent circuit of Fig. 
fault being imposed. 


12, no 


In terms of the currents shown, the impedance matrix is 


(55) 


The constraint equation is the same as before, namely 
Iy + 1, + 1, =0, so that analysing in terms of the currents 
Ip and J, the connection matrix C is given by 


0 1 


(56) 


The impedance matrix for the fault condition is then cal- 
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culated in the usual way, and is found to be that given above, 
namely 


So Sy 


Zs a5 Z he Zy2 + 2,2 | 


Z.2 + Zi 


(57) 
Zs ts Zi + Z52 Bhs Z 


(3.3.4) Open Conductor and Line-to-Earth Fault. 


This fault occurs when one end of the broken conductor comes 
down to earth. Consider the same system as before, with such 
a fault at M on line a as shown in Fig. 18, the impedance of the 
fault path being composed of the arc impedance Z, and an 
earth impedance Z,. 

The balanced condition chosen is that of both machines con- 
nected with a balanced star load of phase impedance Z, and 
neutral impedance Z, at the fault point M. This is the same 
condition as that used i in Section 3.3.1, so that the corresponding 
sequence network is shown in Fig. 13, and the matrix equation 
V’ = Z’T’ for the balanced system is given in eqn. (30). 

The constraint matrix is built up from the following con- 


Mesh fo 


+ Z;) 
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Secondly, the currents in the s mesh are subject to the constraint q 


of an open conductor on line a;:so that 
To 2 Ty ae Tyo =e 


Thus we may analyse in terms of I), Iq and I,, 
matrix C is then 


Mesh to So Sy 


(59) 


The connection 


fo 


(60) 


The impedance matrix calculated from C,Z’C is found to be 


So Sy 


Z.0 ep Z52 


ae So They 


2 +29 + Zo + Zp | 


Zi (61) 


252 + 12 | Z =i Zi T Z52 + Zp 


Fi ‘ig. 18.—The system of Fig. 12, having an open conductor and simul- 
taneous line-to-earth fault. 


siderations. First, the currents in the f mesh are subject to the 
constraint of a line-to-ground fault on line a, so that 


A 


Lgl = 12° (58) 


Fig. 19.—Power system to illustrate the general application of the 
technique. 
D—Balanced star-load of Zz ohms per phase. 
M—Open conductor on line c, the end connected to D passing to earth through an 
arc impedance of Zy and a total earth impedance of Z, ohms. 
K—Double line-to-earth short-circuit on lines a and b. 


(3.3.5) General Application. 


The technique demonstrated in the simple examples above 
has great power, for no further knowledge or ability is required 
to apply it to loaded systems with a number of faults occurring 
on any line. To show this, expressions for the voltage and 
impedance matrices will be derived for the more complicated 
system of Fig. 19. 

The unbalanced faults are replaced by the appropriate balanced 
conditions as explained in the preceding Sections, and the 
equivalent sequence networks are deduced. 

The zero- and positive-sequence networks are shown in 


Figs. 20 and 21, respectively. There is no need to draw the - 


37, guid 


Tes e 


Fig. 20.—Zero-sequence network for the system of Fig. 19, after all 
unbalanced faults have been replaced by a balanced condition. 


negative-sequence diagram, since it is the same as the positive 
one, except that the voltages are zero and the impedances have 
their negative-sequence values. 

In choosing the paths of the mesh currents, which are the 
same in each sequence network, care should be taken to ensure 
that the fault constraint can be easily applied, by having each 
fault path traversed by one current only. Thus the current 


| 


ip 


| 
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N ‘ ‘ 


Wa) 


Ls M cle K 


Fig. 21.—Positive-sequence network for the system of Fig. 19, after all 
unbalanced faults have been replaced by a balanced condition. 


between D, M and K is subject to an open-conductor constraint, 
the current between D, M and N to a line-to-earth constraint, 
and the current from K to N to a double line-to-earth constraint. 
Furthermore, if the currents flowing through certain sections of 
the system are required, it is convenient if each of these sections 
is traversed by one mesh current only. 

The mesh currents having been delineated the impedance 
matrices for each sequence diagram are then written down using 
Stigant’s rule, and are 


29 4 Ze. t+ Zio)| 
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The impedance matrix of the balanced condition in terms of 
symmetrical components is then the compound diagonal matrix 


(65) 


where Zj), Z{,, and Z;, have values given in eqns. (62), (63) 
and (64). 
The corresponding voltage matrix is 


Vv’ = (0, 0, 0, 0, Vers 0, V. 0, Zen a Wes 0, 0, 0, 0, 0) 


sl 


(66) 


The constraint matrix C is built up from the following con- 
siderations: 


(a) The mesh currents J, and J, have no constraints imposed. 

(6) I, has the imposed constraint of an open conductor on 
phase c, ie. J, = 0, and Jy + al, + a2J,=0. The analysis 
may then proceed in terms of any two, say J) and J,, and then 


ig (67) 


n 
(c) The mesh current J, has the imposed constraint of a line- 
to-earth fault on phase c, so that J, = I, =0. Therefore 


fa) 


eles — 
ior a To al, ; 


L = fal, 


m 


—Lig — Zio 
: n —Ly — Z,0 Zio + Zino + Zo + 2,0 
Zoo (62) 
Pp Zs 
m 
(63) 
k n Pp m t 
k |Z. +27 Ze £42 — Zr 202 | 42+ 22 
242 ai LZ m2 + Zi 2h 22 Zx | £2 
Zip = Z+Z, a Z.2 (64) 
Zn se 48 Za. + Z, 74 Z; 
| 
£2 Z53 Zyg + Z27Zy 


o} aoe 
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Thus the analysis may proceed in terms of one current only, 
e.g. L,., So that 


Ln0 a is a) (68) 


and Ia = @n2 (69) 


(d) The mesh current J, has the imposed constraint of a 
double line-to-earth fault on phase a and 5b, so that 


Io — al, — aI, — 0 
Analysing in terms of any two, say Jp and J,, we have 
Ty = — alg — a7 Tig (70) 


The constraint matrix may now be built up and is 


Sequence | 0 1 2 


Mesh | 


0 k} 1 


n | hf 


PA toh 


m eat a? 


The ordering of the rows of this matrix is important; they 
must be ordered in the same way as the rows and columns of the 
impedance matrix Z’. The ordering of the columns is not 
important when a computer solution is to be obtained, but where 
only a few currents are to be calculated by hand, using for 
example the reduction formulae of Kron (Reference 3, Chapter 
10), it is necessary to place those desired currents in the columns 
on the left. 


(3.4) Derivation of the Impedance Matrix from the Sequence 
Network 


In those cases where the sequence network for the unbalanced 
fault condition can be drawn without undue difficulty, it is useful 
to be able to write down the voltage and impedance matrices 
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immediately from the diagram. Stigant’s rule enables this to, 


} 
} 


be done. oe 

The symmetrical-component representation of the problem of 
Section 3.3.1, with a line-to-earth fault on phase 5, is shown in” 
Fig. 22, which is obtained from Fig. 13, by using phase- 


Fig. 22.—Symmetrical-component equivalent circuit of Fig. 12, for a 
line-to-earth fault at M on line 6 of impedance Zy + Zg ohms. 


shifting transformers to ensure the correct relationships between 
the sequence currents in the fault mesh. The meshes traversed in 


Fig. 22 are the same as those of Fig. 13, but the currents J-; _ 


and J-, are now expressed in terms of J-9. There are then four 
independent currents Jy, I59, I,4, I,2, and the impedance matrix 
is written down in terms of these currents and their respective 
mesh voltages. 

Consider the mesh of the current J;9. The voltage associated 


with the mesh is V,,, but is separated from the current J,, by the © 


transformer of ratio 1: a. Thus the voltage of the fy mesh is 


1 
Vag = @V,, 


The total impedance of the mesh is obtained by summing all 
the impedances through which J; and its related currents flow, 
ie. 3Z, + 3Z,+Z 9 +Z,, + Zs. There are never any @ 


terms in the self-impedance of a mesh; for considering the im- ~ 


pedance Z,,, the voltage drop in this impedance for the current 
Trg is WZ oI ro, and transferring this voltage through the trans- 
former of ratio 1 : a”, the voltage drop becomes 


PZ oIyola* = Za] yo 


This cancellation of the phase shift must always take place when 
deriving the diagonal elements of the matrix. 

The evaluation of the non-diagonal elements will be shown 
by finding two elements. The element (fo, s2) is found from the 
following considerations. The common impedance is Z,, and 
both currents flow through it in the same direction. The voltage 
drop due to the current J,, is Z,,J,,, which, on passing through 
the transformer of ratio 1: a, to the mesh of I;) becomes 
Zyl la” = aZ,,I,,. Hence the element (fo, 52), is @Z,5. The 
element (s>, fo) on the other hand represents the effect of the 
current J;, on the mesh s3. Once more the common impedance 
is +Z,5, but since the actual current through the impedance is 
a7 Io, the voltage drop in this impedance, due to the current 
Tyo, iS @7Z Io. Hence the element (59, fo), is a*Z>,. 

The other elements of the matrix may be found in a similar 
manner giving the resultant impedance matrix 
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fo 


fo Zs + Ze TZ 59 3Z, a 3Zy 
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So Sy 52 


Z" So Z50 
Si aZ,y 


So @Z,> 


| which is the same as eqn. (39). 

| The impedance matrix of any interconnected sequence net- 
_work can therefore be written down at sight regardless of 
| inherent phase shifts. 
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SUMMARY 


If a non-linear system is oscillating, either through external excitation 
or internal regenerative action, it may be possible to show that the 
waveform at the input to the non-linear elements in the system is 
approximately sinusoidal. In such a case the frequency-response 
analysis may be carried out on the assumption that all harmonic 
components generated by the non-linear element can be ignored. 

The paper discusses, with reference to feedback control systems, the 
results that can be obtained if this approximation is made. The ampli- 
tude, frequency and stability of steady self-excited oscillations are 
derived. Transient oscillations may be considered only in systems 
governed by second-order differential equations, but in these cases an 
analytic expression for the variation of frequency and damping with 
time, and hence for the full solution is derived. Several examples, all 
relating to “on-off” controllers, are given comparing the approximate 
and exact solutions; the accuracy obtained both for transient and 
steady oscillations is within about 10%. 

In an Appendix the necessary extension to the familiar j notation is 
developed and used to derive a criterion of stability. 


LIST OF SYMBOLS 
A = Initial amplitude of error. 
a = Amplitude of error. 
a, = Amplitude of error, steady-state solution. 


B=A—a,. 

c = Coefficient of damping. 
D = d/dt. 

e = Error. 


f(e) = Non-linear characteristic. 
G (D) = Transfer operator. 
K = Magnitude of output of on-off element. 
n(a) = p(a) + jq(a) = Describing function of gain. 
p(a) = Describing function of in-phase gain. 
q(a) = Describing function of quadrature gain. 
T, T, and T, = Time lags. 
vi T = Periodic time, accurate solution. 
T= Periodic time, frequency-response solution. 
x = ala = Negative damping factor. 
A= V(T\|T2). 
pf = — a= — ala = Damping factor. 
¢ = Initial phase of error. 
zs = Phase of error. 
w = ys = Radial frequency. 
w, = Radial frequency, steady-state solution. 


(1) INTRODUCTION 


Frequency-response methods may be used to analyse a non- 
linear system provided that the harmonics generated by the 
non-linear elements in the system may be ignored, for it may 
then be assumed that only one component of frequency is 
present throughout the system. A careful inspection of the 
attenuation of harmonics in the various loops of which the 
system is composed will indicate whether this approximation is 
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justified. A block schematic is a useful way of describing the 
system for this purpose, and examples of a passive and dynamic 
system are given in Section 2. The general purpose of the paper 
is to show the results that may be attained if frequency-responseé 
methods are used. 

Several authors!-5 have applied frequency-response analysis to 
non-linear control systems, but other systems®9 have been 
handled with equal ease. In an early paper by Jacobsen’ the 
forced oscillations of a passive mechanical system with one degree 
of freedom and non-linear damping are considered. 


Previous workers have analysed the steady-state solution of 


non-linear systems. 
self-excited oscillations, if any, are obtained for an isolated 
system and also the same results for the forced oscillations of 
an externally-excited system. The methods used are described 
in Section 3 with reference to the self-excited oscillations of a 
feedback controller. The accuracy that can be obtained is 
illustrated by two examples. Another example demonstrates how 
one apparently stable mode of oscillation can be swamped by 


another stable mode—a possibility which is usually overlooked. — 


In Section 4, the frequency-response analysis is extended so 
that transient solutions of non-linear systems may be obtained 
in an analytical form. The solution is obtained in terms of 
frequency and damping which are varying with time, and is 
restricted to systems governed by a second-order differential 
equation. Examples are given in Section 5 of the transient 
oscillations of an on-off controller, and the solutions obtained 
by the frequency-response analysis are compared with exact 
solutions. 

An accuracy within about 10% is obtained in all the examples 
considered in the paper. 

A formal analysis of a general non-linear system is attempted 
in Section 9 (Appendix), using the assumption that generated 


harmonics may be neglected. An operational notation, which is — 


a generalized form of the familiar j notation, is used. 


(2) BLOCK SCHEMATICS 

Any dynamic or passive physical system may be represented 
by a block schematic. The output of each block in the schematic 
depends only on the signal applied to its input. In a linear 
system the mathematical relation which determines the output 
of a block in terms of its input is a linear differential equation in 
which all differentiations are with respect to time. This means 
that if the input magnitude is increased in a certain ratio, the 
output magnitude is increased in the same ratio. A non-linear 
system is defined as one in which this latter property does not 
hold for at least one of the blocks. 

Blocks representing addition or subtraction are also required 
both for linear and non-linear systems. 

By splitting the schematic down to blocks in their most 
elementary form it is usually possible to arrange that the non- 
linear blocks are independent of time and frequency. The out- 
put of such a block is an instantaneous function of its input. 
This is a desirable but not essential first step in the methods to be 
discussed. 
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The amplitude, frequency and stability of — 
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The importance of a block schematic is that it gives con- 
siderable insight into the physical behaviour of the system, and 
an indication of the relative importance of harmonics generated 
by any non-linearities which may be present. 

Example (a).—A passive mechanical system consists of a mass 
'M supported on a spring of stiffness K. The motion x of the 
‘mass is opposed by a frictional force P, where P = P(v) is a 
non-linear function of the velocity v of the mass. If an external 
force F(t) is applied to the mass, the block schematic for the 
| system may be drawn as in Fig. 1. 


kx 


> 


F(t) 


P(v) 


Bt) 22S 
—>v 


Fig. 1.—Block schematic of a non-linear mechanical system. 


The notation used is that D is the operator d/dt, and the output 
of any block is given by multiplying the input by the operator or 
function written inside the block. 

This system has been analysed by Jacobsen, using, in effect, 
the frequency-response methods of the paper, for the case where 
F(‘) is varying sinusoidally. 


80 


e Non-linear 


1 ai Linear filter 
rs e Fe \/e a G(D) 4 


Fig. 2.—Block schematic of a non-linear feedback control system. 


Example (b).—An example of a dynamic non-linear system is 
the feedback control shown in Fig. 2. This system is analysed 
in the remaining Sections. 


(3) STABILITY AND STEADY-STATE SOLUTION OF A 
NON-LINEAR SYSTEM 
This Section develops a method of investigating the stability 
of a non-linear system, and of determining the amplitude and 
frequency of steady oscillations. 


(3.1) Application to Control System 

The physical system considered is a feedback control system 
with a single frequency-independent non-linearity in the forward 
loop. The block schematic for the system is shown in Fig. 2. 

The forward loop consists of a non-linear element whose out- 
put, f(e), is an instantaneous function of the error, e, followed 
by the transfer operator G(D) of a linear filter. If the input, 6,, 
is zero the equation for the error is- 


CDjnerre— OV ea Le A) 
A steady-state solution of the form 
PE AESINCOTE om > Ct ay ost (2) 


is looked for, where a is the steady-state amplitude and w is 
the steady-state frequency. This expression for the error is 
VoL. 102, PART C. 
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substituted in eqn. (1) and f(asin wf) is expanded into its Fourier 
components. Thus 


G(D)(Za,, sin nwt + by + Xb, cos nwt) + asinwt =0 . (3) 


A very considerable simplification in the analysis is made if bg 
is identically equal to zero. This occurs if f(e) is such that its 
mean value is zero when ¢ is varying in a sinusoidal manner. 
This restriction on f(e) is now made, although it is not essential 
to the method. 


(3.2) The Gain-Describing Function 


The main approximation of the frequency-response analysis 
is made at this point. G(D) must be the transfer operator of a 
low-pass filter, and its effect in eqn. (3) is to attenuate the 
harmonic terms generated by f(e) relative to the fundamental 
term. The harmonic terms are thus neglected. Referring to 
the block schematic of Fig. 2 it is seen that it is assumed that any 
harmonics generated by the non-linear element are considered to 
be negligible by the time they return to the input of the element. 
In a system containing several non-linearities the generated 
harmonics must also be negligible before they reach any other 
non-linear element. Eqn. (3) now simplifies to 


G(D)(q, sin wt + 5, cos wt) + asin wt = 0 - 4&4 
| 27 
a= =| sin #f(a sin dys 


0 


where 


Qn 
b= =| cos f(a sin pds 
0 


a; and b; may be termed the in-phase and quadrature amplitude- 
describing functions of the non-linear element. They are 
expressions for the in-phase and quadrature components, 
respectively, of the amplitude of the fundamental component of 
the output signal from the element in terms of the amplitude of 
the input signal, a. 

It is more convenient to consider the gain-describing function, 
n(a), with components 


and 


or 
p(a) =a,/a = al sin¢f(asind)ds . . (5) 
0 
1 2 
and qa) = b/a = =| cos df(asiny)dp . . (6) 
0 
Eqn. (4) may now be written 
GGG) Oy eee een (7) 
where DQ) (@) Fo AG) ies an dade CS) 


Eqn. (7) is that which would be obtained if the system were a 
linear one with a constant loop gain n. When the gain is non- 
linear, n becomes a function of the amplitude of the signal at the 
input of the non-linearity, as shown by eqns. (5) and (6). There 
may also be a phase shift across the non-linearity dependent on 
amplitude alone. Values of a and w satisying eqn. (7) represent 
the amplitude and frequency of possible modes of oscillation of 
the system. 

One method of finding values of a and w satisfying eqn. (7) is 
by an extension of the normal Nyquist diagram. The locus of 
G(jw) with w as a parameter is plotted in the complex plane. 
Also —1/n(a), with a as a parameter, is plotted in the same 
plane. Curves shown in Fig. 3 are a typical example. Inter- 
sections of the two curves as at A, B and C give solutions 

9 
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gd increasing 
—— eS 


Fig. 3.—Nyquist diagram for a non-linear control system. 


(wy, 24), (Wz, 4p) and (We, ac) for steady-state frequencies and 
amplitudes. 


(3.3) Stability of Oscillations 


It is now necessary to investigate the stability of the possible 
modes of oscillation. As well as plotting G(jw) it is useful to 


plot or visualize curves of G(a + jw), with « constant. Nowa 
solution of the more general form of eqn. (7), 
G(« + jw)n(a) + 1 =0 (9) 


corresponds to an oscillation of frequency w and amplitude a, 
which is varying exponentially with time with a damping factor 
—a. For a linear system this statement is exactly true; for a 
non-linear system it is only approximately true, even if || <w. 
The degree of approximation involved is discussed in Section 9 
(Appendix). 

Now since G(« + jw) is a conformal transformation from the 
(« + jw) plane, lines of G(« + jw) with « or w constant may be 
mapped directly from the plot of G(jw) in the Nyquist diagram. 
In particular, if « is a constant greater than zero, lines of 
G(a + jw) will be on the right-hand side of the G(jw) locus 
when this locus is followed in the direction of w increasing; if « 
is a constant less than zero, lines of G(« + jw) will lie on the 
left-hand side of the G(jw) locus. 

Consider the stability of the point A in Fig. 3. If a small 
disturbance causes an increase in amplitude, « becomes negative, 
and hence the oscillations become positively damped. A small 
decrease in amplitude results in negative damping. Thus the 
oscillations at A are stable. Similar reasoning shows that the 
oscillations at B and C are unstable and stable respectively. 

In general, it may be stated that an intersection of the two 
curves represent a stable mode of oscillation if the direction of 
the —1/n(a) locus is turned anti-clockwise from the direction of 
the G(jw) locus, and an unstable mode in the converse case. 

In Section 9 (Appendix) it is shown that eqn. (9) may be inade- 
quate to describe the behaviour of the oscillation, even in the 
neighbourhood of a steady-state solution, and that a slightly 
different criterion of stability should be used. Egn. (9) is based 
on the unjustifiable assumption that the derivatives of « and w are 
small compared with «2 and (w — w,)*. However, the criterion 
given in the text is simpler to apply, and appears to give the 
correct solution for all normal types of feedback control systems. 


(3.4) Example 


The preceding analysis of the stability of steady oscillations 
must be used with caution when applied to a system which has 
more than one possible mode of oscillation. The following 
example illustrates this point. 

Example (c).—Consider a system with a non-linear element of 
the on-off type and a transfer operator representing a finite 'time 
lag, 7, followed by an integration. : 
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Then G(D) = e-TP/D { 
and fe) = kK teS0 
= —K,ife=<0 


The gain-describing function has no quadrature compen 
and is simply 


2) = 
Ta 


Hence the locus of —1/n(a) lies along the negative real axis in 


the Nyquist diagram. The locus of the transfer function 
GUjw) = (cos wT — j sin wT)/j jw spirals towards the origin in 
a clockwise manner as w increases, as shown in Fig. 4. 


erkl 
——r; a increasin 
a5) g 


w increasing 


Fig. 4.—Nyquist diagram [example (c)]. 


Conditions for steady oscillations thus occur when G( joo) 
intersects the negative real axis, i.e. when 


I[GUiw)] = 0, and Z[Gjw)] < 0 


Steady-state frequencies obtained by the frequency-response 
analysis are thus given by 


ow, = 7{(2T), 5a[@P), 9a] @T)y etc. 


From the reasoning given in Section 3.3 all these values of w 
However, let us con- | 


would appear to represent stable modes. 
sider steady oscillations taking place at the point B in Fig. 4 with 
frequency wz =57/2T. Although the damping, —«, corre- 
sponding to this point is zero, and is such as to maintain stable 
oscillations at this point, the value of « corresponding to some 
frequency w’, near the lowest natural frequency w, = 7/2T is 
large and positive. 
eventually build up, and the oscillation at B breaks down until 
steady conditions at A are reached. At A, however, the damping 
associated with the point B is negative. 


similar manner. This possibility of one mode of oscillation 
swamping another is characteristic of non-linear systems, and is 
usually overlooked in descriptions of the frequency-response 
method. 

An exact solution for this system is easily obtained for com- 
parison. From eqn. (1) the equation for the error is 


é = 0K 


Thus a component of frequency w, will 


It follows that the lowest _ 
natural frequency, wy, is the only stable mode of oscillation — 
possible, since oscillations at C, D, etc., will break down in a | 


| 
| 
{ 


where 6 becomes +1 at a time J after e becomes negative, and _ 


—1 at a time TJ after e becomes positive. 

Solutions for steady-state oscillations are shown in Fig. 5. 
Fig. 5(a) shows the lowest frequency possible. Changes in 
velocity é occur at a’, b’, c’, etc., as a result of changes in the sign 
of e at a, b, c, etc. 
frequency is shown in Fig. 5(b), and has a periodic time of 47/5. 


The periodic time is 47. The next higher | 


In Fig. 5(c) it is demonstrated that this mode of oscillation is 
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AT =0:04T 


4 


ata 


Fig. 5.—Steady oscillations [example (c)]. 


(i) First mode. Stable. 
(ii) Second mode. Unstable. 


/ 


(iii) Breakdown of second mode. 


unstable and breaks down when a slight disturbance occurs. 
If the change in slope at a’ occurs a small time AT late, the result- 
ing waveform is as shown, and very soon becomes that of the 
lowest frequency. 

It is thus verified that only the lowest natural frequency is 
stable. It may be noticed that the frequencies obtained by the 
frequency-response analysis in this example are identical with 
those obtained by an exact analysis. 


(3.5) Accuracy of Method 


It is difficult to obtain any simple criterion for the accuracy 
of the method. The approximation made is that harmonics 
generated by the non-linear element are neglected, and hence 
the accuracy depends on the amount of harmonic distortion 

generated by the non-linearity and the relative attenuation of the 
‘fundamental and harmonics round the loop. 

Johnson? gives an iterative method for taking the third 
harmonic into consideration; the change in the calculated 
steady-state frequency thereby introduced gives an indication of 
the accuracy achieved. 

A general guide to the accuracy of the method may be obtained 
by considering some particular examples for which an exact 
solution may be derived. The following two examples relate to 
a control in which the non-linearity is an on-off element, which 
has an output +K depending only on the sign of the error. 

Example (d).—G(D) consists of two time delays, T,; and 7), 
and one integration. 


1 1 1 


opens: T27D.1-+,7,D D 


G(D) = 


As in the example of Section 3.4, stable steady oscillations occur 
when 4[G(jw)] = 0, ie. when 7;T,w? = 1. The periodic time 
T;, found by the frequency-response analysis, is thus 


Ty = 2a/(T,T2) 


From eqn. (1) the true equation for the system may be written 
in the form 


T, Toe + (T, + T)é + é + K (signe) =0 
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and can be solved in a piece-wise manner. By equating con- 
ditions at the beginning and end of a cycle it is found that the 
true periodic time 7 must satisfy the equation 


4 IP T 
Be Al 2 tanh aT; T? tanh ie 


The solution is T= ky/(T,T>), where k is a function of 
A =+/(T,/T>) and varies between 4\/3 = 2m x 1-101 when 
A = 0 or oo, and 27 Xx 1-022 whenA = 1. 


5 tall of T,/\/(T,T2) and T/,/(T,T>) against A are shown in 
ig. 6. 


ie 

= 

= 

= 

ac) 

ec 

is) 

cy 

=e 

COM Clee OAe Loon Ost ilo 

Aand 1/A 


Fig. 6.—Comparison of periodic times of steady oscillations 
[example (d)]. 

——~—— Frequency-response method: T}/4/(T1T2). 

Exact analysis: T/./(11T2). 
A = V(T1/T2). 


Example (e).—G(D) consists of a finite time lag 7,, a time 
delay 7, and an integration. 


1 1 1 
e1D 1 +7,D D 
Steady oscillations occur when 

JI[G(jw)] = 0 


i.e. when wT, tan w7, = 1. 


Thus (ECD) — 


The lowest root of this equation gives the only stable mode of 
oscillation. The periodic time, T;, found by the frequency- 
response analysis may thus be written T; = kpv/ (T,T>), where ky 
is a function of A =4/(T{/T>), and k, > 2m as A->0 and 
Kp—> 4(A + 1]A) as A > ©. 

The equation for the true period time T is found, by the 
method outlined in example (d), to be 


8T,eTIT: = (4T, + 47, — T)[1 + eM/@TD] 


10 / 


4(a+1/A)—>’ 


T/A (TT) and FATT) 


s) ] RS 
A=/(T,/T2) 


Fig. 7.—Comparison of times of steady oscillations. 
[example (e)]. 
——_~— Frequency-response method: 7; T,T>). 
Exact pnalyaise T//(11T2). HVAT) 
A = V(T1/T2). 
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and the solution is written as T = k/(T,T>), where k is a function 
of A: 


k + 4\/3 asX + 0, and k +4 + 1]A) asA= 


Curves of T,/4/(T,Tz) and T/\/(7,T2) against A are shown 
in Fig. 7. 

In both these examples it is seen that the greatest error in the 
steady-state frequency found by the Sa ae a analysis 
is about 10%. 


(4) TRANSIENT OSCILLATIONS OF A NON-LINEAR SYSTEM 

The methods of the previous Section are now used to obtain 
the transient response of non-linear systems which give rise to 
second-order differential equations. An analytical solution is 
obtained which is a good approximation to the true solution for 
all values of time. 

Meanings are given to the terms “frequency” and “damping” 
when these are varying with time. 


(4.1) Derivation of Equation 


The system of Fig. 2 is investigated with G(D) the transfer 
operator of a velocity-lag'servo mechanism. It is convenient to 
consider time and error as dimensionless quantities. This may 
be done without loss of generality, and we can write 


1 1 


P)\>7-=pD 


(10) 
and f(e) is equal to unity at some pertinent point of its 
characteristic. 

If a solution e(f) is obtained to this system, with c = 1/2, 
another system having a transfer operator 


oe 1 
See 1 Deny Ay 
and a non-linear characteristic 
f(e) = kf(e'/k) .. (12) 
has a solution 
e(t’) = ke(t/T) (13) 


Primed symbols denote quantities and functions in the new 
system. 


*’ From eqns. (1) and (10) 


é + 2cé + f(e) =0 (14) 


In order to obtain the solution of the more general system 
defined by eqns. (11) and (12) we need only consider the case 
c = 1/2 in eqn. (14). However, c is retained as a parameter 
for the present so that a comparison may be made with the 
familiar linear equation 

é + 2cé + be = 0 (15) 

Egn. (14) is the non-linear differential equation which we shall 

attempt to solve. 


(4.2) Equations for Frequency and Damping 


An oscillatory solution of the form 
e=asind’ 


(16) 


is assumed, in which the amplitude a and the phase us are fune- 
tions of time f¢. 
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The frequency w of this solution is defined as the rate 
change of phase. 


Thus 


The damping, pz, of the solution is defined as the rate of 
tion in amplitude divided by the amplitude. 


Thus pas or a = Sud 


e may now be written in terms of frequency and damping as 
t 
— udt 
pens sn (fait +8) 


where A and d are arbitrary constants. 

If eqn. (19) is substituted in the original egn. (14), the expansion 
of f(e) will provide harmonic terms which are neglected for | 
exactly the same reason as given in Section 3.2. The fact that w 


w= dsord =f dt ae. ae a7 ; 


| 
am 


is no longer constant does not alter the argument justifying this _ 
step, and the same order of accuracy may be expected for — 
transient solutions obtained by using this approximation as was | 


found for steady-state solutions, namely 10%. 
The substitution may be done directly in eqn. (14), or by using 


the operational method developed in Section 9 (Appendix) for a — 


general transfer operator of the form G(D) = R(D)/S(D), where — 
R(D) and S(D) are polynomials in D. If the latter method is 
used, we have immediately 


n(a) + (2e + D—p+jwo\(D — p+jw)=0 


Hence w? = p(a) — 2en + p?— pe. (20), 
aot eae | 
g H=°+55 Bagger 


where the gain, n(a) 
and (6). 
Egns. (20) and (21) are the basic equations from which » and 


= p(a) +jq(a), is defined by eqns. (5) 


q@ may be found when the frequency-response method is applied | 


to a velocity-lag servo mechanism, or a non-linear equation of 
the form of eqn. (14). The equations are themselves non-linear, 
but a good approximation to their solution may be obtained by a 
simple iterative process. 


(4.3) Comparison with Solution of Linear Equation ‘ 


If the system is linear, ie. f(e) = be, then p(a) = 5? and 
q(a) = 0. Egns. (20) and (21) are then:satisfied if 1 = w = 0, 


=R-2 


These are the familiar expressions for damping and frequency of 
the linear eqn. (15). 


and ye "Csi 


(4.4) Comparison with Other Methods 


If eqns. (20) and (21) had been derived from the approximate 
solution given by eqn. (9), identical equations would result, but 
with the terms involving the rates of change of damping and 
frequency missing. Examples given later show that these terms 
can be significant, and in general the more accurate eqns. (20) 
and (21) must be used. 

Krylov and Bogoluibov!® use a similar method of obtaining 
transient solutions to equations of the form of eqn. (14). In the 
notation of this paper they derive equations for yz and w as 


2wv — v? = p(a) 
__ , Vee eae. - @2) 
BN 
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where v, which is a constant, is a close approximation to the 
frequency and is estimated by inspection of the original equation. 
These authors obtain better approximations by considering 
higher harmonics. 

| Egns. (22) are only of value when the damping is small and 
fe) is nearly linear. 


| (4.5) Solution of Fundamental Equations 


The methods of solution of the fundamental eqns. (20) and (21) 
are now discussed. 

| Steady-state oscillations occur when p = w = 0. Thus from 
eqns. (20) and (21) it is seen that 


w? = p(a,) 


Boa EE yah” lis Weer 25] 
vere oe | (23) 
2. 


Ss 


where a, and w, are the amplitude and frequency, respectively, 
of steady-state oscillations. 

| To obtain the transient values of a and w various approximate 
or iterative methods must be used. In general these depend on 
‘the form of transient expected. It is convenient to discuss the 
cases where q(a) = 0 and q(a) # 0 separately. 


(4.5.1) q(a) =0. 

If q(a) =0, from eqn. (21) it follows that no steady-state 
oscillations of finite frequency or amplitude are possible. 
q(a) = 0 whenever f(x) is a single-valued odd function of x. 

Eqn. (21) becomes 


Be od 
w 


which can be integrated to give 


a = Ae~et (25) 


w(0) 
eg. 
‘where A and w(0) are the initial values of amplitude and frequency, 
respectively. 

Now the term w/(2w) in eqn. (24), or the factor +/(w(0)/w) 
in eqn. (25), can be considered as a correction made necessary 
by the non-linearity, and approximate values of w and w may 
be used for these terms. If c?, x2, 4. < p(a), then an approxi- 
mate value for w is, from eqn. (20), 


ow, = V[P@] (26) 


Substituting w, for w in eqn. (25) gives the following equation for 
amplitude in terms of time r: 


ee Ae-o| BA os (27) 


p(a) 

Having thus obtained a relation between amplitude and time, 
a more accurate value of w may be obtained from eqn. (20) 
using the fact that ~ = — a/a. 

The solution thus obtained should be sufficiently accurate for 
most purposes, but the iteration process can be repeated if better 
accuracy is required. One difficulty lies in the fact that if p(a) 
is a complicated function of a, the amplitude as a function of 
time can only be obtained graphically from eqn. (27). 

Once w and a have been found as functions of time, the com- 


plete solution 
t 


e=asin (| wdt + $) 


may be formed. The constants 4 and ¢ are chosen so that the 
initial conditions are satisfied. 


249 


(4.5.2) q(a) 40. 

q(a) is finite when f(e) is not a single-valued function of e. 
Such cases occur in systems which contain hysteresis, backlash 
or other hereditary phenomena. The value of f(e) then depends 
on the sign of é as well as e. q(a) may also be finite when f(e) 
is considered as a function of frequency w, as well as amplitude. 
An example is where f(e) contains a finite time lag as well as a 
single-valued non-linearity. This case will be illustrated in an 
example later. 

If q(qa) is finite it is not possible to integrate eqn. (21) directly. 
However, if we write 


O14 V [p(@)] 


a first-order differential equation is derived: 


where 


aie 1 /q@ 
2 V p(a) 
= a EO ’ 
14 1 ap‘(a) 

4 pa) 
Although eqn. (28) is an approximate solution, it does give the 


correct value for a,. 
The solution of eqn. (28) is 


A 


(28) 


c+ i fa@ | 
t= pe ae pC) da 
_l ap@ 
4 pla) 


This relation between amplitude and time enables a more 
accurate value of w to be obtained from egn. (20). 

However, the technique of solving eqns. (20) and (21) depends 
very much on the form of f(e) and the initial amplitude. A few 
examples will now be worked out and their solutions compared 
with the exact solutions to eqn. (14) obtained by other means. 


(5) EXAMPLES OF TRANSIENT SOLUTION 


All the examples to be discussed are connected with simple 
on-off control systems. The non-linearities considered are 
characteristic of, for instance, a polarized relay. The transfer 
operator is of the form discussed in the previous Section. 


(5.1) Idealized Relay 


Example (f).—The case of an idealized relay is considered first, 
with no hysteresis, dead zone or time lag. Then f(e) is given by 
the simple relation 

f(fe) =l,e>0O 


fie) = —1,e<0 
and the equation to be solved is 
é + 2ce + efle| =0 
The initial conditions considered are 
Oatzt=0 


Che 


From eqn. (5), p(a) as (4/7)(1/a), and since f(e) is a single- 
valued function of e, q(a) = 0. 
Egn. (27) gives a first approximation for a as a function of 


time: 
av il4 
= A ~#( 5) 
a é A 
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te: a As ts 
whence pe = $c (29) 


In this example it appears that to a first approximation the 
damping is constant, and the presence of the non-linearity 
increases its value by one-third from the value it would have if 
the system were linear. 

The following expression for w is found by substituting this 
value of yw into eqn. (20): 

50) 
9 


=4/ oa 
ss (<3 
41 18 A TA : 
~ 2Ct/ sie 2 SaaerS) Ac2z 
or Ww NEL 59° (Fe , if Ac? <1 
(30) 


Substituting eqns. (29) and (30) in eqn. (19) gives the solution 


e = Age 4/3 sin 


rev G ae» Fel Game 49] 


The initial conditions require that 


Asind = 1 


_ 00) _ Ree 18, |;a 4, GD 
a0) | (e 4) 2 G A) G°) 

For c = 4, eqns. (31) gives A = 1-25, ¢ = 53°; and so the 
complete solution becomes , 


= 1-25e— 2/3 sin [173e/3 + 1964/3 — 139]° 


Eqn. (32) is shown in Fig. 8. Positions of the zeros and 
maxima of the true solution of the original equation are also 


(32) 


+1:09 


-0-4 


Fig. 8.—Transient solution. On-off controller with idealized relay 
[example (/)]. 


© Peaks and zeros of accurate solution. 


shown. Considering the fundamental approximation made in 
neglecting harmonics throughout, the agreement is as good as 
or even better than could be expected. 

(5.2) Backlash a 
Example (g).—The case of a relay with a backlash or hysteresis 
effect is now considered. The form of f(e) is shown in Fig. 9. 
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Fig. 9.—Characteristic of on-off element with backlash. 


If e is increasing, f(e) follows the path ABCDE, and if e is 
decreasing f(e) follows the path EDFBA. The width of the 
backlash zone is 2X. 


The same initial conditions as in the previous example are 


chosen; e = 1, eé — 0 att =0: 
From eqns. (5) and (6) the in-phase and quadrature gains 
become, respectively, 


Vv [1 — (X1a)?] 


q(a) = — — -(X/a) 


1 
a 
The general form of the transient may be found from the 
Nyquist diagram. Oscillations tend to a steady condition. The 
steady-state amplitude is determined from eqn. (23), and thus 


4a X/a, o- 
27 a; tee (X/a,)*] 


In order to simplify the arithmetic and to give a representative 
example, a backlash zone is chosen such that the steady-state 
amplitude is a round figure. When c = 1/2, eqn. (33) gives 
a, = 0:10 when X = 0:0274. 

Substituting X = 0-0274 and c = 1/2 in eqn. (28) a relation 


oO. . . 3G 


between a and a is obtained. This relationship is very close to a _ 


linear one, and leads to the conclusion that a may be written in 
the form 


a = Be +, (34) 


where B is an arbitrary constant, and f is the mean value of 


—a|(a — a,) over the range considered; i.e. fB =0-70 in this 


example. 

Eqn. (34) becomes the first approximation for amplitude. 

To obtain an approximation for frequency, eqn. (20) is used, 
with the value of jz derived from eqn. (34). 


Thus p= -2=(1-2)p 
i=-50-9e 


w = || ta a p(1 -%)p] 


The method of iteration adopted ensures that the solution gives 
the correct values of steady-state frequency and amplitude. 
The full solution becomes 


= sn( eae 


0 


where a and w are given by eqns. (34) and (35) respectively, and 
the constants B and ¢ are determined by the initial conditions. 


B=1-12and ¢ = 55° 


Hence (35) 


(36) . 
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| Fig. 10.—Transient solution. On-off controller with backlash in relay 
f [example (g)]. 


© Peaks and zeros of accurate solution. 


F The full solution [eqn. (36)] is shown in Fig. 10 and compared 
with the true solution of the original equation. 


(5.3) Finite Time Delay 


Example (h).—This example concerns an idealized relay with 
a finite time delay in its operation. The non-linearity is thus a 
function of frequency as well as amplitude. 

The form of f(e) is now f(e) = 6, where 56 = 1 at a time T 
after e becomes positive, and 5 = — 1 ata time T after e becomes 
negative. This may be regarded as a phase lag A proportional to 
frequency, with A = wT. 

Hence, the expressions for p(a) and q(a) are 


4 cos wT 
p(@) = — 
re a 
4 sin wT 
q(a) = — — ——— 
7 a 


Eqns. (20) and (21) now become 


a lw 14snwT 
eee Oo lr aw eo) 
and ot a 5 OT ey + pt ps (38) 


The steady-state frequency w, is found from eqns. (37) and 
(38) when p = fp =wW=O0. Ifc = 1/2, 


w, tan w,T = 1 (39) 
A value 0-08 is chosen for the time lag 7, Then from eqn. (39) 
w, = 3°54 


and from eqn. (38) a, = 0:10 


The initial conditions are again taken as e = 1,é = Oatt =O. 
The transient will then be one of increasing frequency, until 

the frequency w, is reached. Thus wl <w,T = 0-283. In 

order to solve eqns. (37) and (38) it therefore is assumed that 


cos wT = 1 and sin wT = wT 
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As far as the correction terms in eqn. (37) are concerned we 
may write 


and eqn. (37) becomes 
3a = — 4ca + 2a, 


with solution a =a, + Be—4etl3 (40) 


As in the previous example the value of «4 from eqn. (40) is 
substituted in eqn. (38). Cos wT is still considered as unity. 
Then 


(41) 


With the given initial conditions and c = 1/2, the initial ampli- 
tude A is found to be 1-21, and the initial phase ¢ = 55-7°. 

The full solution based on eqns. (40) and (41) is shown in 
Fig. 11 and compared with the true solution of the original 
equation. 


+109 


—0-4 
Fig. 11.—Transient solution. On-off controller with time delay in 
telay [example (/)]. 


© Peaks and zeros of accurate solution. 


(6) CONCLUSIONS 


It has been shown that, if it is permissible to ignore harmonics 
generated by non-linear elements within a system, frequency- 
response analysis leads both to qualitative and quantitative results 
concerning the behaviour of a non-linear system. The accuracy 
that can be achieved has been illustrated by examples of a control 
system in which the only non-linearity is an element of the 
on-off type in the forward loop. In all cases the results agree 
to within about 10% of accurate solutions. The “on-off” 
element is the extreme example of a soft-spring characteristic, 
and hence it is reasonable to assume that even better accuracy 
would be obtained with other soft-spring characteristics. 

However, there is, in principle, no limitation to the form of the 
non-linear elements involved, the only requirement being that 
there is sufficient attenuation of harmonics in the various loops 
of the system. Nor is frequency-response analysis confined to 
control systems; many other non-linear systems can be analysed 
in this way, but a block schematic or some other guide is neces- 
sary in order to determine whether it is reasonable to ignore the 
presence of harmonics. 

The argument used in Section 3.3 for predicting the stability of 
steady oscillations is not entirely sound for two reasons, quite 


PSY 


apart from the inherent approximation of the frequency-response 
analysis. First, there is the possibility of other modes of oscilla- 
tion affecting the mode considered. An inspection of the 
Nyquist diagram may show what to expect in such cases, and the 
example of Section 3.4 illustrates this point. .Secondly, the 
criterion is based on the assumption that near a steady-state 
solution the damping is large compared with its derivatives. The 
analysis given in Section 9 shows that this assumption cannot be 
sustained, and that a different, but less convenient, criterion of 
stability should be used. Experience suggests, however, that to 
distinguish between the two criteria is more of academic than 
practical importance, since no system has yet been found for 
which they give different answers. 

Transient solutions can be obtained for non-linear systems 
which are governed by second-order differential equations, i.e. 
of one degree of freedom. It is not practicable to obtain the 
full transient for higher-order systems, owing to the intermodula- 
tion terms which would be generated by the non-linear elements. 
A further restriction is that the required solution should be 
oscillatory in form. Obtaining the transient solution involves 
finding a good approximate solution to the non-linear equations 
for frequency and damping. From an examination of these 
equations much can be learnt concerning the nature of the 
transient, but it may not be easy to obtain simple analytical 
solutions to the equations for examples other than those given in 
Section 5. 
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(9) APPENDIX 


The purpose of the Appendix is to establish the 
modifications which must be made to the familiar j notation of | 
linear-system analysis, so that this notation may also be used for 
non-linear systems. 

Consider an equation of the form 


PO)x =0 


The solution is obtained by the substitution 
x = Agt+ie)t 
and eqn. (42) becomes 
P(D) Ac@e)t = 0 
or, by a well-known operational theorem, | 
As@+jo¥P(D + a + jw) =0 


or, since A = 0, PD +a+/jw) =0 


a 


(42) 
where D is the operator d/dt, and P(D) is a polynomial in D. 


(43) 
Finally, since D is operating only on constants in eqn. (43), De 


may be made equal to zero, and the solution of eqn. (42) becomes | 


the solution of 
Pia + jw) =0 
The damping and frequency of the various modes of oscillagiaas 
are —a and w, respectively. 
Suppose now that « and w are not constant, then for conveni- 
ence we write 
a+jw =z= 2%) 


In order to carry out the substitution used in the case of constant 


(44) 


values of « and w, use is made of the following theorem, which 


states that 
P(D) eS 4 A(t) = eS24#P(D + z)P(1) 5 (45) 


The interpretation of P(D + z) requires care, for on expansion 
it will contain powers of z, the derivatives of z and the operator D. 
In particular P(D + z) is the sum of terms of the form (D + z)’, 


and such terms ake be multiplied out, maintaining the correct | 


order of z and D. 


Thus (D+2)?=(D+2z)(D4+2)=D?+Dz+2D+ 22 
Also, since D(zd) = (¢ + zD)d 
we may write Dz =2 a 


Thus, finally, D + 2? = D? 4220 2e 
Similarly 
(D + 23 = D3 + 3zD2 + 3@? + 2D 4+ 2 4+ 327 +2 


With the above interpretation of P(D + z) established, the 
theorem is simply proved by induction for the case where 
PD) = 


polynomial in D follows at once. 


D”, and then the extension to the case where P(D) is a | 


The theorem is now applied to the equation for the free 


oscillations of the control system described in Section 3. We 
assume that oscillations of only one frequency, w = w(t), occur, 
and that the amplitude of such an oscillation is a = a(t). Ifthe 
harmonics introduced by the non-linear element are ignored the 
error signal in the system may be represented by 


e = eS (-ut+jo)dt (46) 
and the amplitude of the error by 
= g— Stadt (47) 


The gain of the system is n(@) as defined by eqns. (5), (6) and (8). 
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In this notation the equation of the system becomes 
[R(@)n(a) + S(D) Je f(-4 +e)4t = 0 


| where R(D) and S(D) are polynomials in D, and the transfer 
| operator of the linear filter is 


G(D) = R(D)/S(D) . 
By use of the theorem already discussed, eqn. (48) becomes 
R(D — p + jw)n(a) + SD — p + jw) =0 


Further simplification is not possible in general; the operator 
| D must be retained since n(a) is not constant, and hence x and w 
are not constant during a transient. 

However, if only the steady-state solution is looked for, we have 


(48) 


(49) 


(50) 


a = a, = constant, 


w = w, = constant, 
p=0. 


All the variables in eqn. (50) are thus constant, and the steady- 
_ state solution becomes 


GGw,)n(a,) + 1=0 


/an equation derived in the text. 

Another solution which may be obtained is that near a steady- 
state solution. This allows the examination of the stability of the 
steady-state solution. 

Suppose that near a steady-state solution 


and 


—p + jw = jw, + Az (51) 

and also that a=a, + Aa (52) 
Az is complex and assumed to be of the form 

Az = &ekt (53) 

where € is a complex constant and k is a real constant. Thus it 


is assumed that the damping and frequency converge to or 
diverge from their steady-state values exponentially. 
The behaviour of Aa with time may now be written down. 


From eqn. (47) aja = — ph 

i d 

‘i.e. GA® = — ap 
Gann 


to the order of accuracy required. But since, from eqn. (51) 
—p = #(Az), we have the result that, if Aa is small, 


Aa = constant x ek 


It is clear that the stability of the steady-state solution depends 
only on the sign of k; an equation is now derived from which 
the value of k may be determined. 
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From eqn. (53) k = p/p, 
i.e. from eqn. (47) k = — apfa = — a(du)(da) 
= a(#Az)/Aa (54) 


to the order of accuracy required. 
From eqn. (50) we have 


R(D + jw, + Az)n(a, + Aa) + S(D + jw, + Az) =0 
(55) 


and it is possible to expand the left-hand side of this equation 
in powers of Aa and Az. By the use of Taylor’s theorem 


n(a, + Aa) = n(a,) + Aan’(a,) + [Terms of higher order in Aa] 
(56) 


If Az is of the form given in eqn. (53), there is a theorem which 
may be proved by the use of eqn. (45) that states 


P(D +k) — aul 


k 
+ [Terms of higher order in Az] . (57) 


P(D + Az) = P(D) 4 Ae] 


Using the expansions of eqns. (56) and (57) on eqn. (55) and 
substituting the expression obtained for Az/Aa into eqn. (54) 
leads to the result that 

k=- A\ [as (a) Ries +h] / 


. (58) 


Eo RUjw, + 2 = RGw,)_, Siw, + . = 7 


The value of & obtained from this equation indicates the stability 
and quantitative behaviour of a transient near a steady-state 
solution. 


In the text the stability was determined by considering the 
solution of eqn. (50) or (55) with D made equal to zero. Such 
an assumption is not justified, for it leads to appreciably different 
results from the more rigorous analysis used above. Thus with 
D made equal to zero in eqn. (55) we find 


Aa = constant x ek 
where 


k’ = — BR [ana RGw,)]/ [n(aR(jw,) + S(jw,) }} (59) 


Only if |k| < w, do the denominators of eqns. (58) and (59) 
become identical, and in general k and k’ differ appreciably. In 
example (d) of Section 3.5 with T, = T, = T, and hence w,T = 1, 
we find kT = — 1/3 approximately, whereas k’T = — 1/5. 

However, in all practical examples it appears that k and k’ 
are of the same sign, and for this reason the simpler method of 
determining the stability used in the text may be adequate. 
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SUMMARY 

Breakdown channels are shown to propagate from steel needle-point 
electrodes embedded in polythene and polyisobutylene when the 
maximum effective stress at the end of the point reaches the intrinsic 
electric strength of the material at the test temperature. The average 
breakdown stress shows no significant variation with the radius of 
curvature of the point (for radii of 1-20 micron), but, at room tem- 
perature, about 25% greater stress is required with a negative than 
with a positive point. These results are explained by the effect of 
enhanced conductivity and space-charge accumulation increasing the 
effective point radius to some 25 microns for positive and about 
45 microns for negative points. The effect of polarity decreases with 
increasing temperature and is negligible at 100°C. 

The decrease of the average stress required for breakdown with 
increasing electrode separation is explained, and the same concept is 
used to predict the variation of the industrial electric strength of 
materials with specimen thickness. 

Factors affecting the industrial electric strength of materials are 
discussed and illustrated by tests on polythene, polystyrene and 
cellulose acetate, using British Standard electrodes in air and in clean 
and contaminated transformer oil. 


LIST OF PRINCIPAL SYMBOLS 
iE 


max = Calculated maximum stress at point electrode. 
Z, p, € = Co-ordinates of hyperboloids. 
c, = Function of Z and €. 
€ = & at tip of hyperboloid. 
t = Distance between point and plane (Fig. 2); in Sections 
5.2 and 9.2 it denotes thickness of specimen. 
R = Radius of curvature of point. 
Vo = Potential of point electrode. 
E = Stress at points on Z axis. 
E,, = Average stress between point and plane. 
E, = Stress at tip of spheroidal boss. 
c = Length of boss (Fig. 2). 
t' = (t+ o) in Fig. 2. 
E, = Intrinsic electric strength of dielectric. 
AW = Energy difference between conduction levels, and 
mid-point of imperfection levels. 
k = Boltzmann’s constant. 
Ty = Absolute temperature of electrons in solid. 
o = Conductivity. 
0» = Conductivity in absence of applied field. 
W = Energy difference of imperfection levels 
conduction zone. 
W/A = Discharge energy per unit area (Section 5.2). 
Ey, = Electric strength of a length / of medium. 
€vu3 Ep — Permittivity of medium and specimen respectively. 
V, = Discharge inception voltage. 
V = Voltage applied to specimen. 
t; = Distance between point and plane at tempera- 
ture T. 
y = Coefficient of cubical expansion. 


below 


= 
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The paper is based on Report Ref. L/T310 of the British Electrical and Allied 
Industries Research Association. 


(1) INTRODUCTION 
Investigations of the breakdown of polythene by internal dis- 
charges!:? indicate two distinct mechanisms leading to failure. 
The first mechanism occurs at stresses just exceeding the dis- 
charge inception value, when discharges cause, initially, slow 


erosion of the dielectric, at a rate corresponding either to thermal _ 


degradation by the energy of the discharge or to disruption of 
the carbon-hydrogen bonds by bombardment. The rate of 


erosion increases rapidly with voltage, and the discharges con- — 
The energy liberated by each dis- | 
charge increases with its length, and the erosion propagates with — 


centrate to form deep pits. 


increasing rapidity until the pits attain a critical length, when | 


narrow semi-carbonized channels develop at their ends and often 
precipitate complete breakdown. It can be shown that there is 
intense field-concentration at the ends of the pits, and it is 
believed that the ultimate breakdown channels are propagated 
when the stress exceeds the intrinsic electric strength over some 
minimum distance. If the applied stress is sufficient these — 
channels may propagate immediately, without preliminary 
erosion, and this second mechanism occurs in short-time in- 
dustrial electric-strength tests. Sometimes excessive carboniza- 
tion short-circuits the discharges in the channels, leaving the 
latter as pointed conducting tracks, and it is thus of practical 
interest to determine whether breakdown channels propagate 
under the same divergent field conditions in the absence, as in 
the presence, of discharges. 

The propagation of breakdown channels from needle-point 
electrodes embedded in polythene to adjacent plane electrodes 
has therefore been investigated. Under such conditions, in the 
absence of discharges, breakdown channels propagate from the 
point when the effective electric stress in the vicinity reaches the 
intrinsic electric strength of the dielectric. The formation of 
space-charge around the point, caused presumably by stress- — 
enhanced conduction, is believed to decrease the effective stress 
at the point, which may therefore be much less than the value 
calculated from the geometry of the system. Thus the calculated 
stress at the point, denoted by E,,,,,., does not represent a stress 
actually existing in the material, because this is limited by con- 
duction to a maximum value equal to the intrinsic electric 
strength. 

This report describes and discusses the dependence of the 
divergent-field electric strength on (a) the radius of curvature 
and polarity of the point electrode, (b) the electrode separation, 
and (c) the ambient temperature. The effects of repeated pulses 
of the same polarity, of successive pulses of opposite polarity, 
and of alternating voltage are also considered. 


(2) TEST PROCEDURE 
(2.1) Experimental Technique 


The point electrode was mounted in a special holder, shown 
in Fig. 1, which was so designed that the point could be inserted, 
perpendicularly and without rotation, to a predetermined depth 
into the dielectric. 

Nickel-plated-steel sewing needles were used for the investiga- 
tion. Some tests were made with the needles as manufactured, 
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Fig. 1.—Electrodes for divergent-field breakdown tests. 
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Fig. 2.—Typical point electrodes. 

(a) 25micron radius of curvature. 

(6) 1+5-micron radius of curvature. 

(c) Electrode nomenclature. 
the points having radii of curvature between 25 and 30 microns, 
as shown in Fig. 2(a). For the majority of tests the points were 
ground to radii of about 2 or 5 microns, as shown in Fig. 2(d). 
It is recognized that the work function of exposed steel may 
differ from that of the original nickel-plated-steel needles, but 
the effect, if any, is probably small.* Tests will be made later to 
determine the influence, of the electrode work function on the 
electric strength in divergent-field conditions. 

The radius of curvature of the points was measured to an 
accuracy of within +4 micron or +10%, whichever was greater. 
In some tests with polythene the needle was withdrawn from the 
dielectric after applying insufficient voltage to cause breakdown. 
Microscopic examination showed that the point was then 
undamaged. If the polythene from which the point was with- 
drawn was sectioned and examined under a polarizing microscope, 
there was evidence of some strain around the point, but there 
were no cracks or bubbles in the polythene, neither was there 


* The thermionic work function of steel is 4-5eV and that of nickel is 4-6eV. The 
hoto-electric work functions are respectively 4:6 and 5:Oc¥.5 Recent papers®»7 
indicate that such increase in the photo-electric work function of the electrodes causes 
about a 10% increase in the electric strength of liquids, but similar variation with 
solid dielectrics has not been confirmed. 
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any evidence to suggest that the point had not been in intimate 
contact with the polythene. 

Preliminary tests were made with films of polyisobutylene, of 
about 1mm thickness, cast on brass plates, from solution in 
petroleum ether (boiling point, 100-120°C). The needles were 
readily pressed into this material, but because of its plasticity and 
low mechanical strength, the samples could not afterwards be 
removed and sectioned for microscopic examination. 

The majority of tests were therefore made using sheets of 
polythene grade 7 (molecular weight, about 17000) of about 
0-6-1:6mm thickness. These sheets were melted on the special 
plate-electrode shown in Fig. 1, using a 100-watt heater element 
incorporated below the electrode. The needle point was inserted 
into the molten polythene, which was then cooled to the required 
test temperature (indicated by a copper-constantan thermo- 
junction inserted between the plane electrode and the polythene 
sheet, at the side farthest from the point electrode). The elec- 
trodes were mounted in an oven which was adjusted to the same 
temperature as the specimen. 

A small quantity of silicone fluid (viscosity, about 1 000 centi- 
stokes) was poured on the polythene surface, around the needle- 
point, to prevent surface discharges which might cause spurious 
breakdown. A cylinder of polythene film was also placed around 
the needle support-column to raise the flashover voltage, which 
otherwise limited the maximum test voltage to about 30kV peak. 
It is believed that field distortion in the air would not appreciably 
affect the stress at the electrode point. 

Alternating, surge or successive unidirectional pulse voltages 
were applied to the specimen by means of a high-voltage switch, 
synchronized with a rotating-drum camera and cathode-ray- 
oscillograph trapping system. The time of voltage application 
was adjustable from about 1/25sec upwards. A fraction of the 
applied voltage was recorded oscillographically, as shown in 


(a) 


(2) 


Fig. 3.—Oscillograph records showing that, in polythene at 20°C; 
divergent-field breakdown occurs with a lower positive than 
negative potential on the point. 

(a) Breakdown with 32kV surge (positive) after withstanding 32kV (negative) and 
52kV (negative) surges (R = 22microns; t = 470microns). 
(6) Breakdown at 40kV (positive) peak after one half-cycle of 45kV (negative) peak 

(R = 3microns; t = 650microns). 


Fig. 3, using a calibrated resistance voltage divider, so that the 
maximum applied voltage and the voltage at which breakdown 
actually occurred could be estimated. 


(2.2) Evaluation of Electric Stresses 
The stress at the end of the point electrode was calculated on 
the assumption that it can be represented by a conducting 
hyperboloid of the form 
Z2 p? 
ah ai—& 
If this hyperboloid is at a potential Vo and a distance ¢ from 


an earthed plane electrode, as shown in Fig. 2(c), the stress at 
points on the Z-axis is given! by 


E = 2Vofe(l — 7 log (1 + &)/(1 — £5) 


(1) 


(2) 
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On the Z-axis Z = c,€ and at the tip Z = 1, € = &. The radius (3.2) Tests with Polythene 
of curvature at the tip is given by R = t(1 — &2)/&, so that the 
stress at a distance (t — z) from the point can be written 


The photomicrographs in Fig. 4 show the form of initi P| 
channels from point electrodes, and complete breakdown channels 


E=2Vopllogq . ... . . (3) With associated partial breakdown channels. It is interesting to 

where p= 12 4 R)2Y(2 — 22 + IR) | 7 

and qg = [2r + R + 20/2 + R)'2/R | ee 

At the tip, where z = f, ‘ 
Emax = 2Vopi log g = 2E,,trllogq  - - (A) 

where P; = (1+ R/t)1?/R 


and E,,—V /t is the average electric stress between the point 
and plane. 
If t > 10R, the stress at the point can be written 


Enax = 2E4t/R log (4+ 4 Ree (a) (6) 


The value of E,,,, is directly affected by errors in determining 
Vy and R and to a smaller extent by error in ¢. Fortunately Vo 
and R are directly measurable to an accuracy of about +10%, 
but ¢ was calculated as the difference between the total dielectric 
thickness and the depth of penetration of the needle point; some 
error may therefore enter because of the large coefficient of 
thermal expansion of polythene.* The stress at the needle tip 
was also calculated from an expression for the stress E, at the 
end of a conducting spheroidal boss, which projects from a con- 
ducting plate into a semi-infinite dielectric,! 


1.€. E, = 2Eoe/R [log (4c/R) —-2]. . . . © 


where, as in Fig. 2(c), Ey = Vo/t’ is the initial stress in the 
dielectric, c is the length of the pit and ¢ the total thickness of 
dielectric. 

The calculated values of £;, which are independent of ft, were 
some 5-15% lower than the values of £,,,, calculated from 
eqn. (4). This difference is not significant compared with the 
effect of varying the radius of curvature and polarity of the 
needle point, so that values of E,,,,,, only are quoted in the paper. 


} 


(3) RESULTS 
(3.1) Tests with Polyisobutylene 
The initial tests with polyisobutylene, which are summarized 


in Table 1, indicate that 
_(@ For a given electrode configuration the a.c. electric 


strength is lower than the d.c. value. (c) 

_(6) The radius of curvature of the needle point may not appre- Fig. 4.—Breakdown of polythene in the absence of discharges in a 

ciably affect the average electric strength. divergent field between a needle point and a plane electrode. 
(o) ‘Br eakdown Olas only when the calculated BER SITU AN (a) Partial breakdown channel after surges of 52kV (negative) and 60kV (negative) 

electric stress at the tip considerably exceeds the intrinsic electric peak bs a } ih sen eee Bay ats ee pees 
. . artia. rea. wn anne. er cycles 0 = = 
strength of polyisobutylene (i.e. 2MV/cm at 20°C).? j= dbnicrohe: Eo DAS MV): af ES eee 
; ; (c) Breakdown at 40kV (positive) peak after one cycle at 50kV (a.c.) peak 

* See Appendix 9.1 for details of a correction which has been applied. (R = 32microns; t = 590microns; Eay = 1:1 MV/cm). 
Table 1 


ELECTRIC STRENGTH OF POLYISOBUTYLENE IN DIVERGENT FIELDS AT 20°C 


Space between tip and 


plate, t Type of voltage applied Eq, peak 


microns cm MV/cm 
0-035 About two cycles of 0-25 + 0:05 
0-065 alternating current 0:26 
0-03 D.C.* surges of 


0:05 : 1/10sec duration 


4+1 
15 
5+2 


Number of samples tested Radius of tip, R | 
| 
| 


* The polarity of the d.c, surges was not recorded. 
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Fig. 5.—Breakdown channels in polythene caused by discharges. 


(a) After 74 hours at 150ke/s at 2V; (100kV/cm). Discharges in a void of 0-2mm 
depth, in a disc 0-6mm thick. 
(6) After about 5 cycles at more than 500kV/cm; with a 1-25mm thick sample 


between A.S.T.M. electrodes under transformer oil. 


note the similarity between these channels and others, shown in 
Fig. 5, which were caused by internal or surface discharges. 
The curves in Fig. 6 show the variation of the average divergent- 


gative points Positive points 


(}) 


oO 


E,.MV/em 


0 
15 
Temperature ,°C 


45 


_ Fig. 6.—The variation of the intrinsic and average divergent-field 


electric strengths of polythene with temperature. Results for 
points of between 1-5 and 7-5 microns radius. 


The electrode separation was as follows: 
(a) 250-350 microns. 
eB) 450-600 microns. 
c) 750-800 microns. 
(d) Variation of intrinsic electric strength with temperature. 


field electric strength (E£,,,) with temperature, for the range 20- 
100°C, using points of between 1-5 and 7-5-micron radius, and 
electrodes spaced between 250 and 800 microns apart. For com- 
parison the variation of the intrinsic electric strength with tem- 
perature!® is shown in Fig. 6(d). With points of any given radius 
the variation of E,,,, with temperature is similar to that shown 
in Fig. 6 for E,,. 

Despite considerable scatter the curves in Fig. 6 indicate that 


(a) E,, and the intrinsic strength vary with temperature in a 
similar manner. 

(6) At 20°C, the breakdown stress for a given electrode con- 
figuration is some 25% greater if the point is negative, than if it 
is positive. This polarity effect decreases with increasing tem- 
perature and is negligible above 60°C when the electrodes are 
500 microns apart. 

(c) E,, decreases with increasing separation between point 


_ and plane. 
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Tests were also made with larger points of up to 50-micron 
radius. Then, with the same temperature range (20-100°C), 
and electrodes spaced between 250 and 800 microns apart, it is 
found that E,,, does not vary significantly with the size of the 


av 


point, unless the radius R exceeds about 10 microns, as shown 
E 


ap 


in Fig. 7. With larger points increases rapidly with R, such 


E, at 60°C. 


40 


20 
Radius, microns 


4 6 810 


Fig. 7.—Variation of divergent-field electric strength with radius of 
point at 60°C. 


Electrode separation, 500 microns. 
x * X* Positive points. 
OOO Negative points. 


that at breakdown the maximum stress at the point [E,,,,, 
calculated from eqn. (4)] always exceeds the intrinsic strength, 
as shown in Fig. 7(a). 

If a surge of one polarity, which is insufficient to cause break- 
down, is followed* by a surge of opposite polarity, failure occurs 
at much lower electric stress than normal for this polarity. 

Representative results given in Table 2 show that 


(a) After a positive surge (of 50°% of the positive breakdown 
voltage), a subsequent negative surge causes failure at only 50% 
of the normal negative breakdown stress. 

(b) After negative surges of about 40 and 80% of the negative 
breakdown voltage, subsequent positive surges cause failure at 
about 70% of the normal positive breakdown stress. 


With alternating voltage, breakdown occurs always when the 
point is positive, often after one complete voltage cycle, as shown 
in Fig. 3(6). If breakdown occurs in the second positive half- 
cycle, the breakdown strength is about 25°%% lower than with a 
single positive pulse, but failure can occur at a lower stress after 
a large number of cycles, as shown by Table 2. 


(4) DISCUSSION 
For convenience the results of principal interest are discussed 
under separate headings. 


(4.1) Similarity between the Temperature Characteristics of the 
Intrinsic, and the Divergent-Field Electric Strengths 


The similar variation with temperature of the intrinsic and 
divergent-field electric.strengths of polythene, shown in Fig. 6, 
seems to confirm that both types of failure are controlled by the 
same basic mechanism. 

The criterion for intrinsic breakdown in solids!® is that free 
electrons in the conduction band gain more energy from the 


* In the present tests there was an interval of about 5min between tests with opposite 
polarity. 
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Table 2 
EFFECT OF PRECEDING TEST CONDITIONS ON BREAKDOWN STRENGTH 


Breakdown strength 
Radius of tip, R pee nae Test conditions preceding breakdown 
Eay, peak Emaz, peak 
microns cm MV/cm MV/cm 
Ics) 0-060 Breakdown with a single negative surge —1-:0 —108 
1095) 0-059 Surge of Ez, = + 0:32 MV/cm followed by negative surge . —0°51 —55 
{ : : a: (a)... 38 Se, ate +0:76 +54 
Ded 0-058 Breakdown with a single positive surge (b) 10-60 143 
3-0 0-058 Breakdown in positive half-cycle after negative “half-cycle of +0-46 +27 
Egy = — 0:40MV/cm 
2:0 0-059 Breakdown after 55 cycles of Egy = 0:29MV/cm 0-29 24 
2:0 0-059 Breakdown after 1 750 cycles of Egy = 0-27MV/cm .. 0-27 | 23 
4-0 0-067 Breakdown after 3 cycles of Ea, = 0°60MV/cm : +0:55 +28 
8-0 0-078 Breakdown at +0-45MV/cm after previous surge of —0- 8My/om +0°-45 +14 
32 0-059 Breakdown after 2 cycles of Egy = 0:85MV/cm oes +0-66 +5-8 


applied field than they lose in collision with the lattice, or by 


interaction with electrons trapped in imperfection levels. It can 
be shown that the intrinsic strength E; is given by 
log E, = constant ++ AW/2kTg . . . @ 


where Ty is the electron temperature, k is Boltzmann’s constant, 
and AW is the energy difference between the conduction level 
and the mid-point of the imperfection levels. 

The same concept shows that the conductivity, o, varies with 
field strength E, as follows 


log (a/oo) « (WIAW)(E2/E2) . . . (8) 


where 0p is the conductivity in the absence of applied field, W is 
the potential barrier of trapped electrons, and AW and E, are 
the same as in the preceding paragraph. Thus it is to be expected 
that the conductivity of the dielectric in the highly-stressed region 
near a point electrode will be greater than in the bulk of the 
material. The effective stress near the point is consequently 
reduced, as shown mathematically by Flynn.”4 

The greatest reduction in effective stress is expected when the 
ratio R/t (radius of point electrode)/(electrode separation), is 
small, as shown in Fig. 7 of Flynn’s paper. If breakdown 
' channels propagate only when the effective stress near the point 
attains the intrinsic strength E,, it follows that the calculated 
stress at the point, Z,,,,,, corresponding to the breakdown voltage 
should decrease with increasing R/t. This is confirmed by the 
results in He 7(a) of this paper, which show that at 60°C, with 
t= 500u, E,,,, decreases from 65MV/cm with R= 1-5py to 
6MV/cm when R = 37p. It is also found that E,,,./E, varies 
with R/t in a similar manner at 20, 60 and 100°C, showing that 
the effects of field-dependent conductivity are similar throughout 
this temperature range. 


(4.2) Variation of the Divergent-Field Electric Strength with the 
Polarity of the Point Electrode 


The greater temperature dependence of E,,, with negative than 
with positive points, shown in Fig. 6, indicates that field-dependent 
conductivity is not the only factor controlling the divergent-field 
electric strength. 

The polarity effect at room temperature can probably be 
explained as follows: when a high electric stress is applied, 
electrons are emitted from negative points and penetrate the 
dielectric. In regions of lower stress the electrons lose energy, in 
collisions and become trapped, forming a space-charge round the 
point. The electrons penetrate the dielectric furthest along the 


axis, where the potential gradient is greatest, and to a lesser 
extent in other directions. The space charge may increase the 
effective radius and length of the point, and decrease the maxi- 
mum stress at the point, as shown diagrammatically in Fig. 8, 


Space -cha 
modified fie 


{nitial field 


0 20. 40 60 —S0muumieane 120 
Distance from tip, microns 


Fig. 8.—Probable effect of space charge on the field near a point 
electrode of 2-micron radius. Vy = 60kV (negative) peak. 


t = 440 microns. 
E = 2Vop/log q (eqn. 3). 


where it is arbitrarily assumed (for the purpose of illustration 
only) that the effective length of the point propagates four times 
as rapidly as the increase of effective radius of curvature. 

With a positive point electrons will move towards the point, 
leaving a positive space-charge round the point. The number 
of free electrons in polythene is limited, however, especially at 
low temperatures, so that the space charge around a positive 
point may not decrease the effective stress so much as with a 
negative point. Breakdown can thus occur at a lower voltage 
with a positive than with a negative point. 

At higher temperatures the polarity of the point has less 
influence on the effective electric stress near the point, and conse- 
quently little or no influence on the divergent-field strength, as 
shown in Figs. 6 and 7. This is because 

(a) At the lower stress required for intrinsic breakdown there 
is less field emission from negative points than at room tem- 
perature. 

(b) The number of free electrons in the dielectric is greater so 
that there is greater space-charge near positive points. 

Evidence for the influence of space charge is provided also by 
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the results in Table 2, which show that the application of suc- 
cessive surges of opposite polarity causes considerable reduction 


| in the divergent-field strength. Evidently space charge persists 
| after the application of an initial surge and increases the effective 


stress when a surge of opposite polarity is applied subsequently. 


(4.3) Decrease of Average Stress required for Breakdown with 
increasing Electrode Separation 


The points in Fig. 9 show the variation of the average break- 


| down stress at 20°C with gap length ¢ for points having a 


2:0 


Eay. MV peak/cm 
Qe 
oo 


= 
Dd 


ie n 
400 600 800 1000 
Length of gap , microns 


0-4 
200 1200 
Fig. 9.—Relation between breakdown strength, E,,, and length of 
gap (f) at 20°C. 
we Piesagye ae Measured with R = 2-10 microns. 


calculated for R = 25 microns ae 
—— — — calculated for R = 45 tnicrons pmax = 6: 5MV/cm. 


radius of curvature of between 2 and 10 microns, while the curves 
show calculated values of E,, required to give values of E,,,. 
equal to 6-5MV/cm at points of 45- and 25-micron radius. 
There are too few experimental values to establish definite 
correlation, but it can be inferred from Fig. 9 that with positive 
points the effective radius is increased to about 25 microns. 


With negative points the effective radius may be increased 


to some 45 microns when the electrode separation exceeds 
500 microns. 

The industrial electric strength* of dielectric materials also 
decreases with specimen thickness, as shown by the points in 
Fig. 11, and many empirical formulae relating breakdown voltage 
and thickness have been derived.!! The subsequent discussion 
indicates that the variation with thickness can be successfully 
predicted by a formula based on physical concepts.t 


(5) FACTORS AFFECTING THE INDUSTRIAL ELECTRIC 
STRENGTH OF INSULATION 

(a) Recent work? shows that in industrial tests breakdown 
occurs when the stress in the dielectric is sufficient for discharges 
in the medium to penetrate the surface and propagate through 
the specimen. The present paper shows that this could occur if 
the effective stress at the end of the discharge channel exceeded 
the intrinsic electric strength of the material. 

(6) Surface discharges are believed to cause considerable local 
temperature rise at the dielectric surface,? so that breakdown 
may occur when the high temperature intrinsic strength is 
exceeded, irrespective of the ambient temperature. 

(c) Electro-photographs and calculations based on the dis- 
charge magnitude show that individual internal discharges in 
polythene! affect an area of radius about 0-1-0-5mm (4-20mils). 
External discharges in air probably affect a greater area, but in 
oil discharges are more concentrated,!? so that it is reasonable 

* Measured with the specimen in air or under oil, between standard electrodes, such 
as specified by the B.S.I., A.S.T.M., etc. 


: 1 ae similar relation was postulated by A. E. W. Austen, in an unpublished note 
in . 
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to assume that in industrial tests discharges impinge on the 
dielectric surface with an effective radius of curvature between 
1 and 20mils. 


The local stress at which discharge channels propagate through 
a given thickness of material can be calculated from the industrial 
electric strength E,, if ean. (4) is assumed to give the electric 
Stress E,,,, at the point of impact of a discharge of radius R, 


max 
on dielectric of thickness rt. Table 3 shows values of E,,,. 


Table 3 


CALCULATED VALUES OF STRESS E,,,,, AT THE END OF DISCHARGE 


CHANNELS OF VARIOUS RADII, IMPINGING ON POLYTHENE 
SAMPLES IMMERSED IN B 30 TRANSFORMER OIL 


Electric strength 
between British 
Standard 
electrodes, Eay 


Radius of 
discharge 
channels, R 


Specimen 


thickness, t Emaz = 2Eqptp;/log q 


kV (r.m.s.) 
per mil 


230118) 
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| 


_ 
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calculated from step-by-step measurements* at 20° C on polythene 
discs between British Standard electrodes in oil. Values for R 
of between 1 and 20 mils are assumed. Table 3 shows that with 
the thicker specimens even the high-temperature intrinsic strength 
of polythene (1:5 MV/cm) would not be exceeded if the channels 
were of 10- or 20-mil radius; while the low-temperature intrinsic 
strength (6-5MV/cm) would be exceeded with channels of 1-mil 
radius. The most consistent values of E,,,, (2-3MV/cm) are 
given for R = 3—5mils, so that it should be possible to predict 
the variation of step-by-step electric strength of polythene, with 
specimen thickness, from eqn. (4), assuming that £,,,. must 
exceed some 2-3 MV/cm at the end of channels of 3—5-mil radius. 


(5.1) Variation of Industrial Electric Strength with Specimen 
Thickness 


The curves in Fig. 10 have been calculated for several possible 
values of E,,,,, and R. The best agreement with the experimental 
values for polythene tested between British Standard electrodes 
under oil is given by curve B for R = 3mils and E,,,,, = 5:25kV 
(r.m.s.) per mil. The assumption that R is constant for all values 
of t may be an over-simplification, and in practice the value of R 
probably increases slightly with increasing specimen thickness. 
Knowledge of the exact values of R and E,,.. is not critical, 
however, as is shown by the proximity of the curves in Fig. 10. 

Curve B is reproduced again in Fig. 11 together with measured 
industrial electric-strength values for polythene, mica,!4 Pyrex 
glass,!9 and ebonite,!>»!© which follow approximately the same 


* The step-by-step breakdown voltage was determined by applying two-thirds of 
the short-time breakdown voltage for 1min and then raising the voltage by steps of 
1 or 2kV/min until breakdown occurred. 
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Fig. 10.—Variation of average breakdown strength with specimen 
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Fig. 11.—Variation with thickness of 1 min industrial electric strength 
of dielectric materials measured in clean oil at 20°C. 


Measured values. 

xX X X X Polythene. 

AAAA Ebonite.15,16 

OOOO Ruby mica.14 

Cellulose acetate at 90° C.18 


curve. Curves for plate glass!3 and polystyrene!” are of similar 
shape but displaced respectively below and above the calculated 
curve. Electric-strength values for cellulose acetate!® are too 
scattered to show any correlation with thickness. 

The similarity between these measured and calculated values 
is sufficiently striking to justify further investigation of the 
dependence of industrial electric-strength on sample thickness. 
Tests on materials free from defects and having low dielectric 
loss, to avoid breakdown by thermal instability, must be made 
under carefully controlled conditions, because the apparent 
electric strength of a material is determined not only by its own 
physical properties, but also by those of the medium, the electrode 
configuration, and by the waveform and total number of voltage 
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cycles applied.2»3_ Table 4 shows a limited number of breakdowiill 
values obtained under various tonditions in the course of other — 


investigations, and allows some comparison to be made of the 
effect of the immersion medium and electrode configuration. 


(5.2) Variation of Electric Strength with Discharge Inception 


Voltage 
The variation of the electric strength with the inception voltage 


of discharges in the medium can be explained by considering both ~ 


the stress concentration at the ends of the discharge channels 
and the energy of the individual discharges. If the inception 
voltage, V;, is low, the stress at the ends of the channels is also 
low, and breakdown in short times can occur only at voltages 
greatly exceeding V;; e.g. Table 4 shows that, in air, failure occurs 
at between 10 and 20 times the inception voltage. If V; is greater, 
however, there is greater stress at the end of the discharge 
channels, and breakdown channels propagate through the 
material when the applied voltage is between 1-5 and 3V,, as 
shown in Table 4, using clean transformer oil as the medium. 


An increase in the value of V;, by changing the immersion ~ 


medium, may thus decrease the breakdown voltage of thick 
homogeneous materials, provided of course that V; is not 
increased to a value exceeding the breakdown voltage in the 
former medium. 

The energy of the discharges is important, because this will 
affect the local temperature rise at the point of impact of the 
discharges, and thus the value of intrinsic strength which must 
be attained. In Section 9.2 it is shown that the discharge energy 
per unit area is given by 


WIA = Ex Alen! + eqgt]/8at = €%1V2/8rtlep! + <yt] 


where Ey, is the electric strength of a length / of the medium; 


€y is the permittivity of the medium; 
€p is the permittivity of the specimen of thickness ¢. 


The value of W/A cannot be readily evaluated, because of 
uncertainty in the value of /; moreover, when the applied voltage 
is increased above V;, discharges of greater length and greater 
energy may occur than at V;. The value of V; is nevertheless 
significant, as shown by Table 4, where discharges in oil, with 
V,; between 7 and 14kV (r.m.s.), cause breakdown at much lower 
voltages than discharges in air, where V; varies between 1 and 
4kV (r.m.s.) respectively for samples of the same thickness. 
Intermediate values, both of inception voltage and of electric 
strength are recorded, with contaminated oil, as shown in 
Table 4. 


(5.3) Variation of Electric Strength with Time of Voltage 
Application 

The relation between the life of insulation and the ratio of the 
applied (alternating) voltage, V, to the discharge inception 
voltage, V;, is readily explained if cumulative erosion precedes 
failure,! but only tentative explanations are possible if breakdown 
channels propagate without preliminary erosion.? 

When the local stress initially exceeds the intrinsic electric 
strength (the high-temperature value, if the discharges cause local 
heating) the channels probably propagate through a few microns 
only, because the stress decreases rapidly with distance from the 
tip, as shown in Fig. 8 for a needle-point electrode, and the 
heating effect is very localized. Thus a succession of discharges 
must recur at the same site if the channels are to extend and 
cause failure. The time to breakdown will thus depend on the 
local stress concentration in relation to the intrinsic strength, 
the discharge energy, the discharge repetition frequency and the 
specimen thickness. 


| 
| 


dy 


} 
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\ Table 4 


FACTORS AFFECTING THE A.C, STEP-BY-STEP ELECTRIC STRENGTH OF INSULATION 


Test medium 
Sample : | 
Electrodes thickness Air Clean B30 transformer oil | Contaminated oil 
V; | Breakdown voltage Vi Breakdown voltage | V; | Breakdown voltage 
mm kV (r.m.s.) | kV (r.m.s.) kV (.m.s.) | kV (r.m.s.) | kV (r.m.s.) | kV (r.m.s.) 
Perspex Specimens: 
A.S.T.M. 1 Zigler, | 52:2 after 15sec [Sd 25 after 10sec aie cs 
BS.I. 1 — | — 10 22°SafterSSsec | — | = 
Polystyrene Specimens: 
A.S.T.M. 1 3 | 60 after 20sec 112}95) 40 after 10sec | 6 52 when voltage increasing 
| from 50 
Polythene Specimens: 
B.S.I. 6:25 — | — | 18 | 50 after 10sec | ae | vat 
BSL 3-12 a2 as IMs eee fil 35 after 10sec | — | 42 after 35sec 
A.S.T.M. 1:55 2°60) | 50 after 25sec 14 37-5 after 60sec 8 | 47-5 when voltage increas- 
te | | ing from 45 
B.S.I. 1-55 4-1 (a) 42; (6) 50 after 40sec| 13-5 30 after 10sec | os — 
B.S.I. ie 2 30 after 300sec | 16 30 after 20sec | ae | — 
B.S.I. re — | — LS 25 after 20sec = | Be 
B.S.I. 0-5 2°3 20 after 200sec 12°5 20 after 20sec = = 
B.S.I. 0-18 2:0 13 after 15sec aes 11 after 50sec | — | 12-5 after 44sec 
Bsi1. 0-09 1:6 11 after 10sec 7 | 11 after 15sec ena aaeet ee 
Cellulose-Acetate Specimens: 
A.S.T.M Or 25 0:9 14 after 30sec 1) B25 9 after 30sec | 7:25 | 11 when voltage increasing 
A.S.T.M 0-12 0-4 13-5 after 10sec 6:25 | 7 almost instantaneosuly | — | 12-5 after 5sec 


V; = Discharge inception voltage. 
Breakdown voltage, determined after previous “‘minute’’ tests at lower voltage. 


“Bint 
H.V— 


LV~ 


e—3in 4 


Specimen 


B.S.I. electrode system (asymmetrical). 


In thin specimens the average breakdown stress approaches 
the intrinsic electric strength, as shown in Fig. 11, so that the 
field at the end of discharge channels is much less divergent than 
it would be with thicker specimens. Discharge channels can 
thus propagate more rapidly in thin than in thick specimens, 
because there is less necessity for re-concentration of electric 
stress after initial penetration. This may explain why, in 
industrial electric-strength tests, partial-breakdown channels are 
often detected in thick specimens, where the average breakdown 
strength is less than one-tenth of the intrinsic value, but in thin 
specimens there is either no observable damage or complete 
breakdown. Partial-breakdown channels are also less often 
found when samples are tested in air than when under oil. 
This also may be due to the higher average electric stress (see 
Table 4) required for breakdown in air; i.e. the field at the end 
of the channels is less divergent when the specimen is tested in 
air than under oil. Breakdown in air is thus more rapid than 
under oil, so that there is less chance of incomplete-breakdown 
channels being observed, except with chopped impulse tests. 

Correlation between the energy of discharges and the short- 
time electric strength of materials can be inferred from data on 
the breakdown of oil-impregnated and Askerel-impregnated 
pressboard, shown in Fig. 12.73 

The long-time breakdown voltage tends asymptotically to V;, 
so that it may be inferred from Fig. 12 that V, with Askerel 
impregnant is some 50% greater than with oil impregnant. 
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A.S.T.M. electrode system (symmetrical). 


Thus with Askerel impregnant the energy of individual dis- 
charges is more than twice that with oil impregnant; the short- 
time breakdown voltage with Askerel impregnant will therefore 
be lower than with oil impregnant, as shown in Section 5.2. 
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Fig. 12.—Time to break’ down impregnated pressboard (1/32in) 
(Dakin and Works).23 


This effect may be of considerable practical importance 
because, although the alternating working voltage is increased if 
the discharge inception voltage is increased, the impulse electric 
strength may be decreased. 
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(5.4) The Effect of Polarity on the Impulse Electric Strength 
of Insulation 


Fig. 6 shows that with point electrodes of radius between 1-5 
and 7:5 microns and electrode spacings of between 250 and 
800 microns, the electric strength of polythene with-a negative 
point is some 25% greater than with a positive point at 20°C. 
This polarity effect is greater than any previously recorded with 
solid dielectrics; e.g. tests between point and plane electrodes 
show that the impulse electric strength of bitumen2° is between 
2 and 10% greater with negative than positive points. In alkali- 
halide crystals?! breakdown channels propagate more rapidly at 
a given stress with positive than with negative points, but the 
ratio of the impulse breakdown stresses is not stated. 

With impregnated-paper cables,2” where breakdown is probably 
caused by internal discharges, the polarity effect is reversed, e.g. 
the impulse electric strength is about 10% greater with the inner 
conductor positive than with the opposite polarity. The explana- 
tion is probably as follows: In cavities between a dielectric and 
a metal surface,! a few large (high-energy) discharges occur 
when the metal is negative, and many smaller discharges when 
the dielectric surface is negative. Failure can thus occur at a 
lower stress when the cable inner conductor is negative than with 
reverse polarity, because breakdown channels propagate at a 
lower stress in the presence of high-energy discharges than with 
lower-energy discharges, as discussed in Section 5.2. 

Space charge in the dielectric is unlikely to affect the electric 
strength in the presence of discharges, because the radius of the 
discharge channel, usually about 75 microns (3 mils), exceeds the 
radius of the space charge, which (in polythene) is some 25 microns 
with positive points and about 45 microns with negative points, 
as shown in Section 4.3. 


(6) CONCLUSIONS 


The propagation of breakdown channels from steel-point 
electrodes embedded in polythene to adjacent plane electrodes 
shows that breakdown can occur when the effective maximum 
stress attains the intrinsic electric strength of the material. 

The variation of the divergent-field strength with the polarity 
and radius of curvature of the point indicate that stress-enhanced 
conductivity and space-charge accumulation reduce the stress 
near sharp points to values much lower than those calculated 
geometrically. 

The variations of the industrial electric strength of insulation 
with specimen thickness, and with the electrical characteristics of 
the specimen and of the medium, are explained by the conditions 
necessary for breakdown in divergent fields. 
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| (9) APPENDICES 
(9.1) Method of Correction for Thermal Expansion of Polythene 


When the polythene discs are heated in the plate electrode, the 
centre melts, but the periphery, which projects beyond the 
electrode, is only slightly heated. The area of the disc is thus 
fixed, so that the expansion of the polythene occurs only 
as an increase in specimen thickness, ¢’. At the melting 
point tio90.¢ ~ 1°15to.,. If the needle is inserted to a depth 
c, the distance between the point and plane, at 120°C is 
t129 = (1-154) — c). The polythene adheres to the needle, 
which is not clamped, so that, when the polythene contracts on 
cooling, the distance between point and plane, at a temperature 
TAs 
tp = (1-15t,, — o[1 — (120 — T)y] 
where y is the coefficient of cubical expansion of polythene. 
y varies with temperature as follows :?5 


20 to 50°C y = 0:0007 per °C 

50 to 80°C y= 0-001 per °C 

80 to 120°C y = 0-0028 per °C 
At 20°C, too = (Gp — ¢ X 100/115), and this value has been 
checked experimentally. 


All the values of ¢ and the derived stress values have been 
corrected for the effects of thermal expansion. 


(9.2) Energy Liberated by a Discharge 


A sample between industrial electrodes can be represented by 
_the circuit in Fig. 13. 

Provided that C, is large compared with Cz and Cg, only the 
element of edge capacitance associated with each discharge need 
be considered in the subsequent calculations. 

The energy W liberated when the voltage across Co changes 
by dV¢, is given by 


2W = [C,Cal(Cy + Cz) + C][8V2 —28VceVe] - ©) 


Fig. 13.—Circuit equivalent to sample between test electrodes. 


C4 = Capacitance of specimen between electrodes. 

Cp = Edge capacitance of specimen. 

Ce = Edge capacitance of the air in series with the specimen. 
V4,Vz and Vg = Voltages across the capacitances. 


If Cc is almost completely discharged, 5V~ ~ Vc, and if 
Cy = Cz = Co, 


2W = (Cg + COVE = CZV2)[(Cz + Co) . (10) 
At the instant of a discharge 
V4 = Vi, = Ey (En! + exD/ep (11) 


where V; = Discharge inception voltage. 
Ey = Electric strength of a length / of the medium. 
€yz = Permittivity of the medium. 
€p = Permittivity of the sample of thickness t. 


And where the capacitances Cp and C¢ are given by eqns. (12) 
and (13). 
(12) 


(13) 


Cz = €p4/4nt 
Co = €yA/4al 


(assuming that an area A is affected by the discharge). 

If these expressions for Cz, Co and V4 are substituted in 
eqn. (10) the discharge energy dissipated per unit area is found 
to be 


WIA = €21V?[87t(ep! + €yt) = EZ lepl + €qt]/87t 
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SUMMARY 


A method is given for calculating the resulting field distribution when 
the conductivity is a function of the field strength. This is applied to 
a point-plane electrode system in an amorphous solid, with the assump- 
tion that the conductivity at low field-strengths is electronic and that 
the conductivity at high field-strengths is described by a relation due to 
Frohlich. The results show that for polymethylmethacrylate with 
average fields of the order of 10°volt/cm, the reduction in maximum 
field-strength from that calculated for constant conductivity can be a 
factor of five or more, the magnitude of the reduction depending on the 
degree of non-uniformity of the field. Energy-level data required for 
the calculation are given for glass, polyethylene, polymethylmetha- 
crylate and several types of varnish, and incomplete data are given for 
chlorinated polyethylene, polystyrene and polyisobutylene. The 
results are applied to breakdown in a non-uniform field, and a method 
is suggested for determining experimentally whether breakdown occurs 
when the maximum stress reaches the intrinsic electric strength, or 
whether it is necessary for the intrinsic electric strength to be exceeded 
over a given distance. 


LIST OF PRINCIPAL SYMBOLS 


a = Parameter used in defining geometry of electrodes. 
E = Field strength, volts/cm. 
E, = Intrinsic breakdown field, volts/cm. 
a Transformed field-strength, volts/cm. 
= Current density, amp/cm2. 
i = Boltzmann’s constant. 
R = Radius of curvature of the end of point electrode, cm. 
o = Conductivity, mho/cm. 
Oo = Conductivity in very weak fields, mho/cm. 
i emperatnrencd tke 
V = Potential, volts. 
V,) = Potential difference between electrodes, volts. 
V, = Transformed potential, volts. 
(V,)9 = Transformed potential difference between electrodes, 
volts. 
W = Energy difference between the conduction band and 
electrons in deep traps, eV. 
AW = Energy range of electrons in shallow traps immediately 
below the conduction band, eV. 
x = Co-ordinate. 
Xq = Distance from plane electrode to end of point elec- 
trode, cm. 
x, = Distance over which the intrinsic electric strength is 
exceeded, cm. 
y = Co-ordinate. 


(1) INTRODUCTION 
The calculation of the field distribution for an electrode con- 
figuration producing a non-uniform field is normally made with 
the assumption that the conductivity of the material between the 
electrodes is constant. At high field-strengths, however, the 
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conductivity may become field dependent, and the resulting 
distribution will not then be the same as at low field-strengths. 
It appears to be generally accepted that in insulating solids 
the conductivity increases when very high field-strengths are 
applied. 
solid dielectric, a high field-strength at the point will be reduced 
as a result of enhanced conductivity, and it therefore becomes of 
interest to know what the modified field distribution will be; this 


is of particular importance in work on the electrical breakdown 


of dielectrics in non-uniform fields. 

It is the purpose of the present paper to consider the effect 
of field-dependent conductivity in non-uniform fields, and to 
derive a method for the calculation of the field distribution. The 
method will be applied to an amorphous dielectric with a point- 
to-plane electrode system. 


(2) THE FIELD EQUATIONS 
Consider the general case of current flow. or the steady- 
state condition 
div J =0 (i) 
where J is the current-density vector. 
is £ and the conductivity is o, then 


J=oE (2) 
Combining eqns. (1) and (2) gives 
div (cE) = 0 (3) 


Now if o is not a function of position and is not a function of E, 
and if E is related to the potential V by the relation 


E = — grad V (4) 
eqn. (3) becomes 
diy grad V=0 (5) 


This is Laplace’s equation, and it can be solved for V for cases of 
interest. 

Consider now the case when o is a function of the field E; 
the solution of eqns. (3) and (4) then becomes more difficult. 
However, a solution can be obtained by the following trans- 


formation. Denote by E, a function of the field E defined by 
E, = (o/o)E : (6) 
where ay is the conductivity at some standard field. Eqn. (3) 
then becomes 
div (o9E,) =0 . ; (7) 
A second potential function will be denoted by V, where 
E, = — grad V, . (8) 
Since gp is a constant, eqn. (7) then becomes 
div grad V, =0 . (9) 


Thus any field distribution E and associated potential distribution 
V for which the conductivity is a function of the field can be 
replaced by a transformed field-distribution £, and its associated 
potential distribution V, for which the conductivity is constant. 


[ 264 ] 


In the case of a point-to-plane electrode system with — 


Tf the field-strength vector 


| 
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Fortunately, the transformed potential satisfies Laplace’s equa- 
tion, as in eqn. (9), and the original field distribution can there- 
fore be found for any geometry for which solutions of Laplace’s 
equation are known. 

The procedure is as follows: For the given geometry with 
applied potential difference (V,)o, the field distribution E, is 
calculated. By means of egn. (6) this is transformed to a field 
distribution E, and by integration the value of the corresponding 
applied potential difference Vy is found. This is repeated for 
several values of (V,)) and a graph of corresponding values of 
(V,)o and Vo is plotted. The field E corresponding to a given 
value of Vo can then be found by calculating the E, distribution 
for the correct value of (V,)) taken from the graph, and trans- 
forming from E, to E by use of eqn. (6). 

It may be noted that if o is field dependent, then for the non- 
uniform field o will also be a function of position. Hence from 
eqn. (3) 

div E = — (E/o) grada 


i.e. space charge will be present unless c is constant. 


(10) 


(3) ELECTRICAL CONDUCTIVITY AT HIGH 
FIELD-STRENGTHS IN AMORPHOUS SOLIDS 

Theories for the increase of conductivity with field strength in 
dielectrics have been discussed by several authors and these have 
been reviewed by Whitehead.!> The only theory immediately 
applicable to amorphous dielectrics is that due to Frohlich.3 

Frohlich assumes that the distribution of the energy levels in 
an amorphous solid is similar to that of a crystal with many 
lattice imperfections, and the validity of this assumption has been 
discussed by Simpson.!® On the basis of this model the depen- 
dence of the conductivity on field strength is given by 


[ WE/2-TAWE?...iE?< EP 
8 (cl0) = 1 wiaw ee ee 


W can be found from the temperature dependence of the 
conductivity in very weak fields assuming that 


Oo = (constant) exp (—W/kT) . (12) 


AW can be found from the temperature dependence of the 
breakdown field, which according to Fréhlich? is given by 


log E; = constant + AW/2kT 


in the high-temperature region of breakdown. 

The experimental evidence for the increase of conductivity at 
high field-strengths is limited because of the difficulty of making 
measurements. The only measurements with maintained voltage 
are those of Thomas and Griffith" on varnish films; these show 
an increased conductivity, but, as noted by Frohlich, log (c/a) 
is not exactly proportional to E2. Turner and Lewis'? measured 
current/voltage characteristics of soda-lime glass using a 
linearly rising voltage pulse of 150microsec duration and found 
that the conductivity increased with applied field according to 
Frohlich’s equation, although the various anomalous currents 
arising in measurements of this kind may invalidate direct use of 
the results. Similar measurements on soda-lime glass using 
square voltage pulses of 30microsec and 110microsec have been 
made by Tomura and Kikuchi;!2 the results, which exclude 
charging currents, verify the dependence of log o on E?. 


(13) 


(3.1) Application to Polymethylmethacrylate 
To apply the above analysis to an example of an amorphous 
dielectric, it is necessary to know the values of AW and W in 
eqn. (11). From the point of view of the breakdown measure- 
ments described in an accompanying paper,> it would be desirable 
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to make the calculation for polyethylene, but the available data 
for this material, as shown in Table 1, show a range of values 
for W, and also give an overlap between W and AW such that 
the model leading to eqn. (11) may no longer apply. For this 
reason it has been thought better to illustrate the principles 
involved by calculations for polymethylmethacrylate, for which 
the data in Table 1 appear more suitable. 

Oakes? has measured the intrinsic electric strength of poly- 
methylmethacrylate over a wide range of temperature, and from 
the slope of the graph of log E; against T—! [see eqn. (13)] values 
of AW between 0: 16eV and 0-195eV can be obtained, * according 
to the position assumed for the transition to the high-temperature 
region of electrical breakdown. 

Measurements of the temperature dependence of the con- 
ductivity in weak fields for polymethylmethacrylate have been 
made by Fowler and Farmer? over a rather limited temperature 
range. The use of eqn. (12) gives a value of 0-SeV for W. 

In order to simplify the calculation it will be assumed that the 
part of eqn. (11) applying for E? < E? is valid also in the region 
where E? ~ E?; to balance the effect of this AW will be chosen 
at the lower end of its range, ie. AW = 0-16eV. 

From Oakes’s results, the intrinsic electric strength E; at a 
temperature of 16°C is 11-4 x 10®volt/cm. 

Inserting the numerical values in eqn. (11) gives 


log (a/o9) = 8:75 x 10-15E?. (14) 


and hence the required transformation is obtained from 
eqn. (6) as 


E, = Eexp (8-75 x 10-'5E7) (15a) 


Similarly, at temperatures of 50°C and 100°C, the transforma- 


tions are 
(15d) 


(15e) 


E, = Eexp (18-7 x 10-5E2) 


and E, = Eexp (48:3 x 10-15E2) 


respectively. Eqn. (15) is plotted in Fig. 1. 


(3.2) Energy Levels in Some Insulators 


A list of the values obtained for the energy levels in some 
insulating materials is given in Table 1. 

It should be noted that the values of W may be uncertain. 
Eqn. (12), which has been used to calculate values of W, is based 
on the assumption that the conduction is electronic, and it will 
therefore be in error if the observed conductivity is ionic in 
nature. f 

Absorption current will also affect the result if measure- 
ments are made with short times. 

The values of AW obtained by use of eqn. (13) depend on the 
temperature selected as representing the transition from the low- 
temperature region to the high-temperature region of breakdown. 
This temperature is reasonably well defined for the materials 
listed. For soda-lime glass the value of 0-65eV for AW found by 
Tomura and Kikuchi is obtained, not from the temperature varia- 
tion of the breakdown field, but from the temperature variation 
of log (c/E?) using eqns. (11) and (13). 


(4) THE FIELD DISTRIBUTION FOR A POINT-TO-PLANE 
GEOMETRY 


For a point-to-plane geometry in which the “point” is a 
hyperboloid of revolution, the equipotential surfaces are also 


* Oakes quotes a value for AW of 0-06eV, but this appears to be in error, Oakes 
plots values of logioE;, and the factor 2-3 to convert to log £; has apparently been 
omitted in the calculation. ele 

+ Mayburg and Lawrence® suggest that the conductivity in polyethylene may be 
ionic, the current carrier being the proton. However, the theoretical argument in 
support of this does not appear to be based on valid assumptions, and it seems more 
probable that the conductivity is electronic. 
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Table 1 os 


ENERGY LEVELS 


Material 


Energy level 


Source 


Black baking bituminous varnish 


Clear baking oil insulating 
varnish 


Thomas and Griffith!! (1942) 


Bakelite “‘formite’’ varnish 


Soda-lime glass 


Tomura and Kikuchi!2 (1952) 
Simpson!0 (1950) 


Tomura and Kikuchi!2 (1952) 


Von Hippel and Maurer!4 (1941) 


Polyethylene 


Ramsey? (1953) 


Mayburg and Lawrence® (1952) 


Oakes’ (1949) 


Chlorinated polyethylene 


No data available 


Oakes7 (1949) 


Polymethylmethacrylate 


Fowler and Farmer? (1954) 


Oakes? (1949) 


Polystyrene 


No data available 


Oakes? (1949) 


No data available 


Polyisobutylene 


hyperboloids of revolution. The field distribution for such a 
geometry has been derived by Eyring, Mackeown and Millikan.! 
If the point surface is the hyperboloid generated by revolution 


of the hyperbola 
x2 y 
x2 * a — x2 a 1 . . . . . (16) 


about the x-axis, the potential along the x-axis is 


= (V,) log [(@ a he — x)] 
log [(a + X)/(a — x)] 


where Vo is the potential at x = xq (i.e. the surface of the point), 
and the potential at x = 0 is taken as zero. Hence the field 
along the x-axis is 


(17) 


rereet 2(V,)o a? 
ei, alog[(a + xXo)/(a — xo) ] (e = =) 


Now for the hyperbola of eqn. (16), if R is the radius of 
curvature at the point (x9, 0) then 


R = — xo[(a?/x2) — 1] 


(18) 


(19) 


Oakes’ (1949) 


Values of R/x 9 and a/x, calculated from eqn. (19) are shown in 
Fig. 2. 

Thus measurement of R and xp for a given electrode system 
allows a to be found, and the field distribution can then be 
calculated from eqn. (18). It may be noted that eqn. (18) is 
exact; errors will arise if the point is not exactly a hyperboloid, 
but these will be small for cases where R is small compared to Xp. 


(5) RESULTS FOR POINT-TO-PLANE ELECTRODE SYSTEM 
WITH POLYMETHYLMETHACRYLATE AS THE INSU- 
LATING SOLID 

Fig. 3 shows a typical series of curves obtained by the method 
of Section 2. Thecurves are drawn for values of (V;,)9 of 1I50kV, 
100kV, 50kV and 10kV, the field being transformed by using 

Fig. 1, and the corresponding values of Vp are found to be 

75:1kV, 60:5kV, 38:7kV and 9:8kV as shown. For compari- 

son, the broken curve shows the field distribution calculated for 
constant conductivity with V) = 75-1kV. Similar curves are 

shown in Figs. 4 and 5. 

From a series of such plots it is possible to obtain general 


curves for polymethylmethacrylate at 16°C relating values of — 
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Transformed field Ey ,MV/cm 


10 
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Field E, MV/cm 


Fig. 1.—The function E; = (o/o0)E for polymethylmethacrylate. 


1-08 


1-10 


Fig. 2.—The parameter a for a hyperboloid of revolution in terms of 
R and xo. 
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Fig. 3.—Field distribution for point with R = 10-3cm and 
Xo = 10-2cm in polymethylmethacrylate at 16°C. 


For comparison, broken curve shows field calculated for constant conductivity. 
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Fig. 4.—Field distribution for point with R = 10-3cm and 
xq = 10-1cm in polymethylmethacrylate at 16°C. 


For comparison, broken curve shows field calculated for constant conductivity. 


the reduced voltage (V,)9 and the actual voltage Vj as shown in 
Fig. 6. It is easily seen by reference to eqns. (18) and (19) that 
all systems with the same values of (V,)o/xq and of R/xo are 
similar. Fig. 6 enables the correct value of (V,)9 to be chosen 
for any desired value of Vo. 

Fig. 7 gives general curves for the maximum field-strength; 
these are compared with values calculated for constant 
conductivity. 


(6) APPLICATION TO BREAKDOWN IN NON-UNIFORM 
FIELDS 
An interesting application of the field distribution calculated 
above is the determination of the average field-strength required 
for breakdown with a point-to-plane geometry. Two possi- 
bilities exist: (a) that breakdown occurs when the maximum 
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Fig. 5.—Field distribution for point with R = 10-4cm and 
xo = 10-2cm in polymethylmethacrylate at 16°C. 


For comparison, broken curve shows field calculated for constant conductivity. 
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Fig. 6.—General curves for transformed voltage, (V;)o, in terms of 
applied voltage Vo for point-to-plane electrodes in polymethyl- 
methacrylate at 16°C. 


stress reaches the intrinsic electric strength, and (6) that break- 
down occurs when the intrinsic electric strength is exceeded over 
a given distance. For case (a) the average breakdown fields for 
polymethylmethacrylate at 16°C can be found from Fig. 7, and 
some values are given in Table 2. Fig. 8 shows the distance x, 
over which the intrinsic electric strength is exceeded for point-to- 
plane electrodes in polymethylmethacrylate at 16°C, and the 
values of the average field-strength for breakdown found from 
it—assuming that the required minimum distance is 10~4cm—are 
given in Table 3. 

These results show that there exists a possibility of dis- 
tinguishing experimentally between cases (a) and (b) above in two 
ways. First, there is a difference in the magnitude of the average 
breakdown field-strength for the two cases. This difference may 
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Fig. 7.—Maximum field for point-to-plane electrodes in 
polymethylmethacrylate at 16°C. 


For comparison, broken curves show values for constant conductivity. 


Table 2 


AVERAGE FYIELD-STRENGTH REQUIRED FOR BREAKDOWN ON 
ASSUMPTION THAT MAXIMUM STRESS MUST EQUAL THE 
INTRINSIC ELECTRIC STRENGTH FOR POLYMETHYLMETHA- 
CRYLATE AT 16°C 


R 1000 x 10-4cm 


cm x 10-4 
1 

10 1 

100 4 


MV/cm 


0.12) 3 4) “5 556 Sem 
Vo MV/em: 
Xo 
Fig. 8.—The distance x; over which the intrinsic electric strength is 


exceeded for point-to-plane electrodes in polymethylmethacrylate 
at 16°C. 


NON-UNIFORM FIELDS AND ITS RELATION TO ELECTRICAL BREAKDOWN 


Table 3 


AVERAGE FIELD-STRENGTH REQUIRED FOR BREAKDOWN ON 
ASSUMPTION THAT THE INTRINSIC ELECTRIC STRENGTH 
MUST BE EXCEEDED OVER A DISTANCE OF 107~4CM FOR 
POLYMETHYLMETHACRYLATE AT 16°C 


100 x 10-4cm | 1000 x 10-4+cm 


MV/cm 


ps 
2 


1 
4: 


be of the order of a factor of 2 for a suitable geometry (e.g. 
R=10-4cm and x) = 100 x 10-4cm). A second and more 
sensitive method of distinguishing between the two cases is to 
make a series of tests with a constant value of R/xo. If break- 
down occurs with the same average field, then the critical point 
is when the maximum stress reaches the intrinsic electric strength; 
if breakdown occurs with a decreasing average field as the 
physical size of the system increases, then the critical point is 
when the intrinsic electric strength is exceeded over a given 
distance. For best results a small value of R/xp9 is required. 
With polymethylmethacrylate, Table 3 shows that it should be 
possible to obtain a change of a factor of 2 in the average break- 
down field-strength for a change of a factor of 10 in the size of 
the system when R/x) = 10-2. If such a decrease is in fact 
obtained it should be possible to estimate the minimum distance 
required. Such tests would better be made with the point as 
anode, to eliminate, so far as possible, the effect of field or ther- 
mionic emission from the cathode into the region of high stress. 

Field-emitted or thermionic electrons from a negative point 
may still further modify the field around the point and cause the 
maximum field to be lower than with a positive point (see 
O’Dwyer’). If this effect occurs the breakdown voltage for a 
negative point should be greater than that for a positive point, 
assuming that the same field conditions are required in each case; 
recent experiments by Mason> have shown that a polarity 
difference of this nature may exist for point-to-plane electrodes 
in polyethylene. Polarity effects may disappear at higher tem- 
peratures, since at the higher temperature the intrinsic electric 
strength decreases and the field in the solid necessary to initiate 
breakdown may be insufficient to cause appreciable emission 
from the cathode. Lewis+ has suggested this as a reason for the 
non-appearance of cathode effects in some types of electrical 
breakdown in liquids. 


(7) CONCLUSIONS 
Field distributions for non-uniform geometries calculated in 
the normal manner may be considerably in error when high field- 
strengths are applied to insulating solids. 
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SUMMARY 


The results obtained in previous papers are employed to develop the 
properties of the graphs of linear networks which may contain valves 
and transformers. A reduced graph is obtained which facilitates the 
setting up of the determinant of the network. This graph may be split 
into two separate graphs, termed the current and voltage graphs, such 
that there is a 1 : 1 correspondence between every algebraic operation 
on the H-matrix and every topological operation on the graphs. Thus 
every problem which can be solved with the one can be solved with the 
other. The derivative of a graph with respect to a network element 
corresponds to the derivative of an H-determinant with respect to a 
network element. With an extended definition of a tree on a network 
the set of trees on any network is shown to be equal to the nodal 
determinant of the network. _ Practical applications of the methods 
described are outlined. 


LIST OF SYMBOLS 
D = Ordinary determinant of network. 


Sixj.im = Fictitious element equal to transfer admittance 
ij.km* 
g = Mutual admittance of valve. 
h = Mutual admittance of element hj ,,,- 
h;, = Current-node admittance function for the 
node i. 
h’,= Voltage-node admittance function for the 
node j. 
h,; = Matrix or determinant element in row i and 
column j. 


= Node-pair admittance. 
hi; km = Element of mutual admittance A with current 
nodes i and k and voltage nodes j and m. 


(i; km) = H-matrix of element hj ;,,). 
H = Determinant of matrix (4). 
(H) = H-matrix of network. 


H,, ij = Cofactor of determinant element /;;. 
i; = Current flowing from an external source into 
node i. 
i, = Current flowing from node k to node i through 
the branch ik. 
iz km = Component of current i, due to voltage vj,,,. 
(i + k,jt+ "m) = = Addition operator. 
ky. = Current-branch admittance function for the 


branch ik. 
kjm = Voltage-branch admittance function for the 
branch jm. 
Ki; ~m = Branch-pair admittance. 


m = Mutual admittance of transformer. 
t = Tree on network. 
T = Set of trees on network. 
v; = Potential of node j. 
Vim = Voltage between nodes 7 and m, with m 
positive. 


Y, = Transfer admittance of network. 


ij.km 
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(1) INTRODUCTION 


An electrical network is an assembly of suitably connected 
electrical components such as resistors, inductors, capacitors, 
valves and transformers. The physical network can be repre- 
sented by a circuit diagram in which each component is denoted 
by a symbol which is generally a simplified picture of one form 
of the component itself. The circuit diagram enables the con- 
nections of the network to be seen at a glance, while a closer 
examination reveals the functions of the various parts. 


For mathematical purposes the semi-pictorial representation of 


the network must be replaced by a mathematical representation. 
This may consist of a diagram, known in topology as a graph, 
in which the only significant features are the branches, nodes and 
meshes. Alternatively the representation may be algebraic, e.g. 
a set of equations, a matrix or a determinant. 


It is well known that a linear network comprising 2-terminal — 


elements only can be represented by a graph. With the aid of 
mathematical trees it is possible to evaluate network admittances 
directly from the graph. As shown in Reference 1, the quickest 
way of obtaining the set of trees is to expand the graph as the 
sum of a number of simpler graphs from which the set of trees 
can be written down by inspection. 

The fact that the graph of a network can be expanded as the 
sum of a set of simpler graphs is an illustration of the fact that a 
graph is a mathematical entity, not only in the static sense that it 
is a representation, but also in the dynamic sense that, like an 
algebraic expression, it can be operated upon and expanded as a 
series of terms. 

Since an electrical network can be represented either by its 
graph or by its determinant it must be possible to construct 
either one of these from the other. Indeed the quickest way of 
setting up the determinant of a network comprising 2-terminal 
elements only is to construct the graph first, and then to apply the 
well-known rule for forming the elements of the determinant 
from the graph. 

In Reference 2 it was shown that 3- or 4-terminal elements can 
be represented as graphs in terms of an element hj ;,,, which 
comprises four nodes and two directed branches. Such elements 
include transformers, valves and transistors. Hence it is possible 
to represent any linear network by a graph. 

In Reference 2 the graph of a network was utilized solely for 
the purpose of setting up matrices and determinants. In the 
ordinary nodal D-determinant the row and column corresponding 
to the ground node of the network are omitted. If these are 
included, an enlarged determinant is obtained in which every 
node in the graph is represented by a row and a column. This 
determinant was termed an H-determinant. The corresponding 
H-matrix has the property that the sum of the H-matrices of the 
elements of the network is equal to the H-matrix of the network 
as a whole. 

To obtain the determinant of a network no equations are 
required. The procedure is first to set up the graph of the net- 
work including a fictitious element f representing the negative of 
the network admittance it is desired to evaluated. The H-matrix 
may then be obtained either by adding the AH-matrices of the 
network elements, or by obtaining the matrix elements one at a 
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time with the aid of a rule given in Reference 2, which is an 
extension of the well-known rule for networks containing passive 
elements only. The D-determinant is then obtained by deleting 
one row and one column which may be those containing the 
| greatest number of network elements. The required network 
| ‘admittance is obtained by equating the D-determinant to zero. 

The purpose of the paper is to lay down the basis for a theory 
of graphs of networks containing 3- or 4-terminal elements, such 
as valves and transformers. This theory is much more extensive 
than that relating to networks with 2-terminal elements only, 
and it appears that there are many practical applications. Within 
the limits of a single paper it has therefore seemed best to deal 
with the fundamental aspects only, in order that a clear general 
picture can be obtained. 

The development of the theory is considerably facilitated by the 
‘correspondence between the graph of the network and _ its 
H-matrix and H-determinant. By simplifying the type of graph 
employed in Reference 2, and then splitting it into two separate 
graphs, termed the “‘current”’ and “‘voltage” graphs, it is possible 
to maintain a 1 : 1 correspondence between every operation on 
the H-matrix and every operation on the graphs. Thus it is 
possible to take the derivative of a graph with respect to a net- 
work element in the same way as it is possible to take the corre- 
sponding derivative of an H-determinant. 

In complicated networks the labour of evaluating the D-deter- 
minant may be very considerable. It may be reduced, however, 
by expanding the graph of the network into the sum of simpler 
graphs and adding the simpler determinants so obtained. 

The theorem that the D-determinant of a network containing 
2-terminal elements only is equal to the set of trees on the network 
is extended to include networks with 3- or 4-terminal elements. 
By including a fictitious element to represent the negative of the 
required network admittance its value can be obtained merely 
by equating the set of trees to zero. No 2-trees or linkages, as 
employed in Reference 1, are required. 


(2) THE H-MATRIX AND H-DETERMINANT 


For reference purposes it will be necessary to reproduce some 
of the diagrams and equations of Reference 2. Fig. 1 shows the 
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Fig. 1.—Graphs of the network elements. 
(a) hij.km 
(b) Paa.bb 


(c) g0c.4G 

(d) £41@1.42G2 

(e) (mac.ba) + (mca.ba) 
Ki-im = Yij-km 


graphs of the various network elements. Fig. 1(@) shows the 
fundamental element h;;,,,, which is such that a voltage v,,, 
between the nodes j and m, with m positive, produces a current 
i, from k to i given by 


hij tem jm a liz ehawiet at ea ey te (1) 
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Fig. 1(6) shows an ordinary 2-terminal element obtained from 
hi; xm by identifying i andj and also m and k. Fig. 1(c) shows 
a valve, and Fig. 1(d) shows a pair of identical valves in push-pull. 
Fig. 1(e) shows a symmetrical 2-way mutual admittance, which 
may be that of a transformer. /;; i, Shown in Fig. 1(f), is a 
fictitious element equal to a transfer admittance which it is 
desired to evaluate. 

In the case of valves, passive elements such as the input and 
output admittances are assumed to be included in the external 
network. A transformer with primary inductance L,, secondary 
inductance L, and mutual inductance M is replaced by a mutual 
admittance m with a shunt admittance p, across the primary 
winding and a shunt admittance q, across the secondary winding, 
where 


1/p, =jwL,0 — k); 1/q, =jwL, — k?); 1fm = jwM(k2 — 1) 
(2) 


where w is 27 times the frequency and k = M/,/(L,L,) is the 
coupling coefficient. As in the case of valves p, and q, are 
assumed to be included in the external network. 

Eqn. (3) gives the H-matrix of the element h,;,,, from which 
the matrices of all other elements can be deduced: 


J m 
Cis tes) = 1 hi haar eee) 
k —h h 


Fig. 2(a) is the conventional representation of a network fed 
with a current i and from which it is required to obtain the 


myf|p q\myf 


ie 
@ 
() 


Fig. 2.—Triode network. 


gtm, 


output voltage v. The network has been constructed to include 
a valve of mutual conductance g, a transformer of mutual admit- 
tance m and three self-admittances p, g and r. The required 
transfer admittance is Yoo.g4 = i/v. 

Fig. 2(b) shows the graph of this network in which the values 
of m, and my are both m, and fecc4 = Yec.ga- The current 
branch f, with the double arrow, carries the current i which is 
maintained indefinitely by the output voltage v across the voltage 
branch f, with the single arrow. The effect of this feedback 
element fGc.c4 is to produce a network in dynamic equilibrium. 
For such a network the determinant D = 0, from which f¢c.c4; 
and hence Yoo G4, can be calculated. 

The H-matrix of Fig. 2() is 


@ G A 
Cpa ont e—f —p—-m—s —q-—m +f 
(H)=G -—p—mif ptr —r+m—f\ @) 
A oe Sie a UB Gann 


Die 


in which each network element appears in the matrix element 
h;; in accordance with eqn. (3). Each matrix element can be 
determined separately by the rule that h,; is equal to the sum of 
all the network elements whose current branches terminate 
on node i and the voltage branches on node /, the sign being 
positive if the arrows on both branches point either towards or 
away from the nodes i and j, and negative otherwise. 

The ordinary nodal D-determinant of a network is equal to 
any first cofactor of the determinant H of the H-matrix, and for 
Fig. 2 it is therefore given by 


WPhco = Hoc = D=PG+pr+aqr+rwy 


+ 2rm — mg — m? + f(m +g —1) (5) 
which, since the network is in equilibrium, is zero. Hence 
pa +pr+qr+rg + 2rm — mg — m2 

Yoc.e4 =foc.ca = 7 ee (6) 


(3) THE GRAPHS OF A NETWORK 


In the graph of Fig. 2(5) each network element is shown 
separately. In this Section it will be shown how such a graph 
can be reduced to a simpler and more useful form, while other 
types of graph can be obtained each of which is necessary to the 
general theory and has its particular applications. 


(3.1) The Reduced Graph 


In Fig. 2(6) it will be seen that both g and m, are of the form 
hec.ac: While —f and my, are of the form hcc g4. Such elements 
are in parallel, and from the point of view of the graph, they 
constitute a single element. We shall therefore introduce a new 
symbol k to denote the sum of elements which have both their 
current and voltage branches and parallel. Thus we have 
ki em i x hij. em (7) 

which gives kcg 4g =& + m andkecg4 = —f +m. 

Fig. 2(c) is the graph of the network in terms of the k’s, which 
will be termed branch-pair admittances. Thus kcec 4g is the 
admittance of the branch pair comprising the current branch CA 
and the voltage branch CG. 

The graph of Fig. 2(c) can be further simplified by replacing 
each set of parallel branches by a single branch as in Fig. 3, 

' which will be termed the reduced graph of the network. 


G (rn A 
Pe ake wba +m, +g,q + m+ f) 
/ 
C 


Fig. 3.—The reduced graph. 


The first step in the reduction is to cause all arrows on parallel 
branches to point in the same direction, the signs of the branches 
being changed where necessary. In the example given no change 
is required, since the sign of f has already been changed in the 
process of replacing network elements by branch-pair admit- 
tances. Each branch in the reduced graph is then denoted by a 
pair of terms enclosed: in a bracket, the first term being the sum 
of the current branches and the second the sum of the voltage 
branches. If the direction of the arrow on the branch is reversed, 
all the signs in the brackets must be reversed. 

In order to maintain the 1:1 correspondence between the 
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graph and the H-matrix it is convenient to impose a further 
condition, namely that the arrows on the branches always point 
from a higher node to a lower node, a node being higher if it 


corresponds to a row or column occurring later in the H-matrix. - 


It will be appreciated that the reduced graph is not only simpler 
than the previous forms but renders it easier to apply the rule 
given in the previous Section for obtaining the H-matrix from 


the graph. As will be shown it is also of greater sportaae in 


the theory of graphs. 


(3.2) The Current and Voltage Graphs 


Each branch on the reduced graph can be considered as being 
composed of two branches—a composite current branch and a 
composite voltage branch. Hence the reduced graph can be 
replaced by two graphs, a current graph as in Fig. 4(a) composed 
of current branches only, and a voltage graph composed of voltage 
branches only. 


G I A G r A 
CGaRALaGE We 
kég=ptm—f at+m,+g p+gt+m, q+m2+f=k¢ 
Cc 
(a) @) 


Fig. 4.—Current and voltage graphs. 


The total current in each composite current branch is the sum 
of the currents in the component current branches. Hence if 
each branch of the current graph is labelled with the total current 
taken by the branch, the graph completely describes the properties 


of the network so far as currents are concerned. The only con-' 
dition which must be imposed on the current graph considered 


alone is that Kirchhoff’s law for currents must be obeyed. 

If each node of the voltage graph is labelled with its voltage, 
this graph completely describes the properties of the network so 
far as voltages are concerned. The only condition which must be 
imposed on the voltage graph considered alone is that Kirchhoff’s 
law for voltages must be obeyed. 

The current and voltage networks are linked by the admittances 
of the elements. Thus the element m , is associated with the 
current branch CG and the voltage branch CA. Hence the 


% 


current flowing from G to C due to this element is m times the _ 


voltage of A relative to that of C. 

The nodes on the reduced graph correspond both to the rows 
and columns of the H-matrix. But the nodes on the current 
graph correspond to the rows, and the nodes on the voltage 
graph correspond to the columns, of the H-matrix. Hence, as 
will appear later, the correspondence between the current and 


voltage graphs and the H-matrix extends even to operations on | 


the determinant of the H-matrix in which the rows are different 
from the columns. This is a very important advantage, since an 
essential feature of the theory of graphs is its correspondence 
with the theory of H-matrices and determinants. 


(3.3) The Nodal Graphs 


The rule for obtaining the matrix elements from the graph of 
the network depends on associating each element with a pair of 
nodes. This association may be made most directly from the 
nodal graphs of the network. 

Fig. 5 shows what will be termed the reduced nodal graph in 
which each node is labelled with the sum of the expressions for 


the branches terminating on the node, the sign being positive if _ 


the arrow on the branch points towards the node and negative if 
it points away. 


It will be observed that all information relating — 
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Fig. 5.—Reduced nodal graph. 


to the network is retained without the necessity for putting 
arrows on the branches. In fact there is no need to show the 
‘branches at all. 

The current and voltage nodal graphs are shown in Fig. 6. 
Since no arrows appear it is necessary to label the current graph i 
and the voltage graph v. 


Diem, -- ft Gi rm \g — 5 p 
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Cc (E 
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Fig. 6.—Current and voltage nodal graphs. 


The matrix element h;; is obtained from the nodal graphs 
merely by taking the elements common to the current node i and 
the voltage node j and affixing a positive sign if the sign of the 
element is the same for both nodes and a negative sign otherwise. 
This may be checked by obtaining eqn. (4) from Fig. 5 or 6. 

The element h,; will also be termed the node-pair admittance 
since, as will be ‘shown in the next Section, it bears the same 
relation to the nodal graphs as the branch-pair admittance bears 
to the branch graphs. 


(4) THE ALGEBRA OF THE GRAPHS 


The algebra of the graphs deals with the relations between 
the various admittances and admittance functions appearing in 
‘the graphs and with the relations between the graphs and the 
H-matrix. It also deals with the correspondences between 
operations on the graphs and on the H-matrix, but the treatment 
of this aspect will be postponed to later Sections. 


(4.1) Branch Admittances 
In Fig. 4 the component of current flowing from G to C due 


to the voltage vc, is 
icc.ca = (m —fc4 =Kecccavca + + + @&) 
while the total current flowing through the branch from G to 
Cus 
icg = DL Acj.Gm%im 
jm 
= (m — fe4 + PcG 
=keccdvca + kec.ectce © + + + & 
so that keo.g4 = dicg/d¥c, and, in general, 


= hi. Kein a = dig jm (10) 


Kittin = 
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in which it is necessary to interpret the partial derivative as 
implying that all voltages other than »,,, are ineffective in pro- 
ducing currents. The interpretation Hihat all voltages other 
than Vim are Zero is not possible, as voltages round a mesh are 
not independent. 

The expression which has been used as a label for a current 
branch in the current graph will be termed the current-branch 
admittance function and written kj for the current branch ik 
with the arrow pointing towards i. Thus kég =p + m, —/f. 
The expression which has been used as a label for a voltage 
branch in the voltage graph will be termed the voltage-branch 
admittance function and written k;,, for the voltage branch jm 
with the arrow pointing towards /. "Thus koa =Qt+im4+f. 

The expression in the brackets used in the single reduced 
graph as a label for a branch can therefore be written 
(ki, ki). Thus the branch CG in Fig. 3 would appear as 
(kéq keg) = (p+m—fp+g+m). 
is the sum of the elements common to kj, and k; 


ij. km im 
the sign being positive for an element which has the same sign 


in kj, and k;,,, and negative for an element which has the opposite 
sign. This. relationship can be expressed in the form 
Kiz.em = Ki» Kim (11) 


in which the dot indicates a type of multiplication in which 
A.A=A and A.B=0, the signs being combined by the 


ordinary rule for multiplication. Thus in Fig. 4 
Kec.ca = keg: keg = (Pp +m —f).q+m+f) =m —f 
(12) 
We also have 
kin .y, ~ 2 ky. km? Kinn a) ky km (13) 


bearing in mind that a reversal of any pair of letters denoting a 
branch reverses the sign. 


(4.2) Node Admittances 


The expression which has been used as a label for a node in 
the current nodal graph will be termed the current-node admittance 
function and written hy for the node i. Thus hg = — p — mz 
+ f-+4r. The expression which has been used as a label for 
a node in the voltage nodal graph will be termed the voltage-node 
admittance function and written fh, for the node j. Thus 
Wea me 0) =~ Ih ee 

The expression in the brackets used in the single nodal graph 
as a label for a node can therefore be written (h/, hj). Thus the 
node G in Fig. 5 is 


(hg, he) = (—Pp — m4 


fr, 


From the way in which the nodal admittance functions were 
derived in Section 3.3, we have 


h;’ a 2 Kis hi = va aK jm 


again remembering that a reversal of any pair of letters denoting 
a branch reverses the sign. 

The rule given in Section 3.3 for forming the matrix element, 
or node-pair admittance, h;;, leads to the equation 


Daeg) 


(14) 


ij? 


hy = hy Kt (15) 


in which the dot has exactly the same significance as in eqn. (11) 
for the branch-pair admittance. Thus 


hoa =(—P —2. +ft+n.(—q-—m—-f-—n=m-—f-r 


(16) 


in accordance with eqn. (4). 
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(4.3) Derivation of the H-Matrix 


In Reference 2 it was shown that the nodal equation for the ith 
node of a network can be written in the form 


2, >> his em — igi — Piraay + Men pe ti 
J »m 


(17) 


where i; is the current flowing from an external source into 
node i. For a network in equilibrium 7; = 0. 
It is now possible to write this equation in the simpler form 


DD iy don? = (18) 
j k,m 
The quantity h;; is defined by the equation 
hy = p> Ky km (19) 
k,m 


The complete set of equations, one for each node, can then 


be written 
Dy hye; = i; (20) 
J 


which represents an equation for each value of the suffix 7. As 
before, the right-hand side of all these equations is zero for a 
network in equilibrium. 

From eqn. (20) it follows that 


hy = 0i;/0; (21) 


in which the voltages of all the nodes except the jth are held 
constant. 

By comparing eqns. (11) and (15) it will be seen that the relation 
between branch-pair admittances and the branch admittance 
functions is similar to the relation between node-pair admittances 
and node admittance functions. By comparing eqns. (10) and 
(21) it will be seen that the relation between branch-pair admit- 
tances and the branch currents and voltages is similar to the 
relation between node-pair admittance and the nodal currents 
and voltages. 

The rule given in Section 2 for deriving the matrix elements 
from the network elements is equivalent to the first part of 
eqn. (10) together with eqns. (13), 4) and (15). By employing 
the branch-pair admittance graph of Fig. 2(c), eqn. (10) is no 
longer required, and by employing the reduced graph of Fig. 3, 
eqn. (13) need not be used, while by utilizing the reduced nodal 
graph of Fig. 5 only eqn. (13) is necessary. 

In practical work with the graphs and H-matrices it has been 
found most convenient to set up the A-matrix from either the 
reduced branch graph or the current- and voltage-branch graphs. 


(5) CORRESPONDING OPERATIONS ON H-DETERMINANTS 
AND GRAPHS 


(5.1) The Operator dH/dhi.nm 


It was shown in Reference 2 that the derivative of an H-deter- 
minant with respect to the network element /;; ;,, is given by 


dH Ohiy. am = G+ ky j + mA (22) 


where (i + k, j + m) is an addition operator which deletes row k, 
replaces row i by the sum of the rows i and k, performs the 
corresponding operations on the columns j and m and affixes 
the sign (—1)k+™. A derivative may be taken with respect to 
an element which does not appear in H, since it is only necessary 
to state that such a derivative is given by the corresponding 
addition operation. 

By comparing the H-determinant with its graphs it can be 
seen that the operation of adding rows in the A-determinant 
corresponds to short-circuiting the corresponding nodes in the 
current graph, while the operation of adding columns corresponds 
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$e 


\ 


to the operation of short-circuiting the corresponding nodes in | | 
the voltage graph. Affixing the sign (—1)*+™ to the H-deter- 
minant corresponds to affixing the sign (—1)* to the current 
graph and the sign (—1)” to the voltage graph. i 

An operation on a graph corresponds to an operation on the 
H-determinant if the resulting determinant is the H-determinant 
of the resulting graph. It was shown in Reference 2 that the 
derivative of an H-determinant with respect to a network element 
is also an H-determinant. If the sign of the H-determinant of a 
pair of current and voltage graphs is defined as the product o1 
the signs of the graphs it can easily be proved that the 
H-determinant of the graph formed in the manner described 
above is the derivative of the H-determinant of the original graph. 

If H in eqn. (22) represents the current and voltage graphs 
and i + k denotes the operation of short-circuiting the nodes 7 
and k in the current graph and affixing the sign (—1)*, and 
j +m denotes the operation of short-circuiting the nodes j and © 
m in the voltage graph and affixing the sign (—1)”, it follows 
that the resulting graphs are the derivatives of the original 
graphs with respect to the network element Aj; ;.,,. 

The derivative of the H-determinant of the network of Fig. 2 
with respect to the element g is given by 


C+¢G A 
C+A —r+m—f r—m+f 
ar | | = 
(23) 


The corresponding current and voltage graphs are derived 
from Fig. 4 and consist of single branches as shown in Fig. 7, 


G A 
{ 
“\crt+m),f r+m,+f 
Ct+A C+G 
Fig. 7.—0H/dg = Derivative of the graphs of Fig. 4 with respect to 
&CC.AG: 


a negative sign being affixed to the current graph and a 
positive sign to the voltage graph. The elements g and m,, 
which are in parallel in both graphs, are short-circuited. The 
branch of the element g and the voltage branch of the element p 
are also short-circuited. Hence these elements must be deleted. 
This is in accordance with the rule, given in Reference 2, that, 
in taking the derivative with respect to a given network element, 
all elements which are in either current or voltage parallel with 
it are eliminated. 

The nodes formed by short-circuiting two nodes are denoted 
by the sum of the letters denoting these nodes, the order being 
the same as in the operator. 

It is possible to continue to take derivatives of an H-determinant 
with respect to successive network elements until only a single 
row and a single column remain with a single determinant element 
of zero. This can be illustrated from eqn. (23) by taking a 
further derivative with respect to r, the operator being 
(G+C+4A,C+G+ 4A). The corresponding operations on 
the current and voltage graphs leave only a single node in each 
graph, the determinant being that described above. 

In taking the derivative with respect to an ordinary element 
Naq.pp the nodes to be short-circuited are the same in the current 
and voltage graphs. The operation can therefore be applied to 
a single reduced graph such as that of Fig. 3. The mathematical 
operation of taking a derivative then corresponds to the electrical 
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operation of short-circuiting two nodes on the network. It is 
also equivalent to making the admittance of the element h,, 5» 
infinite. 

It can easily be shown that the mathematical operation of 
taking the derivative with respect to any element h ij.km IS equiva- 
lent to making the mutual admittance of this element infinite. 
Thus eqn. (23) and Fig. 7 represent the result of making the slope 
g of the valve infinite. The D-determinant of the H-determinant 
of eqn. (23) is any first cofactor of H and is therefore, on taking 
the sign into account, r—m+/f. This is the coefficient of ¢ 
in eqn. (5), as it should be, But it is also the D-determinant 
when g is infinite. It follows that as g is increased indefinitely 
the transfer admittance approaches the value Yoog4 =m—r. 


(5.2) The Operator hj; 2md/dhij.em 


The operator hj; jm0/H;; xm adds all the network elements in 
row k, except hi; km, to row i, and all the network elements in 
column m, except hi; km: to column j. The number of rows and 
columns is unchanged and no question of sign arises. The 
D-determinant of the resulting H-determinant gives the set of 
terms containing h,;,,, in the D-determinant of the original 
network. 

From eqn. (4) we have 


C G A 
See fre ie NTS | 
(Scc.sol8ccsgH =G r—m+f Oe Sr pm 
A —g g 0 i 


(24) 

The D-determinant is g(r — m +f), which is the set of terms 
containing g in eqn. (5). 

The operation jj j,0/0Mj; 4m On the current and voltage 
graphs is a transfer operation, which leaves h;;,,,, unchanged, 
but transfers to node i the ends of all other current branches 
which are normally connected to node k, and transfers to node j 
the ends of all voltage branches which are normally connected 
to node m. 


G A G A 


a) a6 Up gz Z r+m,tf 


Fig. 8.—Result of operation gcc_4Gg0/)gcc.AGc on. the graphs of Fig. 4. 


Fig. 8 shows the effect of the operation gcc _4g0/d’cc.4g ON 
the graphs of Fig. 4. 


(5.3) The Operator (1 + hij.nmd/dhij.rm) 

H can be expanded in terms of the network element h;;;,, by 

the equation 
ef =| Hy a iz. em] hij. md 

where Hy = Hh 4m = 9). 

But as it is possible to take the derivative with respect to an 
element which is not actually present in Hp, a more convenient 
form is ; 


(25) 


in which the superfluous suffix of 4 is omitted. 
- By taking first cofactors we obtain the expansion of D in 
terms of h;; ¢m as follows: 


D = Do + (Ai kmd/0h)D 
where Dy = D(hij. xm = 9)- 


(26) 


(27) 
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Corresponding to these expansions of the determinants. we 
have the expansions of the current and voltage graphs. Fig. 9 
shows the expansion of the graphs of Fig. 4 in terms of g. 


G r A G r A G 
+ 
m 


A 
A 
if 


C Cc 
G r A G r A G 
+ 
f f 


. 
Cc 

rok fon ~ ptm q*m,* \ fw 
F Le Cc 


Cc 
Fig. 9.—H = Ho + gcc.4GH[dgcc.4G: 


It is possible to continue the expansion in terms of other 
elements. The resulting expansion of the current and voltage 
graphs corresponds to the network equations described in 
Reference 1, but generalized to include all elements of the 
form hy km: 
(6) EQUIVALENCE OF THE D-DETERMINANT TO THE SET 

OF TREES ON A NETWORK 

It is known that the nodal D-determinant of a network, all the 
elements of which are of the form /;; ;;, is equal to the set of 
trees on the graph of the network. It will now be shown that, 
with an appropriate definition of a tree, the theorem can be 
extended to networks containing elements of the general 
form hi km: 

(6.1) Trees on the Current and Voltage Graphs 

On a graph, all the elements of which are of the form /;; ;;, a 
tree is defined as a set of branches which connect all the nodes 
but enclose no meshes. It is easily shown that on such a graph 
any tree can be formed by a succession of transfer operations 
of the form h;; ;,0/0h. Moreover, on the current and voltage 
graphs of any network the more general operations hi; mo] dh, 
if continued until no meshes or parallel branches remain, give 
rise to a pair of trees, one on the current graph and the other on 
the voltage graph. 

Thus the graphs of Fig. 8 represent the first step in the forma- 
tion of a pair of trees. A second and final step consists in the 


G g A G A 


C 
Fig. 10.—The tree rg. 


operation rgc¢.c4d/dr, which gives the pair of trees shown in 
Fig. 10. The A-determinant of the pair of trees is given by 


E Gaur 

(Oo tg 0 r 
(rec. calor 8cc.ago gt =1G or +g ap hl ae Seed fh o (28) 

A -g g 0O 
It has already been shown that the operation Aj; ;,,.0/dh gives 
an H-determinant, the D-determinant of which is the set of 


terms in the D-determinant of the original network which 
contains /j; 4, Hence a succession of operations of this type 


276 


continued until no further elements remain must give a single 
term in D. Thus the D-determinant of eqn. (28) gives the single 
term rg of eqn. (5). 

We define a tree on the graphs of a network as a set of network 
elements such that the current branches form a tree on the current 
graph, and the voltage branches form a tree on the voltage graph. 
Thus the set of elements r and g form a tree on the graphs of 
Fig. 4. Another tree is formed by the elements f and m,. 
Indeed, as will be proved later, every term in D of eqn. (5) 
corresponds to a tree on the graphs of Fig. 4. 

In the case of a network composed entirely of elements of the 
form h;; ;; the current and voltage graphs are identical, and the 
definition of a tree given above reduces to the standard definition. 
In the more general case the graphs are not identical and neither 
are the trees on the graphs. Thus if a tree includes the element 
hi; 4m the tree on the current graph will include the branch ik, 
while the corresponding branch on the tree on the voltage graph 
will be jm. 

For a network composed entirely of elements of the form 
h;; ;, the value ¢ of a tree on the graph of the network is defined 
as the product ofitselements. This is equal to the D-determinant 
of the tree, which in turn is equal to one of the terms in the 
D-determinant of the network. The set T of trees on the network 
is then defined as the sum) of the individual trees, from which 
follows the theorem that the set of trees on a network is equal to 
the nodal D-determinant of the network, 


ie. T=Df=D 


It is required to extend this theorem to the general case of a 
network composed of elements of the type 4j;,,,. We com- 
mence by defining the value rf of a tree, not directly in terms of 
the graphs, but as the D-determinant of the graphs of the tree. 

At this point it is necessary to draw attention to the fact that 
the tree rg of Fig. 10 is not identical with the tree rg on the graphs 
of Fig. 4. Nevertheless it can be shown that the value of the 
D-determinant of the tree of Fig. 10 is the same as the value of 
the D-determinant of the tree rg on the graphs of Fig. 4. Hence 
the values of the trees are the same. The tree rg of Fig. 4 can 
be isolated by the operation rg(C +-A, C + G)(A + G, G + A), 
the first operation being (A + G, G + A), which can be shown to 
be equivalent to the operation of eqn. (28). It can be shown that 
operations always exist whereby a tree can be isolated in its 
original form, but that, in general, other operations exist where- 
by a tree can be formed having the same value but with its 
branches connected between different nodes. 

It thus follows that D is the sum of terms each of which is 
given by a succession of operations of the type h;;,,,0/dh, and 
that each tree is also given by a succession of operations of this 
type. Hence the value of each tree is equal to one of the terms 
in D, and D itself is equal to the set of trees JT. Hence eqn. (29) 
is true in the general case. 

It remains to define the value of a tree in terms of. the graphs 
of the network, so that it is unnecessary to refer to determinants 
in order to ascertain the value of the set of trees, and then to give 
a rule whereby T can be obtained without enumerating the 
individual trees. 


(29) 


(6.2) The Value of a Tree 


For a network composed entirely of elements of the form 
h;; ; the determinant of a tree is simply the product of the 
elements of the tree. In the general case the determinant is 
equal to the product of the elements, but with a sign which must 
be determined. If the determinant is expanded by means of 
addition operators it may be shown that the process is equivalent 
to the following definition for the value of the equivalent tree: 
Multiply the branches in each graph together and, provisionally, 
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give the tree a positive sign if the signs of the products are | 
same, and a negative sign otherwise. In each graph, 

each branch with a node. If the arrow on the branch points 
away from the node write down a negative sign. If the total 
number of negative signs is odd change the sign of the tree: 
otherwise make no change. Finally, assign a convenient a 
to the nodes and write down the branches of the tree on each” 
graph in the order of the associated nodes, including, for each 
graph, a dummy branch to correspond with the node which, it 
will be found, is not included. If the relative inversions of the — 
branches are odd, change the sign of the tree; otherwise make — 
no change. 


Thus for the tree rg of Fig. 4 we write r(G), 2(C), d(A) for the © 
current graph and r(G), g(C), d(A) for the voltage graph, where d 
is the dummy branch. The value of the tree is therefore rg. 
For the tree 1,m we write m,(C), —m,(G), d(A) for the current 
graph and m,(C), —d(G)— m,(A), for the voltage graph. The 
value of the tree is therefore —myn, = — m*, corresponding to — 
the term in eqn. (5). 

It will be appreciated that, owing to the need for ascertaining 
the sign, the process of enumerating the individual trees is an ~ 
even more tedious process than for a passive network. 


(6.3) Evaluation of a Set of Trees 
In Reference 1 it was shown that, with the aid of network 
equations, the set of trees on a network could be evaluated more 
rapidly than by the enumeration of the individual trees. This — 
is also the case for networks containing elements of the more — 
general type h;;,,,- However, the expansion should always be 
in terms of ordinary elements. 


(8+ m2—f,p+¢+m)) \ f @tm+eqaim-+f 


(rr) 


(@ +m —f 


qim+zept+etmt@+aetf 


Fig. 11.—Expansion of the graphs of Fig. 3. 


Thus Fig. 11 shows the expansion of the graph of Fig. 3 m 
terms of the ordinary element r, which gives a pair of trees in 
which, however, the branches are composite. Since the corre- 
sponding current and voltage graphs are identical there is no need 
to show the arrows or to label the nodes, the sign of a term 
being determined merely by the signs of the branches and the 
number of relative inversions. Formally we write 


—f)(q +m +g).(p+g+m)(qg +m, + 
—f+q+m,+8).rp+gtm+tq+m+f) 
(30) 
in which the dot indicates a form of multiplication in which, if 
A and B are the two factors to be multiplied, A.B = 0 and 
A.A = + 1, the sign being positive if the relative inversions of — 
the individual factors are even, and negative if they are odd. — 
Thus we have for one of the terms im the first dot product 
m2g . gm, = — mg, and for the complete expression 


T= D=rp + 2rm — rf + 1q + pq — m* — mg +mf+2sf +e 
GB) 


T=(p+m), 
tr(p +m, 
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which is the same as in eqn. (5). It will be noted that the suffices 
of m must be retained in eqn. (30) but are not required in eqn. (31). 


(6.4) An Example 


The following example is of some intrinsic interest, and shows 
how the tree method can be used to advantage. 
_ Wheeler? has introduced the concept of an ideal transformer- 
‘repeater which has the following properties: 
[2 has two pairs of terminals which will be referred to as 


and B. 
_ ©) If A (or B) is on open-circuit the admittance of B (or A) 


is zero. 

_ (©) If A (or B) is on closed circuit the impedance of B (or A) 

is zero. 

(d) The current multiplication from A to B is a and that from 

B to A is 1/a, where a may be complex. 

(e) The voltage multiplication from A to B is 6 and that from 

B to A is 1/6, where b may be complex. 

It follows that on open- or closed-circuit no power is taken by 
the device from a source at either A or B, that the impedance 
transformation from A to B is b/a and that from B to A is a/b, 
and that the power gain from A to B is ab and that from B to A 
is 1/ab. 

It will be shown that this concept can be realized as a limiting 
case, with appropriate limitations on the upper frequency, by 
means of the network shown in Fig. 12(a), in which p and q 


,.qtgot f) 
Cc Urge) 


(a) (6) 


Fig. 12.—Ideal generalized transformer-repeater. 


are external admittances, r and s are small admittances, u is a 
coupling admittance and g, and g, are large mutual admittances. 
The valves shown may each be replaced by several valves in 
tandem whereby the values of g, and g, may be made complex 
and as large as required. 

The reduced graph is shown in Fig. 12(4), in which fo-¢.¢g" 
is the transfer admittance from A to B. This can be expanded 
in terms of r and s and solved as in the previous example. How- 
ever, the graph can be considerably simplified by taking advantage 
of the fact that g, and g, are very large. 

It follows that all the terms in the determinant can be neglected 
with the exception of those containing g, or g>. Hence in the 
graph the only trees which need to be considered are those con- 
taining g, org. But the only current branch containing g, or gz 
is uw + g; +g, in which u can be neglected, which leaves g, + gp. 
It follows that the element uw does not appear in the determinant, 
and hence the voltage branch u can be deleted. 

We now expand the network in terms of g; and g, as explained 
in Section 5.3. The end A of the current branch r must be 
transferred to C so that the current branch r becomes in parallel 
with the current branch p — f, but with its sign reversed owing to 
the opposite direction of the arrows. Similarly the current 
branch s appears in parallel with the current branch q with the 
same sign. If the voltage part of the graph is expanded in terms 
of p +-g;, the branch r takes the place of the voltage branch wu with 
the same sign. The voltage branchg + g, + fwill be unchanged. 
The voltage branch s can also be left unchanged. 

We have now obtained a current tree and a voltage graph. In 
order to make these identical it will be convenient to expand the 
latter in terms of the branchg +g,+//. This is quite a permis- 
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sible operation although its only effect is to transfer the end G” 
of the voltage branch s to C, when the branch becomes in parallel 
with r but of opposite sign. This gives the single tree of Fig. 13. 


(iF go, r —'s) 


(p—f—r,pt+e) (a +s,q + 22+ f) 


Fig. 13.—Graph of Fig. 12(6) when gy and gz are large. 
The value of this tree is 


T=D=(p —f—n (gy, + 22)(@ +5). 
Oe eG 5s) (Qu e> fl) 


= pgs + req + feis (32) 
By putting D = 0 and p = 0 we obtain the transfer admittance 
der erccagtia: 1 is (33) 

and by symmetry 
Yoc.g’e = — pslr (34) 


It is easily seen that by deleting f and replacing p by — f’ we 
obtain the input admittance at A 


Yoc.ee = 81 /s¢2 (35) 

which is infinite when 1/g = 0 and zero when g = 0. 
From eqn. (33) the current gain is a = — s/r, while from 
eqns. (33) and (35) the voltage gain is b = — g,/g>. The con- 


ditions for the ideal transformer-repeater are therefore satisfied. 


(7) PRACTICAL APPLICATIONS 


In dealing with the graphs of networks it has been necessary 
to lay the main stress on the theoretical relations between the 
various aspects. A brief summary will now be given of the 
practical applications of the results obtained in this and the two 
preceding papers.!>2 

To solve simple networks consisting of 2-terminal elements 
only, the choice of method is of little importance and the usual 
D-determinant method is as good as any other. If the network 
is more complicated the H-determinant method is generally 
quicker, since the row and column deleted to give the D-deter- 
minant may be chosen as those containing the greatest number of 
network elements. The HA-determinant method also has an 
advantage when the transfer admittance involves four terminals, 
since only a single cofactor is required. 

The advantage of determinant methods as compared with tree 
methods is that fewer rules are required. If the labour involved 
in expanding the determinant is considerable the tree method 
is quicker, since there are no terms to be cancelled in the 
D-determinant. 

For networks containing valves or transformers it has been 
found of considerable advantage to construct the reduced graph 
of the network as shown in Fig. 3. Either the D-determinant or 
the H-determinant can be set up from the graph, but the latter 
has generally been found most useful. If a transfer admittance 
is required, the fictitious element f may be included in the graph 
when it becomes unnecessary to take cofactors. The network 
admittance across any 2-terminal element p can always be found 
by replacing p by p —f’ in the D-determinant and equating it 
to zero. 

If valves or transformers are present the tree method is 
inevitably more complicated and is to be recommended only in 
special cases such as the example given. However, the labour of 
expanding the determinant of a very complicated network may be 
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considerably reduced by expanding the graph as the sum of 
simpler graphs and then adding the determinants of these graphs. 
,. Equivalent networks can be found with the aid of H-matrices 
as described in Reference 2. It has also been found that useful 
equivalent networks can be obtained directly from the graphs. 
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SUMMARY 


Systematic errors, associated with coil reversals, in the determination 
of the absolute unit of resistance by Albert Campbell’s a.c. bridge 
method, originally noted by Hartshorn and Astbury and recently con- 
firmed by Rayner, can, it is shown, be explained by uncompensated 
eddy-current coupling between supply and detector circuits. It is also 
shown that the errors are largely, but not necessarily completely, 
eliminated when a mean value is taken. A new bridge is proposed 
in which, by measuring an additional mutual inductance, the effect 
can be eliminated without external compensation: it is also indicated 
how this might be done, less conveniently, on the Campbell bridge. 
A model of the new bridge, operating at 1kc/s, has been used to 
demonstrate experimentally the introduction of systematic variations 
associated with coil reversals, the eddy-currents being produced under 
control in a tertiary circuit. 


(1) INTRODUCTION 

The recent publication by G. H. Rayner! of a new series of 
measurements at the National Physical Laboratory on the 
absolute determination of the resistance unit by Albert Campbell’s 
a.c. bridge method has persuaded the present author of the 
necessity for a reassessment of some of the residual effects in 
this and similar methods. 

The technical problem involved in the absolute determination 
of resistance is, of course, the comparison of the measure of a 
physical model of the unit of resistance with the quotient of 
inductance and time. The inductance is usually that of a coil 
system of closely-defined geometry and of high stability, and is 
computed from the dimensions of the system: time enters as a 
frequency or rate of change, and is referred to the mean solar 
second. Circuit methods, as distinct from generator methods (of 
which the Lorenz method? is the prime example), seem to fall 
into two classes, namely those in which a single inductor is used 
together with some commutation device, and those in which two 
inductors are used with pure alternating current. The first 
group includes the work of Griineisen and Giebe,* Curtis, Moon 
and Sparks,+ and Thomas, Peterson, Cooter and Kotter, and 
the second group that of Hartshorn and Astbury,® and of 
Jouaust, Picard and Hérou.7 Now the main point to be argued 
in the present paper is concerned with the significance of eddy- 
current effects arising from the penetration of the magnetic fields 
of the inductors into neighbouring conducting masses. In the 
first group of methods such effects can be correctly allowed for 
by measurements of the frequency dependence of the charac- 
teristics of the inductor under the appropriate conditions. In 
the second group, they were apparently not discussed by Jouaust, 
Picard and Hérou, but Hartshorn and Astbury recognized the 
problem and attempted to solve it. This attempt, it will now be 
argued, was largely ineffective, although the statement of the 
problem was correct. The essence of the matter is that a mutual 
impedance is established between supply and detector meshes 
by eddy-current circuits: reduction of the mutual inductance 
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between these meshes by mechanical adjustments or otherwise is 
of little significance. We shall now examine the results of 
Hartshorn and Astbury and of Rayner from this point of view. 
We shall also propose a new bridge arrangement—a model of 
which has been used to test the arguments—which, it is suggested, 
is well worth examination as a precision circuit. 


(2) SYSTEMATIC ERRORS IN THE N.P.L. CAMPBELL 
BRIDGE 


The Campbell circuit as set up at the N.P.L. is shown in Fig. 1. 
The equations of balance, including normal residual effects, are 


Fig. 1.—N.P.L. Campbell bridge. 


set out in Table 1, which also gives the possible signs of the 
quantities involved. In the circuit as arranged, only the groups 
with r negative are used, and for these groups the possible con- 
nections to the four coils P, N, O, Q (Fig. 1) are set out in 
Table 2. 

Table 1 


EQUATIONS OF THE CAMPBELL CIRCUIT AND THE SIGNS INVOLVED 


w2 [My(M2 + A) +L] 


+ -— ++ ++ =-+ +—- ++ 
- bt ++ 44+ +4 + ++ 
— + +— +— ++ ++ += 
+ 


Table 2 


Arrangement 


= 


++4+4+11 11 


1 
2 
3 
4 
5) 
6 
7 
8 


If all the corrections have been successfully estimated and 
applied, the variations within a group of measurements corre- 
sponding to the eight possible arrangements should be small and 
random. Actually, it was found by Hartshorn and Astbury 
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and confirmed by Rayner! that there were appreciable systematic 
differences between the individual results for each group, although 
the variations in the group means was small and apparently 
random. 

It will now be shown that such systematic variations can arise 
from uncompensated eddy-current effects. In the N.P.L. circuit 
a so-called zero-adjusting mesh, providing a sort of controlled 
eddy-current coupling between supply and detector branches, 
was added to the system. For our present argument this and the 
actual eddy-current circuits existing in neighbouring conducting 
masses can be assumed to be integrated into the mesh marked 4 
in Fig. 2(a). Let py, etc., represent total mutual impedances 


4 
jg [Ea] 
af Z ~\ fa 


3 | BG Ue 3 


Seles : 
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Fig. 2.—Eddy-current transformation. 


between the various pairs of meshes, and €5, &, the self-impe- 
dances of meshes 2 and 4 respectively. Since we may reasonably 
regard the whole system as linear, the 4-mesh system of Fig. 2(a) 
is equivalent to the 3-mesh system of Fig. 2(b), in which 


pin atin’ Peas Ea Geo 
Liss = to, A Psabisal Sy) Pos oe 
Pia = Pas — Pigitaalis «© es 
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The balance condition for the system of Fig. 2(d) is 


His8 + Mysig =O . « 2 2 . 


It was thought that the operation of the zero-adjusting mesh 
secured the condition 


143 = a3 = (7 + jo) 
(j is the 90° operator). If, in fact, this condition is not secured, 
the whole situation is radically changed. As far as £3, io, 653 
are concerned, the sequence of ancillary measurements determines 
these without sensible error. Replacing the complex ju’s by their 
explicit form (o + jwm), o being impurity (resistive component) 
and wm the reactive component, eqn. (5) becomes 


r+ jal + 043 + jwm3 — 
(G44 + jwmy4)(034 + Jwimg,4)|(r4 + fol, = RB +7X’ . (© 


where R’ and X’ are the resistive and reactive components of 
(jab! &> the explicit form of which we do not need for the 
present. The original results were evaluated on the assump- 
tion that 

RS [CO Sa aE Xe Unk ome aaa eemeazen (67) 


but it appears that we must in fact describe the properties of the 
resistor r by effective values, r’ and /’, derived from eqn. (6). 
Making the plausible assumption that, at the frequencies 
involved (50c/s and 100c/s) the reactance of the eddy-current 
paths is negligible compared with their resistance, we can write 


@ 


Returning now to the main equation of balance given in 


r =r + 043 — (44034 — wm 4Mg4)/T4 
VY = 1+ my — (y4g4 + O34My4)/14 
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Table 1, we can, without affecting our discussion, omit s and A> 


and write “ 
w?M,M, = Rr = w2Ll 


and in the small term w?Z/ we can make the substitution 
w2 => Rr[M,M, 
w?M,M, => Rr(l —— LI/M,M)) ? . > = (9) 


From Table 2, it is evident that L/M,M, is a constant which 
does not change sign when we alter the connections to the coils: 


giving 


let us call it —p. Then, replacing r and / in eqn. (9) by r’ and 


Il’ from eqn. (8), we find, for the essential balance condition, if 
we retain just the first-order terms, 


w?MM2/R = r[1 + oy3/r — (044034 — wy ging4)[rr4 + pl 
+ pny; — P(oy4IM34 + F34IMy4)/74] 
=ri—e+ta+B+y-+ 4) 
where «€ is written for the term p/, which does not change during 
the measurements, and which can be precisely evaluated, while 


a, B, y and 6, defined below, may change sign (and perhaps 
magnitude) as the various connections are changed. 


a = 043/r 

B = — (044034 — w?my4I34)/rr4 
y = pm 

3 = — poy 434 + O34 4)/74 


We have now to examine the behaviour of these factors as we 
work through the arrangements set out in Table 2. We can say 
quite definitely that all m terms will change sign as the appropriate 
connections are reversed: we cannot, however, readily decide what 
is going to happen to the o terms, and for the moment we shall 


assign to them different values for the different connections. In — 
Table 3 the possible variations are set out against the coil arrange- | 


Table 3 


VALUES TO BE ASSIGNED TO «, B, y, 6 


Arrangement (od ic} Y 

1 oe Bi + BY "1 

2 ea} Piet: yn 

3 a3 3 + By v1 

4 a4 Ba — BY rat 

5 ou Ba — BY —y1 

6 03 B3 + BY v1 

7 2) > BE. —"1 

8 1 Bi + BY v1 
Means zL0 ZB" 0 


ments listed in Table 2: the composite terms 8 and 6 have been 
written as 8’ + 6” and 5’ + 6” with appropriate siffixes. 
Rayner (Joc. cit.) made an empirical analysis of the systematic: 
variations ‘‘on the assumption that the differences of each set 
from the mean were composed of a few terms, each being constant. 
in value, but with a sign that depended on the sense in which 
certain coils were connected.’’ The first part of this assumption 
is in accord with our analysis, but we take the matter further 
and suggest that these terms also vary in magnitude. In fact, it 
appears that there are four distinct effective values of r operating 
in the sequence of reversals, giving four pairs of results. Now 
the original observations of Hartshorn and Astbury do indeed 
agree closely with this—i.e. set 8 corresponds to set 1, set 7 to 
set 2, and so on. We cannot expect exact correspondences 
because of random errors of balance setting, and what, in 


(10) 


’ 
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| retrospect, can have been little better than random setting of 


the zero adjuster. Rayner’s results! do not show the corre- 
spondence so markedly; the differences, given as parts in 10°, 
between “corresponding” sets are summarized in Table 4. 


Table 4 


Hartshorn 
and Astbury 


So far as the original results are concerned, if we assess the 
significance of the agreement by a statistical ‘‘t test,’ then, 
except for 2-7, which is bad, the agreement between the other 
groups is about the 5% level of significance, which we might 
accept as indicating that the group pairs are statistically identical. 
On ‘the other hand, if we compare the overall means for sets 1 to 
4 with those for sets 5 to 8, we get agreement to about the 25% 
level of significance. It seems very likely, then, that we are, as 
our theory predicts, really dealing not with eight separate results 
in each group, but with two sets of four, differentiated by random 
errors. 

The mean of the eight sets involves the residual factors 
La = am + a + a3 + a, and XB’ = 8B + 8; +B; + Bj, which 
are all impurity terms, and to which, so far, we have ascribed no 
particular meaning. Now the « terms are variants of 0,3, which 
is the impurity of the mutual inductance between meshes 1 and 3, 
and, as defined, excludes the true eddy-current effect. It is 
therefore to be attributed to mutual capacitance between these 
circuits, and, using Butterworth’s results,’ it appears that the 
average value will be of the order of w?C,3L’R’/r, where C,; is 
the mutual capacitance of the circuits and L’ and R’ are the 
associated inductance and resistance. If we take as likely 
values C,; = 25ypF, L’ = 10mH, R’ = 10 ohms, this gives 
us a term of the order of 1 part in 10°. Similarly, we may 
suppose the £’ terms to depend upon capacitances between the 
coils and the conducting masses causing the eddy currents, and 
it is unlikely that these can contribute a factor greater than that 
we have just estimated. In calculating the actual ratio of the 
units, we take the square root of our equations, so that in the 
final answer any residuals of this kind are halved. We may say 
then that the mean of our two sets of four results is likely to be 
“true” to about 1 part in 106. There seems little point in trying 
to evaluate residuals from the published results: the most we can 
say is that the B and y terms appear to contribute together 
about 3-5 parts in 106, and the 6 terms about 6-8 parts in 106, 
but no great weight can be given to these estimates. 

We have given what appears to be a valid theoretical explana- 
tion of the systematic variations observed on the Campbell 
bridge by Hartshorn and Astbury and by Rayner, and we have 
gone some way towards justifying the acceptance of the mean 
result of eight sets as “‘correct.’’ It remains to offer a direct 
experimental demonstration of the effect, and this we shall do 
with reference to a “new” bridge circuit. 


(3) A “NEW” BRIDGE 
The Campbell circuit is essentially that of an a.c. potentio- 
meter, and in order to establish satisfactory earthing conditions 
the inversion of the resistor r (Fig. 1) was proposed by Hartshorn. 


‘This still leaves the common point conditions of the mutual 


inductors a little obscure—indeed, Rayner points out that there 
is some uncertainty in the frequency variation of the inductances 
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Fig. 3.—New bridge and transformation. 


—and it is possible that a more compact bridge circuit may be 
worth investigation. The circuit of Fig. 3(a) is proposed. 
Ideally, this transforms into the circuit of Fig. 3(6), the balance 
conditions of which are 


—w?M,M, = Rr 
Ms == hE — M, Te M)) 


The mutual inductances must therefore be of opposite signs 
and M, must be positive (in the sense used by Hartshorn and 
Astbury): the working form of the ideal equations is thus 


w?M,M, = Rr 
Ms =r(L + M, —M,) 


It will be observed that two completely independent balance 
adjustments are provided by R and s, and not by M, and s as 
in the Campbell circuit. This is no drawback, however, for 
balance can be approached sufficiently closely on R and s and 
the final balance done on M, and s. Near to balance the con- 
vergence depends upon wM,/r being sufficiently greater than 
unity: for the Campbell bridge at 100c/s this value is about 6. 
A model of the new bridge has been made for operation at 1 kc/s 
with M, ~ M, ~ mH, r=1 ohm, so that the convergence 
factor would be the same as for a 100c/s bridge with M; = M, 
= 10mH and r = 1 ohm. 

The general equations of the new bridge are most easily 
written down by transformations: it is useful to have available 
first the transformation shown in Fig. 4, which converts a 4-arm 


Fig. 4.—Bridge with coupling between supply and detector, 


bridge with mutual impedance pw between supply and detector 
branches into a simple 4-arm net. Using this, our bridge 
transforms as shown in Fig. 5, giving as balance condition 


(eyo + ois(E3 + bos + o13) = (E14 — b13)(E2 — bos — P12 — P43) 


Fig. 5.—Complete transformation of new bridge. 
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which is readily recast as 


(Maz + oas(Ey + &2 + &3) = (Ey + er2d(E2 — bas) (11) 
Every term in this equation is to be interpreted as the effective 
value of the impedance represented in the presence of eddy 
currents: thus [cf. eqns. (1)-(4)] every pu contains a term of the 
type [y4/424/€4, and every € a term of the type y43,/€4, where the 
subscript 4 refers to a notional eddy-current circuit. Explicitly 
we write (remembering that WM, and M, are of opposite sign) 


fj =r+jol, &=R+jol, £,=s+jwar 
My2 = 0, + jwM,, —p23 = 02 + jwMg, py2 + by3 = 93 + joM, 


Substituting these values in eqn. (11), we find for the main 
equation of balance 
w?M, M41 —[L(M, — M3) + (M2 — M3) + (IL +M;d)|/M,M,} 
= rR[1 + o38/rR — (0, — o3)/r — (02 — o3)/R] (12) 
There are clearly four ways in which the coils of the inductors 
can be connected to secure balance: if eddy-current effects exist 
we shall get, correspondingly, four different settings of the bridge. 
But if, for every one of the four settings, we measure M, and o; 
for the system ABC [Fig. 3(a)], M, and o, for the system BCD 
and M, and o; for ABD, and if our arguments are valid, there 
should be no systematic differences between the four results. 
We could indeed achieve the same effect with the Campbell circuit 
by determining, for every coil combination, the effective resistance 
and inductance of the resistor r (Fig. 1), using the main supply 
and detector terminals as current and potential terminals 
respectively, the connecting loop (NO, Fig. 1) being open-cir- 


cuited. The present suggestion of measuring an additional , 


mutual inductance seems less difficult to carry out, and the 
circuit requires little adaptation to permit the measurement of 
the three mutual inductances in turn against the primary standard 
or the substandard inductometer. It does indeed seem preferable 
to make the measurements directly in this way, rather than by 
measuring one M and then comparing the others with it. 


(4) AN EXPERIMENTAL DEMONSTRATION OF THE EDDY- 
CURRENT EFFECT 


It is beyond the author’s present resources to attempt a 
precision investigation of the new bridge, but a direct demon- 
stration of the eddy-current effect has been made on a model of 
the new bridge designed to operate at a frequency of lkc/s. The 
‘mutual inductors are toroidally-wound on wooden formers of 
mean diameter 10cm and of square section of Scm side length. 
A cylindrical hole bored in one former accommodates a small cir- 
cular coil which can be turned about an axis lying in the mean 
plane of the toroid and passing through its centre. This gives a 
variation in mutual inductance of about 7wH. A “bridge centre” 
is built on a block of Perspex, 6in x 3in x 4in, and carries the 
resistors R, s and r, external connections being provided through 
which R and s can be shunted by ordinary decade boxes. The 
Perspex panel carries a pattern of blind holes, of 4in diameter 
and -3;in deep, which are filled with mercury and are intercon- 
nected with links made from short lengths of No. 20s.w.g. copper 
wire. The essentials of the arrangement are shown in Fig. 6. 
A Wagner arm and reversing switches for supply and detector 
are provided, the former (see Fig. 4) consisting of two radio- 
type potentiometers in series across the supply, their common 
point being earthed and a fixed capacitor being connected across 
the tapping of one of them. The absence of any massive metal 
parts and the toroidal structure of the inductors reduces to a 
very low level any adventitious eddy-current effects, and 
“artificial” eddy currents are provided and controlled by tertiary 
windings on each inductor, which are connected in series through 
an adjustable resistor, as indicated by the chain-dotted circuit in 
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Fig. 6.—Bridge centre: supply and detector details omitted. 


Fig. 3(a). The main windings of the inductors consist of about 
300 uniformly-spaced turns: the tertiary windings have 10 turns, 
closely packed. 

The bridge is fed from a push-pull amplifier driven by a 
resistance-capacitance audio signal-generator; bridge currents up 


to 350mA were used. The detector is a 3-stage amplifier with 


twin-T feedback, giving adequate discrimination against har- 
monics, and balance is observed with an ordinary telephone, a 
cathode-ray oscillograph serving as a monitor. The sensitivity 
was such that a change of about 5 parts in 105 could be detected 
on M,. The bridge was initially balanced as closely as possible 
by shunting R and s, the final balance being taken up on the 
moving coil of M,. Reversals of supply and detector connec- 
tions produced negligible effects, and the simple system of links 
made it easy to secure all possible coil connections in quick 
succession without introducing changes of resistance or of stray 
inductance. There was sometimes a slight drift in frequency, 
but this was never serious. In taking a series of readings, the 
tertiary circuit was first opened and the bridge balance secured 
for the four possible coil connections in rapid succession. In 
this condition, there are, effectively, no eddy-current circuits, and 
the four balance points were always identical down to the limits 


of sensitivity. The tertiary circuit was then closed through a | 


known resistance and the four balance points again observed. 
Here the balance points fell into two nearly identical pairs, the 
“spread” increasing with the conductance of the tertiary circuit. 
For every setting of resistance in the tertiary circuit the effective 
value of 4,3 was measured on an auxiliary bridge, built on to 
the main bridge centre and brought into operation by simple 
link and switch changes. This bridge is shown in Fig. 7. The 
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Fig. 7.—Auxiliary bridge for 13: tertiary circuit coupling indicated 
by dotted line. 


secondary winding of M, is replaced by a link and that of M, 
by external resistance boxes: wire-wound resistors r,, r; and r4 
(Figs. 6 and 7), each of 100 ohms, complete the bridge, one of 
the arms being shunted by a variable air-capacitor, C. A Wagner 
arm, similar to that in the main bridge, is provided. Applying 
the transformation of Fig. 4 to the bridge of Fig. 7, we have, at 
balance, if 443 = o + jwm, and rz is the total resistance of the 
R arm, 
eg ie 103 aoa 
hy hiro “eight! 
_ Oy + %y = M2 — Oy) 
ty ee 


wm 
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vhere all the «’s are the phase angles of the arms indicated by 
he subscripts. The zero of 4,3; can be taken either with the 
iecondary winding of M, replaced by a link or with the tertiary 
rircuit open. We then have for any other setting 


Bub £5. r4Ar, 
OP Rty hr; tr, 

>see rr3Aa, 
FP oh tr+r; +14) 


where o,¢ and m,g are the actual values of the components of 
U3 with which we are concerned and Ar, and AC are respectively 
the changes made in rz and C between the zero condition for 
43 and any other setting. As might have been expected from 
the experimental arrangements, m,g remained constant at about 
)-01 wH, corresponding to the stray mutual inductance between 
the primary windings of M, and M,; by introducing into the 
tertiary circuit an inductance of about 1mH (wound on a 
miniature Ferroxcube core) m,g¢ can be changed. However, the 
>xperiments showed that m,,- alone had little effect on the changes 
arising from the coil reversals, the situation being dominated 
almost entirely by o,g. The results of a number of trials are 
summarized in Figs. 8 and 9. In Fig. 8 the moving-coil reading 


~ Ar, 
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Fig. 8.—Correlation of M2 readings at balance with oo. 
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of Mz, is plotted as a function of the measured value of o,,, 
the observed points being scattered within the small rectangles. 
In Fig. 9 the mean readings of M, and of o,, are plotted against 
the conductance of the tertiary circuit: this shows very clearly 
how the spread of M, (and hence, on our bridge, the spread in 
the ratio of the absolute to the international ohm) follows the 
incidence of uncompensated eddy-current effects, represented 
by Cog 
(5) CONCLUSIONS 


It has been shown analytically and demonstrated experi- 
mentally on an equivalent circuit that the systematic errors 
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Fig. 9.—Variation of Mz and o¢g with tertiary circuit con ductance. 


associated with coil reversals in the Campbell a.c. bridge for the 
absolute measurement of resistance can be explained by uncom- 
pensated eddy-current coupling between supply and detector 
meshes. It is also suggested that the zero-adjusting system in 
the Hartshorn—Astbury version of the Campbell bridge was 
largely ineffective. The new bridge proposed in the present 
paper can be operated to eliminate the eddy-current effect without 
external compensation if three mutual impedances (two of which 
are nearly equal) are determined instead of two, as in the 
Campbell bridge. If this bridge should be developed for preci- 
sion work, it is suggested that the link system used for the coil 
connections could very well be on a less massive scale than that 
used by Hartshorn and Astbury. 

It may well be argued that if the eddy-current hypothesis is 
correct, the systematic error effect should be less at a frequency 
of 50c/s than at a frequency of 100c/s. The results of Hartshorn 
and Astbury offer no real evidence on this point: a comparison 
can be made only if it is known that the eddy-current conditions 
(and in particular the settings of the zero adjuster) were the same 
for the two frequencies. 
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SUMMARY 

The paper deals with the effect of the impedance of the a.c. system 
on the voltage and power factor at the a.c. terminals of a convertor 
such as a mercury-arc-rectifier group, and on the direct-voltage regula- 
tion of this group. For convenience, the results are given as charts of 
curves, which are also being incorporated in a forthcoming I-E.C. 
publication, and the paper gives the derivation of these. For the 
investigation an equivalent connection diagram is used, the impedance 
of the a.c. system, including that of the generators feeding the system, 
being shown on this. A formula is derived relating the r.m.s. value 
of the alternating voltage, Uz, in the convertor station and that at the 
imaginary feeding point, where the voltage, even with convertor load- 
ing, remains sinusoidal. The results obtained are then used in the 
deduction of the additional direct-voltage regulation, due to the auc. 
system, which must be introduced on the d.c. side if the conventional 
theory of convertors has been used to calculate the direct voltage, 
thereby the convertor-station voltage being assumed to be sinusoidal 
and of r.m.s. value equal to Uz. Curves are given showing the voltage 
regulation over a range covering most practical cases. A formula for 
calculating the fundamental wave of the alternating voltage in the 
convertor station is also derived in the paper. By means of this 
formula, together with that for the r.m.s. value of the convertor-station 
alternating voltage, it is shown that the displacement factor and power 
factor in the convertor station are determined by factors which depend 
entirely on known plant and a.c.-system data, and consequently that 
acceptance-test measurements of power factor in convertor stations 
actually serve no useful purpose, since they merely confirm this 
dependency. 


LIST OF SYMBOLS* 


I, = Arithmetic mean value of the direct current. 

I, = R.MLS. value of the line current on the a.c. side of 
the convertor station. 

I,; = R.M.S. value of the ideal line current on the a.c. side 
of the convertor station, computed from the direct 
current on the basis of rectangular anode-current 
waveshapes. 

P = Active power at the convertor station, on the a.c. side. 

QO = Three-phase short-circuit capacity of the a.c. system. 

SS = Apparent power at the convertor station, on the a.c. 
side. 

S; = Apparent power of the fundamental wave of the 
alternating current in the convertor station. 

U;, = R.MLS. value of the line voltage on the a.c. side of 
the convertor station. 

Uji9 = Arithmetic mean value of the ideal no-load direct 
voltage, computed on the basis of a sinusoidal line 
voltage on the a.c. side having an r.m.s. value 
equal to U;. 


* The symbols used in the paper agree with those in the forthcoming I.E.C. 
publication, ““Recommendations for Mercury-Arc Convertors.” 
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d, = Direct-voltage regulation due to the convertor main 
transformer and interphase transformer (if any), 
per unit of Ujo Ly. 

= Direct-voltage regulation due to other parts of the 
convertor, e.g. reactors, etc., per unit of Uj;ol. 
d,, = Additional direct-voltage regulation due to the 

impedance of the a.c. system, per unit of Uz;ol7. 
x1» ry = Reactive and resistive short-circuit voltages, respec- 
tively, of the a.c. system, per unit of Uyolz. 
cot @, = Ratio of resistance to reactance of the a.c. system. 
cos ¢@ = Displacement factor, ie. ratio of active power to 
apparent power of the fundamental wave of the 
alternating current, at the convertor station. 
A = Power factor, i.e. ratio of active power to apparent 
power on the a.c. side of the convertor station. 
a = Delay angle. 
a, = Spontaneous delay angle. 
ys = Phase angle. 
@ = Electrical time angle. 
u = Angle of overlap. 
p = Pulse number. 


dy 


Suffices 

0 = At no load. 

1 = Values at rated direct current, I7,, 
b = Reactors. 

d = Direct current or voltage. 
i = Ideal. 
L = Line (a.c. system). 

r = Resistive. 

t = Transformer. 

x = Reactive. 

y = Any numeral. 

F = Fundamental-wave value. 


A prime appended to a symbol denotes that the value refers to 
conditions at the imaginary feeding point. 

The lower-case symbols i,, u;, etc., are used to indicate instan- 
taneous currents and voltages on the a.c. side. 

Various other symbols, e.g. p, X, etc., are introduced through- 
out the text to replace more complicated mathematical expres- 
sions; the definitions of these symbols are in all cases given 
implicitly by the substitutions in question. 


(1) INTRODUCTION 

A new document, “Recommendations for Mercury-Are Con- 
vertors,’’ which is expected to be published shortly by the Inter- 
national Electrotechnical Commission, contains a number of 
novel charts which give the effect of the a.c.-system impedance 
on the direct-voltage regulation and power factor of a mercury-are 
convertor station. The purpose of the paper is to show the 
derivation of the formulae by which these curves have been 
calculated and to extend the treatment of these questions, and at 


B, | 


DIRECT-VOLTAGE REGULATION AND POWER FACTOR» 
STATIONS OPERATING ON A.C. SYSTEMS OF 
SHORT-CIRCUIT CAPACITY 


= 
\e 


the same time to draw attention to some conclusions that follow 
regarding the power factor of such convertors. 

| In order to study the extent to which the impedance of the a.c. 
system affects the alternating voltage and the power factor in a 

convertor station, an equivalent connection diagram, as shown 
in Fig. 1, has been assumed. The generator shown in this Figure 
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Fig. 1.—Equivalent connection diagram for a convertor plant. 


. Imaginary feeding point. 

. Impedance of a.c. network, including that of the generators. 
. Convertor station. 

. A.C. terminals of the convertor station. 

. Convertor transformer and valves. 

. D.C. terminals of the convertor station. 
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is an idealized one, in that it delivers at the “feeding point,” 1, a 
sinusoidal voltage, with r.m.s. value U;, independent of the 
nature of the load current drawn from it. The equivalent 
impedance of the a.c. system between the feeding point and the 
‘a.c. terminals, 4, of the convertor station, 3, is represented by a 
lumped impedance, 2, in the Figure. This impedance also con- 
tains a fraction due to the internal impedances of the generators 
feeding the system. The r.m.s. value of the voltage at the a.c. 
terminals of the convertor station is denoted by U;; this voltage 
is, in general, non-sinusoidal, but it becomes sinusoidal in the 
special case where the convertor loading is zero, when U; = U;. 
In the convertor station are placed the convertor transformer and 
the valves, 5. The voltage at the d.c. terminals, 6, of the con- 
vertor station is denoted by U,,. As usual, it is assumed that the 
ripple in the direct current of the convertor is negligibly small, 
and that the arc drop has a constant value (which depends on 
the direct current). 

The conventional theory of convertors gives formulae relating 
the voltage at the d.c. terminals with that at the feeding point, 
but it does not give any formulae relating the former voltage with 
that at the a.c. terminals of the convertor station itself. It is 
-obvious that the voltage at the imaginary feeding point cannot, 
in general, be measured, whereas the r.m.s. value of the voltage 
at the a.c. terminals can quite easily be measured, being, in fact, 
the rated alternating voltage at that point. This latter voltage 
will also be the value measured when acceptance tests are being 
carried out. In the present paper a formula is derived which 
gives the ratio of the alternating voltage at the convertor station 
to that at the imaginary feeding point, this ratio, U,/U;, being 
given as a function of known plant and a.c.-system data. In the 
calculation of this ratio it is assumed that the voltage at the 
feeding point is varied in such a way as to maintain the r.m.s. 
value of the alternating voltage at the convertor station constant. 
The actual value of this ratio for most practical cases is shown 
graphically. 

In Section 3 the practical calculation of convertor plant based 
on the rated voltage at the a.c. terminals of the station has been 
simplified appreciably. One merely has to calculate the direct 
voltage, using the conventional formulae with the assumption 
that U, is sinusoidal; an additional drop, d,, has then to be 
subtracted from this in order to account for the impedance of 
the a.c. system. The formula for this additional voltage drop is 
derived in the paper, and its value for most practical cases is 
shown graphically. 

To evaluate the displacement factor at the convertor station 
itself, it is necessary to know the value of the fundamental wave 
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of the alternating voltage, U,,, at this point. A formula for 
this is derived in the paper, but since its value differs very little 
from the r.m.s. value of the alternating voltage at the same point, 
no graphs showing this voltage are given. 

The final Section of the paper deals with the power factors in 
convertor stations. The conventional theory of convertor power- 
factor is valid only at the imaginary feeding point, whereas in 
other electrical apparatus the power factor is understood as being 
the value which exists at the terminals of the apparatus itself. 
Since only the latter power factor can be measured during 
acceptance tests, it seems more suitable that the general conven- 
tion should also be adopted for convertor stations. 

However, the power factors of convertors seem to have been 
given an unjustifiable amount of attention. If the magnetizing 
current is neglected in both cases, the power factor of a con- 
vertor—like that of a transformer—is determined by data which 
are fixed by other, definite, factors. For a transformer these are 
the short-circuit voltage and the power factor of the load; for a 
convertor they are the direct-voltage regulation and the control 
angle. It can therefore be assumed that, in the future, accep- 
tance-test measurements of convertor power-factors will be 
omitted, and that it will be taken for granted that these have 
values which are determined entirely by known plant and a.c.- 
system data—as is the accepted practice for transformers. 

In the meantime, until such an opinion has been more generally 
accepted, it may be of interest to know the power factors in 
convertor stations. Formulae are therefore derived for the 
power factor, A, and the displacement factor, cos ¢, in the con- 
vertor station itself, and in them the effect of the impedance of 
the a.c. system has been taken into account. Graphs are given 
showing the values of these over a range covering most practical 
cases. Approximate formulae are also indicated, from which 
these same quantities can be determined to an accuracy 
of +0-01. 


(2) THE R.M.S. VALUE OF THE ALTERNATING VOLTAGE 
AT THE CONVERTOR STATION* 


The instantaneous value of the alternating voltage at the 
convertor station is obtained from the equation: 


is 44 oe Lee ia e di, /d0 ets: 
U;, U;, I, 
The r.m.s. value of this voltage then follows from the expression 


: 2m 1/2 
U, 1 uz \? 
= a> Sced heh pee i by een 
U7 ral (a) A Y 


The substitution of eqn. (1) in eqn. (2) gives six integrals, (a)-(/), 
the values of which are as follow: 


1 uy \2 
= Se hte Ae eat Ber eS 
) 
21 
1 (seth 
(b) = | ( ) Go tite sedion waste a Ce (4) 
0 
a 5 7 
where Pagar: se giat Peed (ROR Ten, Ee) 
ne: Cy=6 = 3 and c,-12 = 1°6077 


* UHLMANN, E., and ForsseLt, H.: “‘Berakning av effektfaktorerna och _trans- 
formatorns primara belastningsspanning i de svenska strémriktarnormerna,” Teknisk 
Tidskrift, 1941, 71, No. 9, p. 41. 
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and If the above values of these integrals are now substituted in 
1 i eqn. (2), the following expression is obtained: 
(a, u) = aay + cos (2% + u)] sinu 


— uf[1 + 2 cos «cos (« + u)]} (6) Uy bi be — Pa tH (2 — 22) x¢, a ee, 0 


U; 
where di==4((Cos ar cosi(o 4-8) |= 6— eh eG) 7 
2m d,. re, U;, 2 t \ 
1 — exo, u))| . (18) 
ie) ier D7 ts mice bt ii [ 
= ay) alert F is 
(c) ral Oily, dé (- sin 4 pla, u) (8) a = . 
0 
where p(x, u) =4[cosa+cos(a+u)] . - . (9) where ay = en sin eo. . aaa 
2m y 
nya d,=dygtdgtdr ... . Gl 
1 do JD pooh ; ; 
@) 2a | Urry; ee ( as 5) XG iii, a cot d, = a - J... - Gi 
0 x. 
1 ‘ ? Eqn. (18) is of the second degree and from it the value of U,/U; 
where = X(«, u) = =, [2u + sin 2x — sin 2(« + u)] - (J can easily be solved. An approximate solution can be obtained _ 
8d " 
y from the pelavonshtp - 
Integrals (6), (c) and (d) follow from the well-known relationships Uk, 1 1 
given by the conventional theory of convertors regarding the Siem Th Oey, Ue 
r.m.s. value of the alternating current and the active and reactive rk 4 at P =, U; aA b) fe ) Xe u) +2 cot p 7 pH, 0] 
powers at the feeding point. S: 
The fifth integral is eons + OY 
27 ‘ AT 
1 Ll ne : ‘ 
(e) te | Uae dia OA 2 hes , 
0 
In order to evaluate the final integral, use is made of the fact that 


the alternating current on the a.c. line side consists, during the ak 
intervals between commutations, of steps which lie on a sine 
wave. Hence this current can be denoted by 


Ey IG COS OE es 2 ue, (ha) 


27 
where Ce er High dot eve yaedantdeny 


During the transition from the current step y to the step y + 1, 
: : Udio lat 
the line current of the a.c. system can be written as ee ies 


ip = \/21,;4[1 — w()] cos &, + w(8) cos ob . (15) Fig. 2.—Ratio of r.m.s. value of alternating voltage at convertor 
ii url by brass station to that at the feeding point, for p = 6 and cot ¢; = 0. 
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where w(0). = 
Ao cos a — cos (a + u) Us 5 
1:00 
is the well-known transition function, which at the beginning a 
(0 =, +) and end (0 = %,-+ a+ u) of the commutation 7 5 
has the values 0 and 1 respectively. aa ee ° 
The final integral thus becomes: P5 : 3 i; pos = 
s\5 0-95 6 4 3 
2p vote 2 7 0:04 + 
(ey di, ; 8"No-06 & 
1 re. (FF Ww 
ee SS de) a 
Y) 27 I? 20 I}, 
) Yy to 
0:90 
by tatu opp 
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a 8 sin? sin?( =) y U iB I 
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D...417X(c, it) -» Fig, 3.—Ratio of r.m.s. value of alternating voltage at convertor station 
eS a PMN Genes coe Nr me a oy. to that at the feeding point, for p = 12 and cot ¢; = 0. 
7 Pp x : a; = Spontaneous delay angle. 
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A value obtained from expression (22) may then be substituted 
n the right-hand side of eqn. (18) in order to obtain a more 
jxccurate value, but the correction is negligible in most practical 
vases. Figs. 2 and 3 show values of U,/U; calculated for p = 6 
and p = 12. \These curves refer to an a.c. system without 
resistance (cot ¢; = 0) and a rectifier without phase control 
(== (0)! 

In 12-pulse rectification the linear portion of the direct-voltage 
characteristic is departed from within certain ranges. As is 
generally known, a step in the valve voltage due to a commutation 
in one 6-pulse group causes a firing delay in the other group. 
This spontaneous firing delay of a rectifier without external phase 
control is denoted analogously as the spontaneous delay angle, 
o,, and its value is given on the relevant curves in Fig. 3. 


(3) THE ADDITIONAL DIRECT-VOLTAGE DROP DUE TO 
THE IMPEDANCE OF THE A.C. SYSTEM 
If the arc drop in the valves is neglected, the direct voltage is 
obtained from the expression 


Uy 
Ug = UnogE cos « — dy — di, — dy — ds) 
L 
= Uji oi cosa —d, — d, — iL ei Sold . (23) 
% — sin? — 
7 DP 
where use has been made of the relationship 
3)U_L,; 
d, = eae 7 Li eri (24) 
diotd Laer ha 
7 P 


The additional voltage drop, d,, due to the impedance of the 
a.c. system can now be obtained directly: 


eLU:, 
d, = di0 #— d,— d, 
Ugio i 
mb cos + dy [1 4 SOP (25) 
U, pas 
in’ | 


For rectifiers without phase control or with spontaneous firing 
delay, this voltage drop is due entirely to the impedance of the 
a.c. system, and thus represents the additional direct-voltage drop 
due to this factor. For externally phase-controlled rectifiers, 
eqn. (25) can be rewritten in such a way that the effect of the 
phase control can be obtained separately, but this is of no interest 
in the present connection. Fig. 4 shows the additional voltage 
drop for p = 6and p = 12. In order to show that the resistance 
of the a.c. system produces only a minor influence, the dotted 
curves are given for cot dr =0-2. As can be seen, the increase 
in voltage regulation due to the resistance factor is almost 
negligible, especially in 12-pulse operation. For this reason only 
one dotted curve has been shown for p = 12, namely that for 
(dyz, + 4,5,IglIq, =9. ‘In certain cases the additional voltage 
regulation can assume negative values, which means that the 
impedance of the a.c. system has a greater influence on the r.m.s. 
value of the station alternating voltage, U,, than it has on the 
mean value of the direct voltage, U,;. 


(4) THE FUNDAMENTAL WAVE OF THE ALTERNATING 
VOLTAGE AT THE CONVERTOR STATION 


At the imaginary feeding point the fundamental wave of the 
alternating current has an active component 
Thr P 


Sa, 
an eat haie u) 
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Fig. 4.—Additional direct voltage regulation drop due to a.c.-system 
impedance, for p = 6 and p = 12. 


and a reactive component 


Ter a Pp 


P sin ™ X(c, wu) (27) 
Th; 7 Pp 


The fundamental wave of the alternating voltage in the con- 
vertor station is then obtained from the equation 
A 


U, U, 


menses Uz : 
{ a apa ar UC u) — cot d; p(x, u)] 


They Th rx 
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i, LFx I LFr | i, 
OL I i exL S]eH Ory T 
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= Ty; 


9) 1/2 
ue a [p%(a, u) + X%Xa, oy} (28) 
7 sin dy 

The value of this voltage, U,,, differs very little from the r.m.s. 
value, U;, calculated in Section 2, the difference being especially 
small in 12-pulse rectification. On this account no special graphs 
showing this voltage have been given, since Figs. 2 and 3 give 
the desired values to a sufficient degree of accuracy. 


(5) POWER FACTOR AND DISPLACEMENT FACTOR AT THE 
CONVERTOR STATION 


If the magnetizing current of the transformer is neglected, the 
apparent power, S, at the convertor station is given by 


S=VQU Tv [1 — of(, u)] (29) 
and the active power, P, by 
(Oe 
P = Uyjola Ee u) — dn | (30) 


The apparent fundamental-wave power, S;, follows from the 
relationship ; 


Sp = VOU pela sin = vV [p%e, ) + X%C@,9] - G1) 
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&% = Spontaneous delay angle. Approximate formula shown dotted. 
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Fig. 11.—Displacement factor of convertor, neglecting magnetizing 
current of transformer, for p = 12 and cot d, = 0. 


Approximate formula shown dotted. 
a%; = Spontaneous delay angle. 
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ig. 12.—Power factor of convertor, neglecting magnetizing current 
of transformer, for p = 12 and cot dr = 0. 


Approximate formula shown dotted. 
as = Spontaneous delay angle. 


The power factor, A, at the convertor station is then 
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It follows from eqns. (32) and (33) that, if the resistive losses in 
the a.c. system are neglected, the power factor and the displace- 
ment factor at the convertor station are greater than those at the 
feeding point in the same proportion as the r.m.s. and funda- 
mental values, respectively, of the alternating voltage at the 
feeding point are greater than those voltages at the convertor 


’ station. The values of A and cos ¢ are shown in Figs. 5-8 as a 


function of (Uz;9l4;/Q)IglIz, for p = 6 and p = 12. For these 
curves it has been assumed that the resistance of the a.c. system is 
negligible, i.e. cot, = 0. In Figs. 9-12 the same results have 
been rearranged to show A and cos¢ as a function of 
(dyry + dy ally, with (Ugola/QIylIq, as parameter. These 
latter curves show that the power factors are only very slightly 
dependent on the a.c. system data, especially in 12-pulse opera- 
tion. From these curves it follows that the power factor and 
displacement factor in convertor stations can, in most practical 
cases, be calculated with a discrepancy of less than +0-01 from 
the following four simple approximate formulae: 


For p = 6: 
cos f ~ 0-980 — 4d... + days (34) 
di 
mn ~ 0:945 — 4(d,41 =e eae (35) 
dl 
For p = 12: 
Ii 
cos 6 ~ 0-995 — 3(d,4, + Aas) a (36) 
di 
ii 
A = 0-990 — Hayat + dep) 7% (37) 
dl 


These four approximate formulae are shown dotted on the 
relevant Figures. 


(6) CONCLUSIONS 


It has been shown that the conventional theory of convertors 
can be extended so as to give information regarding the values of 
alternating voltage and power factor at convertor stations 
operating on a.c. systems having a finite short-circuit capacity. A 
formula for the additional direct-voltage regulation due to the 
impedance of the a.c. system has been derived. Finally, it has 
been shown that the power factors at convertor stations depend 
entirely on known plant and a.c. system data, so that acceptance- 
test measurements of these power factors are unnecessary. 
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NOTE ON 
“SYNTHESIS OF LADDER NETWORKS TO GIVE BUTTERWORTH OR CHEBYSHEY 
RESPONSE IN THE PASS BAND’’* 


The following note has been received from the author of the paper, Mr. E. Green. 


Although the reasoning in this Monograph is conducted on a 
low-pass basis, the terminations are specified in terms of decre- 
ments, and not resistances. The former are very suitable for use 
with band-pass networks, since they are unaffected by changes in 
impedance level, but to use the solutions given for the low-pass 
prototype of Fig. 2(b), when the terminating resistances are 
unequal, we need a relation between their ratio and D, the ratio 
of the decrements. This can be obtained through expressions 
for the reflection coefficient, as outlined below. 

Referring to the Monograph, for the low-pass network of 
Fig. 2(6), the first equation of Section 6.2, since Z, = R, at 
x = 0, can be written as 


Ri Pi A] Us 
= 2 gos |) LO = A 
Px=0 Ri De Re Re ar Uy ( ) 
Type B Response. 
Using eqns. (60a) and (605), 
Read Rey ee ye 
igang (Cl ap De 
so that 
= 1fn 
bier + mR 
1 
Lh (- FRIR, 


When dealing with a shunt input, G,/G, will replace R,/R, in 
eqn. (B). To avoid ambiguities as to sign, it is convenient to 
make R,,/R, (or G,,/G,) and D + 1-0 by suitable choice of input. 
_ Having found D, design can begin, the process differing 

slightly according as n, the number of branches in the network, 
is to be odd or even. 

When x is odd we can design the network with both termina- 
tions either series or shunt. If the choice is not obvious we can 
design both networks and then decide. When n is even the 
terminations are unlike and the higher value of resistance must 
always be at the shunt termination. Confining our attention 
to D < 1-0, we get alternative designs by taking either end as 
input in turn, using R,/R, for series input and G,,/G, for shunt 
input. Since the network numbering is reversed for the latter, 
both yield the same value of D. 

Then if the bandwidth we and tolerance V,/V, are specified, 
the decrements and coupling factors can be found from eqns. (23), 
and from these all the elements of the possible networks can 
be found. 


* Monograph No. 88 R, January, 1954 (see 101, Part IV, p. 192). 
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Type C Response. 


In a similar way when n is odd we find, by eqn. (A), for series - 
terminations 


Ri — R, _ Ug _ sinh na’ ©. 
Ri +R, Ug ~ sinh na ‘_ 
2 —1/2 
Now sinh na = (\7? is 
Vp 
and is known when ae V,/ Vg is known, so that 
= 
h ee 
sinh na’ =i IR 1 


Thus a and a’ can be found from tables. 
When n is even, 


R, — R, _ cosh na’ P | 
Ri +R,  coshna ©) i 
with 
212 
cosh na = [ — e i 
V,, Na 
R,/R, ie 
cosh na’ =e cosh na 


Thus again a and a’ can be found. 
Now, from eqns. (27a) and (43a) for all values of n, 


sinh a = d,(1 + D) sin @ 
sinh a’ = d,,(t — D) sin 8 


sinh a — sinh a’ 

Therefore sinh o Se 
Having found D, the method of design follows that for type B 
response, except that we must use eqns. (27a) and (27b) to 
determine the decrements and coupling factors. With appro-— 
priate numbering the d’s and K’s will be the same for either 
series or shunt input, although the resulting networks will be 
different. 
_ There is one further point to be noted: when n is even and 
the terminations are matched (i.e. D = 1-0), then from eqn. (43a), 


as—10s 1-0 
and from eqn. (D) 


cosh na’ = 


R, _ coshna —1 


R,  coshna + 1 


No greater values of R,/R, with series input or 


G,,/G, with shunt 
input are possible. y 


ADDENDUM TO 


**‘THE PULSE TRANSFER FUNCTION AND ITS APPLICATION TO SAMPLING 
SERVO SYSTEMS’’* 


A method of determining the output of a sampling servo 
system between sampling instants was described very briefly 
in the Monograph. Although the treatment given is correct so 
far as it goes, it has since been found inadequate to cover cases 
in which the filter includes subsidiary feedback loops involving 
sampling. The imaginary delays must be inserted only in the 
main loop and not in any subsidiary loops. 


SUBSIDIARY 
FEEDBACK 
LOOP 


MAIN FEEDBACK 
LOOP 


Fig. 1.—A stabilized servo system with imaginary delays. 


Fig. 1 shows Fig. 3 of the Monograph redrawn to include a 
subsidiary stabilizing loop in which a modifying filter S may 
or may not be present. Such a system is best handled in two 
sections. The first, which we will call the controller, is the 
filter U as modified by the subsidiary feedback, and the second 
is the filter V. The signal input to V is a continuously ranging 
quantity, which means that it is necessary to use the “‘operational 
instruction” concept to specify the behaviour of the first section. 
The operational instruction is written in the form @(z) « A(p), 
in which ¢(p) characterizes the law of variation of the controller 
output between sampling instants and ©(z)/(z) is the pulse 
transfer function (p.t.f.) of the controller. The asterisk denotes 
that the sequence transform corresponding to $(p)v(p) must be 
obtained before multiplication by @(z). The p.t.f. of all the 
>quipment in the forward path is IV(z), given by 


WE=O2Z«?opvwp) ..... @ 


This does not yet include the effect of the imaginary delay 67, 
and so it relates only to the performance at the sampling instants. 

Eqn. (26) enables the output between sampling instants to be 
svaluated, and for this purpose W(z, m) is required. It will not 
normally be the column (iv) entry of the Table in the Appendix 
0 the Monograph corresponding to W(z), as found from eqn. (1), 
since the imaginary delay does not enter into the z-part of the 
)perational instruction. Instead, the column (iv) entry corre- 
a to the product 4(p)v(p) is obtained and multiplied by 
*)(z). 

The following example illustrating the design of a zero velocity- 
ag servo mechanism will serve to clarify the method: 


Filter V is a double integrator, v(p) = Ap~2 
Filter U is a clamp, u(p) = (1 — €-?*)p=! 


jlementary considerations reveal the need for some stabilizing 


* Barker, R. H.: Monograph No. 43 M, July, 1952 (see 99, Part IV, p. 302). The 
ddendum was first received 10th June, and in revised form 9th July, 1955. 


device, but the precise network function s(p) has to be deter- 
mined. To do this we proceed as follows: 
Since the clamp output is constant between sampling instants, 


(p) = p— (see Table 1 of the Monograph). Hence 
W(z) = O() « Ap~3 ee ee ea) 
ney 4Az(z + 1) 
O() Gain (3) 


To have complete control over the behaviour of a third-order 
system a total of three constants capable of adjustment during 
design must be included in the system, i.e. @(z) must include 
two constants. 

A further condition to be fulfilled is that the velocity lag must 
be zero. Hence the final expression for W(z) must contain 
(z — 1)? in the denominator, and therefore @(z) must contain 
(z — 1) in the numerator. The simplest expression which meets 
all these requirements and does not increase the order of eqn. (3) 
is 


_GaG = ¢d) 
2G) zz +g) . 
in which case 
W(2) = FAG. — dy -- 1) (5) 


Gere —1)? 


The p.t.f. of the controller is therefore @(z)/®(z) =(z—d)/(z+9). 
It is not difficult now to discover with the aid of the Table in 
the Appendix to the Monograph that this p.t.f. is realized if 
S(p) = k[(p + «), where k = a(g +d) andd=e« %., 

The characteristic equation of the system is 1 + W(z) = 0, 
and by adjustment of the three available constants it can be 
matched term by term to any third-order equation known to 
provide suitable performance. The no-smoothing case, z? = 0, 
is the simplest and obtains when A = 4, g = # and d = 3. 
The performance of the system as a whole at the sampling 
instants is given by the overall p.t.f., which is then 


geen i thee tir z 30 paar) Ans! (6) 


To find the output between sampling instants we require W(z, m), 
which is obtained from eqn. (2) by using the column (iv) entry 
corresponding to p~>. 


ie. W(z, m) 
ej — @) 
Bee )\(Zi— 1)* 


2m — 2m?)z + (1 — m2] (7) 


[m2z2 + (1 4 
The same values as previously must, of course, be used for the 
design constants, and the overall performance is then given by 


Y(z, m) = 4[5m2z—! + (5 + 10m — 13m?)z—? 
+ (2 — 16m + 11m?)z—-3 — 311 — m)2z-4] . (8) 


As m varies from zero to unity the coefficient of the first term 
(5/4m?) shows how the response to a unit sample input varies 
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throughout the first sampling interval. The coefficient of the 
second terms shows similarly the response throughout the 
second sampling interval, and so on. To obtain the response to 
any other input function, Y(z,m) is simply multiplied by the 
sequence transform of that function. 


In this example there has been no cancellation of poles and - 


zeros. If, however, the constant g were given the value unity 
in eqn. (5) it would appear superficially that a simpler system 
of second order instead of third would result. The term (z + 1) 


in the numerator only holds for the special values of m equal 


to zero or unity, and therefore such cancellation is not a per- 
missible procedure. It would, in fact, serve only to conceal 
oscillations of the type mentioned in Section 4.3 of the Mono- 
graph. Cancellation of poles and zeros which are inside the 
unit circle will conceal a decaying oscillation. Cancellation of 
poles and zeros is, in general, permissible only if it holds good 
for all values of m. \ 

Acknowledgments are due to the Controller, H.M. Stationery © 
Office, for permission to publish this note and to Dr. J. H. 
Westcott who first pointed out the inadequacy of the Monograph. — 
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